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Introduction

Introduction

@ Aim: Improved regularity and well-posedness for PDE by noise, in particular
in fluid dynamics, e.g. 3d-Navier-Stokes equations.
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Introduction

Introduction

@ Aim: Improved regularity and well-posedness for PDE by noise, in particular
in fluid dynamics, e.g. 3d-Navier-Stokes equations.

@ Which form of noise to consider?
o Additive noise, e.g. [Flandoli, Romito; TAMS, 2002]

du+(u-V)udt+Vpdt = Audt+ dW;
divu=0.

For all t > 0, P-a.s. the set of singular points of u(t) is empty.
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divu=0.

For all t > 0, P-a.s. the set of singular points of u(t) is empty.
@ Uniqueness for the stochastic 3d-Navier-Stokes equations remains open.
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Introduction

Introduction

@ Aim: Improved regularity and well-posedness for PDE by noise, in particular
in fluid dynamics, e.g. 3d-Navier-Stokes equations.

@ Which form of noise to consider?
o Additive noise, e.g. [Flandoli, Romito; TAMS, 2002]

du+(u-V)udt+Vpdt = Audt+ dW;
divu=0.

For all t > 0, P-a.s. the set of singular points of u(t) is empty.
@ Uniqueness for the stochastic 3d-Navier-Stokes equations remains open.

@ More recent: Linear multiplicative noise

du+b(x)-Vudt =Vuodf; [Flandoli, Gubinelli, Priola; Invent.Math., 2010].
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o Left open: What about the nonlinear case, e.g. Burgers?
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Introduction

o Left open: What about the nonlinear case, e.g. Burgers?
o Linear multiplicative noise does not help anymore:

du+ dyu? dt = dyuodps.
Then: v(t,x):= u(t,x— P;) is a solution to

eV + v = 0.
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o Linear multiplicative noise does not help anymore:
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Then: v(t,x):= u(t,x— P;) is a solution to
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@ In particular, weak solutions are non-unique.
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o Left open: What about the nonlinear case, e.g. Burgers?
o Linear multiplicative noise does not help anymore:

du+ dyu? dt = dyuodps.
Then: v(t,x):= u(t,x— P;) is a solution to
eV + v = 0.

@ In particular, weak solutions are non-unique.

e Conclusion in [Flandoli, Gubinelli, Priola; Invent. Math., 2010]:
It is very easy to produce examples [...] for a stochastic version of Euler equa-
tion which show that the particular noise we use does not have any regularizing
effect in this case.
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Introduction

o Left open: What about the nonlinear case, e.g. Burgers?
o Linear multiplicative noise does not help anymore:

du+ dyu? dt = dyuodps.
Then: v(t,x):= u(t,x— P;) is a solution to
eV + v = 0.
@ In particular, weak solutions are non-unique.
e Conclusion in [Flandoli, Gubinelli, Priola; Invent. Math., 2010]:
It is very easy to produce examples [...] for a stochastic version of Euler equa-
tion which show that the particular noise we use does not have any regularizing
effect in this case. [...] The generalization to nonlinear transport equations,

where b depends on u itself, would be a major next step for applications to
fluid dynamics but it turns out to be a difficult problem."

Path-by-path regularization by noise Y



Introduction

o Left open: What about the nonlinear case, e.g. Burgers?
o Linear multiplicative noise does not help anymore:

du+ dyu? dt = dyuodps.
Then: v(t,x):= u(t,x— P;) is a solution to
eV + v = 0.

@ In particular, weak solutions are non-unique.
e Conclusion in [Flandoli, Gubinelli, Priola; Invent. Math., 2010]:
It is very easy to produce examples [...] for a stochastic version of Euler equa-
tion which show that the particular noise we use does not have any regularizing
effect in this case. [...] The generalization to nonlinear transport equations,
where b depends on u itself, would be a major next step for applications to
fluid dynamics but it turns out to be a difficult problem."
o Side-remark: In certain cases [Delarue, Flandoli, Vincenzi; CPAM, 2014] space-
time linear multiplicative noise
Z ex(x)-VuodBrk
k=1

has proven useful also in nonlinear situations.
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o Left open: What about the nonlinear case, e.g. Burgers?
o Linear multiplicative noise does not help anymore:

du+ dyu? dt = dyuodps.
Then: v(t,x):= u(t,x— P;) is a solution to
eV + v = 0.

