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Setting of this talk

Quasi-linear parabolic PDE driven by f
Oru — tr(a(u)D2u) = o(u) f

For convenience one space dimension:
Oru — a(u)02u = o(u) f

For simplicity periodic in space and time:
v mean-free and dyu — P(a(u)d2u 4+ o(u)f) =0
A X2

Rename coordinates:
ou — P(a(u)0iu + o(u)f) =0

xr1 Space; xo time




The issue _ _
(Small but) very rough “driver” f in

Oou — P(a(u)@%u +o(u)f) =0

parabolic Carnot-Caratheodory metric

d(z,y) =|r1 —y1| + |z2 — ya2l, i g

[ula = sup,-, |”“‘(d:’{l)(;“;()“’)| for0 < a<1.

Holder scale: IL{%
| :

CY = {[u]la < 00}, C?7%:=92C*+ 9,C*.

Fimee
2

()

&

.fpa ce

fe a2 in best case

a%u < Coz—27 o(u),a(u) € C.
products a(u)dfu, o(u)f make sense i ey
Yoz ? >

only if a4 (a—2)>0 < o> 1. 0% aw.




The goal
Oxu — P(a(u)dfu+o(u)f) =0 for feC?

regular case a > 1 singular case aa < 1
?f' 6‘(51) f-’ s §(4) §
_“l—‘Q'—""'I_'—" = .'07.;' vk
2 Ve 7
G}i,,q—‘z QAltr) 6}214, e AU

Construct (a) solution operator f — u for % <a<l

Hairer & Pardoux '15: for £ < a < 1 but for a = 1,
includes f white noise in (x1,z5) =KPZ after Hopf-Cole



Extension to quasi-linear: an active area

O.& Weber: Quasilinear SPDEs via rough paths
parametric Ansatz, controlled rough path, a € (%, 1)

Furlan & Gubinelli: Para-controlled quasilinear SPDEs
parametric Ansatz, para-composition, o € (%, 1)

Bailleul & Debussche & Hofmanova:
Quasilinear generalized parabolic Anderson model equation
para-products, a € (%, 1)

Gerencser & Hairer:
A solution theory for quasilinear singular SPDESs
parametric Ansatz, regularity structures, (a € (%,%))

O. & Sauer & Smith & Weber:
Parabolic equations with rough coefficients and singular forcing
parametric Ansatz, regularity structures (our twist), (a € (%,%)),

Today: o € (%,%), o =1, only deterministic part, drop P



Our flexible approach:
pass via linear equation with rough coefficients

Oou — acdfu = f for f€C* 2 acC? ac (%,%)

1) semi-concrete solution theory,
solution operator for 9 — a ¢ 97

within minimal parametric model v, vo,,, V3,

2) abstract integration and reconstruction,
for families of functions {U(x,-)}; and distributions {F(x,-)}s

3) concrete solution theory,
targeted towards contraction mapping argument for a — u

(rather V, — V4, on level of modelled distributions V)
in case of parametric model vy, va, wop, V1, W34 1, W34.2, Vot1
suitable for nonlinearity a(u) = u+ 1



Semi-concrete solution theory
Giving sense to a¢ 07
Developing a solution theory for 9, —a o 97
model and off-line assumptions

main result and its two ingredients:
integration & reconstruction

a — u, buckling in perturbative regime



T he minimal parametric model in a nutshell
Parameter ag € [X,3]: placeholder for a(z)

Level a: distribution f and functions {va(:, a0) }aq
(02 — ap0f)va = f,

Level 2« distrib’s {ao@%fua(-, a0) }ag and funct’s {vo, (-, @0) }ag

(0o — agﬁ%)vga =ao afva

Level 3a: distrib's {CLO@%UQQ(-, ap) tag and funct’'s {v3,(+, @) tag

(02 — a002)v30 = a o Vo,



T he model: off-line assumptions and integration

Level a. Given distribution f with ||f||o—2 < N.
Let function v, (-, aq) satisfy (90-agd?)va = f.
Standard Schauder: ||’Uoz||a 3 S N. Notation |- [.3 = C3 wrt ao.

