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Introduction

Introduction

We consider the following equation on T2:

dXt = −1

2
∆
(

∆X− : X 3 :
)
dt +∇ · dWt (1)

where
∫
T2 X0dx = 0 and W is a cylindrical Wiener processe on L2(T2,R2).

Formally (1) has an invariant measure

ν(dφ) = c exp(−1

4

∫
: φ4 : dx)µ(φ),

where c is a renormalized constant and µ = N
(
0, (−∆)−1

)
is the Gaussian free field. ν

is called the φ4
2-quantum field (see [Glimm, Jaffe: 1981])

Related to Kawasaki dynamics to Ising-Kac model (see [Giacomin, Lebowitz, Presutti99,
Mourrat, Weber15])
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Introduction

Known results

For Conservative noise:

[Funaki: 1989]: obtain the existence and uniqueness of solutions on R.

[Debussche, Zambotti: 2007]: Use Dirichlet forms approach to obtain strong
solutions in 1 dimensional case with reflection.

For more regular noise:

[Da Prato, Debussche:1996]: Obtain a strong solution in 1-3 dimensional case
but with space-time white noise or more regular noise.
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Well-posedness

local well-posedness

Trick from [Da Prato, Debussche03]:
Consider

dZt = −1

2
∆2Zdt +∇ · dWt .

Y = X − Z , then Y should satisfy the shifted equation:

dY

dt
= −1

2
∆2Y +

1

2
∆

3∑
k=0

C k
3 Y

3−k : Z k :

and Z , : Z k :∈ C−.

Small scales similar as the dynamical Φ4
2 model

⇒ local well-posedness by fixed point argument for initial value in C− 4
3+
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Well-posedness

Global existence

We split the solution X to (1) into Y + Z where Y satisfies
dY

dt
= −1

2
∆2Y +

1

2
∆

3∑
k=0

C k
3 Y

3−k : Z k :

Y (0) = X (0)

(2)

Taking the inner product with (−∆)−1Y , similar as in the dynamical Φ4
2 model

⇒ A-priori estimate in H−1

‖Y (t)‖2H−1 +
1

2

∫ t

0

(
‖Y (s)‖2H1 + ‖Y (s)‖4L4

)
ds ≤ CT

⇒ Global existence with initial value in H−1 by compactness argument (not easy to
combine local well-posedness argument)
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Well-posedness

Uniqueness

Suppose u, v are two solutions to (2) and let r = u − v , then r satisfies
dr

dt
= −1

2
∆2r +

1

2
∆

2∑
k=0

C k
3 (u3−k − v 3−k) : Z k :

r(0) = 0

Similarly we have

d

dt
||r ||2H−1 + ||r ||2H1 . |〈r 2(u + v),Z〉|+ |〈r 2, : Z 2 :〉|

⇒ uniqueness with initial value in H−1 (using L4 and H1-estimates)
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Solutions given by Dirichlet forms

Dirichlet form for C-H eq.

The closure of

ECH(u, v) :=
1

2

∫
〈Du,Dv〉H−1dν,

gives a quasi-regular Dirichlet form.
Du := H−1-derivative=

∑
Dhkuhk , {hk} is a basis in H−1

Remark 1

The Dirichlet form for the dynamical Φ4
2 model ([Albeverio, Röckner91]) is:

EAC (u, v) :=
1

2

∫
〈D̃u, D̃v〉L2dν

D̃u = L2-derivative=
∑

Dekuek , {ek} is a basis in L2(T2).
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Solutions given by Dirichlet forms

Solutions given by Dirichlet forms

Quasi-regular Dirichlet form ECH ⇒ Existence of martingale solution having ν
as invariant measure

law is equivalent to the solution obtained by SPDE argument

⇒ Φ4
2 field is the invariant measure of the solution given by SPDE argument
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Ergodicity

Ergodicity

Ergodicity by Dirichlet form
[Tsatsoulis, Weber16]: Exponential ergodicity for the dynamical Φ4

2 model

⇒ Poincare inequality for the dynamical Φ4
2 i.e.∫

(f −
∫

fdν)2dν ≤ CEAC (f , f ), f ∈ D(EAC )

+EAC (f , f ) . ECH(f , f ) ⇒∫
(f −

∫
fdν)2dν ≤ CECH(f , f ), f ∈ D(ECH)

⇔ L2-exponential ergodicity for Cahn-Hilliard eq.

Ergodicity by SPDE:
Strong Feller property in H−1 +Uniform H−1-estimate independent of initial
value
⇒ exponential ergodicity for Cahn-Hilliard eq. from H−1
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Ergodicity

3-d case

dXt = −1

2
∆
(
∆X− : X 3 :

)
dt +∇ · dWt

Local well-posedness: regularity structure by Hairer/paracontrolled
distribution by Gubinelli, Imkeller, Perkowski

Global well-posedness should be true by Φ4
3 field (Similar as [Hairer

Matetski15])

Global well-posedness by PDE arguments?
No maximal principle/ No Lp, p > 2-estimate
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Ergodicity

Thanks !
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