@ In particular, weak solutions are non-unique.
e Conclusion in [Flandoli, Gubinelli, Priola; Invent. Math., 2010]:
It is very easy to produce examples [...] for a stochastic version of Euler equa-
tion which show that the particular noise we use does not have any regularizing
effect in this case. [...] The generalization to nonlinear transport equations,
where b depends on u itself, would be a major next step for applications to
fluid dynamics but it turns out to be a difficult problem."
o Side-remark: In certain cases [Delarue, Flandoli, Vincenzi; CPAM, 2014] space-
time linear multiplicative noise
Z ex(x)-VuodBrk
k=1
has proven useful also in nonlinear situations.
o Different forms of noise?
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Regularity of solutions for stochastic SCL

o Consider mean field equations
. 1 L
dX/ = ot Xt Y 8. )odB: inR
=1

Taking L — o and ol — o leads to stochastic scalar conservation laws

du+div(o(x,u)uodB) =0 on (0, T)x Rq.
—_——

=:A(x,u)
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Regularity of solutions for stochastic SCL

o Consider mean field equations
. 1 L
dX/ = ot Xt Y 8. )odB: inR
=1

Taking L — o and ol — o leads to stochastic scalar conservation laws

du+div(o(x,u)uodB) =0 on (0, T)x Rq.
—_——

=:A(x,u)

@ Methods apply to general spatially homogeneous and truly nonlinear flux A,
general dimension.
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Regularity of solutions for stochastic SCL

o Consider mean field equations

. o1 & )
dX/ = ot (x;, T Yy 5X{> odB; inRY
j=1

Taking L — o and ol — o leads to stochastic scalar conservation laws

du+div(o(x,u)uodB) =0 on (0, T)x Rq.
—_——

=:A(x,u)

@ Methods apply to general spatially homogeneous and truly nonlinear flux A,
general dimension.
o For simplicity, in this talk restrict to

1
du+ §3Xu2 odf: =0.
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Regularization by nonlinear noise

Consider
1
oru + §8Xu2 =0, on (0,T)x RrRY
u(0) = up € L=(RY).
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Regularization by nonlinear noise

Consider
1
oru + §8Xu2 =0, on (0,T)x RrRY
u(0) = up € L=(RY).

For
x(t.x,v) = x(u(t,x),v) = Ly<u(tx) = lv<o

we get the kinetic form

OtX +voxx =0,m on (0,T)x RY x R.
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Regularization by nonlinear noise

Consider
1
oru + §8Xu2 =0, on (0,T)x RrRY
u(0) = up € L=(RY).

For
x(t.x,v) = x(u(t,x),v) = Ly<u(tx) = lv<o

we get the kinetic form
dex+voxxy=0,m on (0,T)x RY x R.
Dissipation-dispersion approximations lead to

Definition (De Lellis, Otto, Westdickenberg, 2003)

A function u € L=([0, T] x RY) is said to be a quasi-solution if
x(t,x,v) = x(u(t,x),v) satisfies

dex+vox=0,m on (0,T)xRIxR

for some finite (signed) measure m.
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Regularization by nonlinear noise

Theorem (De Lellis, Westdickenberg, 2003; Jabin, Perthame 2002)

Consider
1
Oru+ Eaxlﬂ =0, on(0,T)xR.

Then
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Regularization by nonlinear noise

Theorem (De Lellis, Westdickenberg, 2003; Jabin, Perthame 2002)

Consider
1
dru+ §8Xu2 =0, on(0,T)xR.

Then
@ Each quasi-solution satisfies, for all A € (0, %)

u e LX([0, T]); WHL(R)).
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Regularization by nonlinear noise

Theorem (De Lellis, Westdickenberg, 2003; Jabin, Perthame 2002)

Consider
1
dru+ §8Xu2 =0, on(0,T)xR.