Level 2a. Given fctn. a € [, 1] distr. aoalva( ag) WIith
lalla < N, lla, ()] © 9fvall2a—22 < N2,

Notation ||[a, (-)]¢0Fvall2a—2 = SUDTgl(T“)Q 2% (a00%va) 7—a(0%va) 7.
(-)7 convolution via semigroup 8{‘ — 83 (cf. Bailleul-Bernicot).
Let function wvs,, (-, ag) satisfy (82-ag07)voe = a o 0Fva.
Integration: ||[vag] — @Baglvalll2az < N2,

Notation |[|[voa] — adaglvalll2a = SuDy;&a: 2a|[v2a] — a0Ogq[va]| with
d:=d(y,z), [v] :=v(y) —v(x). Gubinelli's controlled rough paths



The model: off-line assumptions and integration, cont.

Level 3a. Given distribution a ¢ d7v5,, (-, ap) with

I[a, (-)] © 8fvaq — adagla, ()] © Bfvallza—2,1 < N3.

Let function vs,,(-,ag) satisfy (ag-aoﬁ%)vga = ao 8%1}2@.
Integration: ||[vza] — adaglvaal + 30202 [valllza,1 S N3.
Notation ||[v]| 1= supy inf, sup,-, d~P|[v] — v[v1]| for B> 1

Level 4a. Given distribution a o 97v3,(-,a0) with

Ila, ()]0 87v3q — adagla, ()] © O2vag + 50202 [a, (D] 0 OFvallaa—2 < N*.

Hierarchy of “norms” ” ' ||oz—2: H ' ||2a—2r ” ' ||3oz—21 H ' ||4a—2r ” ' ||5oz—2;

Moo F- M2 1 30 [+ [l4a



T he model: off-line assumptions...

Level a: [[fllo—2 <N
(02-a08F)va = f = |Jvalla.3 S N.

Level 2a: ||[a, (+)] 0821)@]]2@_2,2 < N2,
(02-a00%)v2q = a © 0Fva == ||[vaa] — adaglvalll2n > S NZ.

Level 3a: ||[a, (- )]o@lvza aOagla, (-)]08%1}04]]304_271 < N3.
(82 aoﬁl)%a = a 811)2@ _—

[[vzal — aOag [v24] ‘|‘ a [va] H3oz 1S N3.
Level 4o

|[a, ()] © 82034 — adagla, ()] © D2vag + L02.[a, (] © B2vallan 2 < N4,

. outcome of integration



Main semi-concrete result

Solution theory in class
u ~ dg. ((va+f02a+vga) —a0ag (Vat+v20 )+ % 82 )

Here, 6, = d4(x) evaluates ag at a = a(x).
Theorem. For N < 1 3! (u,a ¢ d7u) such that

a? a2 < 4
| [] —5a-([va+v2a+v3a]—aaao [Uoz+U2a]+7aao [Uoz]) |40 SN

Ila, (D]e07u — ba-([a, ()] <><‘92(va+v2a+v3a)
~adapla, ()] © 02 (vatv20)+% 02 a, ()] 0 82va) [50—2 S N®,

82u—a<>81u— f.



Main semi-concrete result, spelled out

1[6] — G- ([vatv2a-+v30] ~aBag [vatv2al +% 02 [va] ) 40 < N4,
Setting Ul(x,y)

= u(y) — ((Va+v2a+v30) —0ag (Vat+v2q )+ 052 Vo) (y, a@)),
we have  |[U(z,y) — (v(z)yr+c()| S N*d*(y, x)

Ila, (D]e02u = ba-([a, ()] © 92 (vatvaa+v3a)
—aBagla, ()] © 02(va+v2) +% 02 [a, ()] 0 02va) 502 S N°.
Setting F(x,-) := —a(x)(?QU(x )+ a0 8
(ao@Q(va+v2a+v3a) aoﬁaoaoal (va+v2a)—|— 082 aoalva)(-,a(:p)),
we have |Fp(z,z)| < N5(T4)5O‘ 2,



Integration step

controlled rough path O(3«a) & commutator O(4a — 2)
— controlled rough path O(4«)

Lemma.
Suppose ||[u] — da.([vatvaal—adaglval) |30 < N’Z and

[la, (] © 87u — ba.(la, ()] © 92 (va+vaa) —aduola, ()] © B2va) || 402
< NN’3 for some constant N'.

Then ||[[u]—6a.([vatv2q+v30]—a0ag[vatvaa]+% ~92 [val)llaa
< NN'3 4+ N4



Reconstruction step

controlled rough path O(4«)
—> commutator O(5a — 2 > 0)

Lemma. Suppose

| [u] —da- ([Ua+v2a+v3oz] ~a0a [va+v2a]+% > 82 [vOé])||4a = N'*.
Then 3! aoalu with ||[a, (-)]0@ U—0dyq. ([a ()] ¢ 0% (vat+vaa+v34a)
—adagla, ()] 0 B2 (va+voa)+%5 02 [a, (D] 0 02va)||50-2 S NN + N,

3 3
| l130 < N & || - laa—2 < NN
3
= || 140 S NN'® + N4 = || [l3a

Y

= || [Isa—2 < N2N"3 4 N5 — | lag_o < N2N"3 4 N5

Y



Abstract integration and reconstruction

Integration: Safonov’s
kernel-free approach to Schauder theory

Reconstruction: Semi-group convolution is handy



Abstract integration: approximation by jets

(82—&(:13)(9%)(U-U(:E,')) small O(k-2)
& x v+ Ul(x, ) contin. O(x) = u-U(x,-) small O(k)

Lemma. Let k€ (0,1)N(1,2) and A C [0, k) finite.
Consider functions v and {U(x,-)}; with

1
(02 — a(@)02) (u — Uz, )| < Zgead? (-, 2)(T7)27F,
U(z,-) —U(z, )—(z,2) < Xgea dP(z,2)d"~P(-, ),
where (xz, z,y) = v(x, 2)y1 + c(x, z).
Then |u—U(x, )—4(z,)| Sd*(-,x).

v only needed for Kk > 1
Safonov’s kernel-free jet-based approach to Schauder fits well



Abstract reconstruction: germs of distributions

x — F'(x,-) continuous O(k)
— 3 f such that f — F(x,-) small O(k)

Lemma. Let k >0 and A C (0, k) finite.
Consider distributions {F'(x, )}, with

1
Fr(z,y) — Pr(y,y)| < Sgd°(y,a)(T5)"F.
1
Then d! distribution f with |fr(x) — Fp(x,x)| < (T%)"F.

Convolution semi-group provides (parabolic) dyadic decomposition



Concrete model

off-line and controlled rough path conditions,
their efficient book-keeping;

notion of modelled distribution;

given modelled distribution for a,
construction of a ¢ 07va, von, @ © O07V24, V3a
i.e. concrete ~ semi-concrete



T he model in a nutshell

Level 0 vg =1, Level 1. vy = x1; Level a: vy as before

Level 2a: {vaoﬁlva( ah,a0)} aNd {won(-,ap, a0) }
with (9> — aoaz)wgoé = Vg © 81 Ve

Level 304 1: {vaoc‘?lwga( ao,a{),ao)} and {w3a,1(' ag:amaO)}
with (82 — aoaz)UBa 1 = Va? 81 W2,

Level 3a,2: {wog ¢ OFWal,aldy,a0)} and {wzeg, 2(,al,ap,a0)}
with (5’2 — a082)w3a 2 = Wy © 81 Vo

Level a4+ 1: {vg41(.a0)} With (02 — aoﬁl)va_H = vlalfua

Ordering of levels: 0 < a<2a<1<3a<a-+1



Model: controlled rough path conditions

Controlled rough path conditions on model vy =

(UO sy Ualao) y WR(ag a0) 5 V] w3a 1 (ag, ag; ao) w3a 2 (ag; ag, ao) Uoz—|—1(“0))

efficiently encoded via “skeleton” I, :=

[ 1 0 0 00 0 O0)
* 1 0 00O00O
* —va(ah)Oag 1 0000
* 0 01000
* Sva(a)val(ap)02, —va(af)dag * 1 0 O
* (Ua(ag)va(a6)8a6_w2a(a87a6))8a0 —Uoz(ag)aafo * 0 1 0

\ * —v10ag 0 x 00 1)

as [T g(2)v4 (Dlewer g S d°(y,2) B €{0,0,20,1,30, + 1}.
Follow by integration from commutator conditions...



Model: commutator conditions

Commutator conditions in terms of product model

( 81 Vo 81 W2 (91 W3q,2 8 voz—l—l \
vaoﬁlva vaoalwga vaoalwg,ag va001UQ+1

Wog © 0TV Woy, © 01 Woy

v = v107Va vlﬁlwza

W3q,1 © 0%1;@

’wga 2 < 81 Vo

K oc-|—1<>017’04 )

1
encoded as  ||M3(2)v7(2) |l g < (T4)P
for pec{a-2,20-2,30-2,-1,40-2,20-1},

where product skeleton I'g 45 ‘=13 ®lg 49
with g4 €{0,a,20,1,30,a0 4+ 1}, p- € {a-2,2a-2,30-2,a-1}.



Modelled distribution = augmented description
Modelled distribution (of order 4a) V
— x-dependent form on (co-dim.) space of placeholders

vy 1= (v, Valao), Wu(ah, a0), V1, W3q, 1 (af, ah, a0), W3q,2(a, ah, a0), V41 (ao))

supported on af = ag = ag = a(x)

Continuity: [(V()—V (@)).vy| < S5d** Py, )[|7 5@V || iever 8

Gives an augmented description of function u = Vv
via controlled rough path condition ||[u] = V.[vy]]l4a < 1.

Next goal: V, — (ao@lva, Voq 5 aoalvza, V3a);

combined with previous section: V, — Vy
for fixed point in case of simplest non-linearity a(u) = 1 + w.



Construction of a ¢ 07va, v, from V

Lemma. 3! (vs,,a0d7vs) With

“foa
1[v20] — Vg [wz)j;]

[wa+1]

I[a, (-)]edFva — Va.

0

( [va, (-)] © OFva
[w2a, (-)] © 82’Ua
[v1, (')]31va
[w3a,1, (-)] © O va

[w3a,27 ()] % 8%”0[
\ wass, ()] 0 92uq

(5’2 — aoal)vga —a< (91 Vo -

V! reduction of V, to order 3«

)

/

>||4a72 controlled,

|50—42

controlled,



Construction of a ¢ 97vo,, v3, from V,
Lemma. 3! (v3,,a0d7vs,) With controlled

830 {’Ua] | ?ao [w2a} Oao[w3a,2]  Oup[Vast1]
INa V4 IN! | Oaglw2a 2W3q,
03] =5(Va®Va) | ortumyy 7 l4a,1
8ao[voz—|—1]
] 2 . /
o, (Nod2v20 — (Va ® Viz,, )
( 0 0 0 0
[va, ()] Oﬁi’va [va, ()] Oﬁi’wza [Va, ()] © Ofw3az2  [va, (-)] © O2vat1
[wQClv,:a ()(] i]ggva [wQCia ()(] i]g W20
[wsa,l,%-’)]oaivz b L2e ||5C¥—4,1!
[w3a,2, ()] o0 Va

[Vat1, ()] © Ofva )
(0o — apd?) v, = a o 07
2 — aQ01)v3n = 4O 07VUDy.

(Va ® Vyz, ) reduction of product to order 0
172
(V,; ® V) reduction of product to order 4«



Summary and Todo’s

Oou — acdfu = f for f€C* 2 acC? ac (%7%)

1) semi-concrete solution theory,
minimal parametric model v, , v, , V3,

2) abstract integration and reconstruction

3) concrete solution theory,
model vy, va, W, , V1, W34.1, W3,2, Vot targeted to a(u) = u—+1

For 3) contraction for Vg, — V4, (ok for self-map property),
general nonlinearity a(u), stability in f (all ok for a € (3,1)).
For 1) & 3) initial (instead of time-periodic) conditions.