Then
@ Each quasi-solution satisfies, for all A € (0, %)

ue LX([0, T]; WHL(R)).
Q For each A > % there exists a quasi-solution u such that

u & L1([0, T]; WHL(R)).
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Regularization by nonlinear noise

Theorem (G., Souganidis; CPAM, 2016)
Let u be a quasi-solution to
M+%&foﬂ%:0 on (0,T)xT.
Then, )
u e L]0, T]; WA(T)) for all 2 € (0, ), P-a.s..

If u is an entropy solution, then

1
LmeWW3mw»mmm?mm. (%)
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Regularization by nonlinear noise

Theorem (G., Souganidis; CPAM, 2016)

Let u be a quasi-solution to
1
du+ 5axu2 odB:=0 on(0,T)xT.

Then,
ue L]0, T); W*L(T)) for all A € (0, %), P-a.s..

If u is an entropy solution, then

1
u(t) € WAHT)  forall t >0, A € (0, 5) Pas. (%)

Two resulting questions:
© Can the zero set in (x) be chosen uniformly in t?
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Regularization by nonlinear noise

Theorem (G., Souganidis; CPAM, 2016)

Let u be a quasi-solution to
1
du+ 5axu2 odB:=0 on(0,T)xT.

Then,
ue L]0, T); W*L(T)) for all A € (0, %), P-a.s..

If u is an entropy solution, then

1
u(t) € WAHT)  forall t >0, A € (0, 5) Pas. (%)

Two resulting questions:
© Can the zero set in (x) be chosen uniformly in t?
@ Characterize the properties of Brownian paths leading to ().
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Path-by-path regularization by noise
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Path-by-path regularization by noise

Framework

o Model example:
1, 5 _ T
8tu+§3xu odwy;=0 on (0, T)xT,

with w € C([0, T];R).

Path-by-path regularization by noise Wk
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Framework

o Model example:
1, 5 _ T
8tu+§3xu odwy;=0 on (0, T)xT,

with w € C([0, T];R).
o Again: Results are given for general truely nonlinear flux A.
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Path-by-path regularization by noise

Framework

@ Model example:
8tu+ 8 w?odw; =0 on (0, T)xT,

with w € C([0, T];R).
o Again: Results are given for general truely nonlinear flux A.
o How to classify pathwise properties of w leading to improved regularity?

w = P(w) satisfies pathwise property

s C/

]P’ a.s.
[G Sougamdls]

[Chouk, G.]

£ Brownian motion i(t,w) € WHI
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|dea of the proof

@ ldeas of the proof of regularity for

1
Oru+ §8Xu2 odB:=0 on (0,T)xT.
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@ ldeas of the proof of regularity for
1
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o Kinetic formulation:
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for some finite Radon measure m.
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|dea of the proof

@ ldeas of the proof of regularity for
1
Oru+ §8Xu2 odB:=0 on (0,T)xT.

o Kinetic formulation:
dy+voxodB: =d,m,

for some finite Radon measure m.

o Change of variables gives

2(£,5,v) = 2o (x + vBe,v) —l—/ot&,m(s,x—i— V(B — Bs), v)ds.
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|dea of the proof

o Averaging over velocity

u(t,x):/vx:/vxo(x—l— vﬁhv)dv—i-/ot/v&,m(s,x—i— v(B: — Bs), v)dvds.
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|dea of the proof

o Averaging over velocity

u(t,x):/vx:/vxo(x—l— vﬁhv)dv—i-/ot/v&,m(s,x—l— v(B: — Bs), v)dvds.

@ The averaging effect appears since the velocity average in v contains
averaging of the x-variable.
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|dea of the proof

o Averaging over velocity

t
u(t,x):/x:/xo(x—l— vﬁhv)dv—i—/ /&,m(s,x—i— v(B: — Bs), v)dvds.
% v 0 Jv
@ The averaging effect appears since the velocity average in v contains

averaging of the x-variable.
@ Rigorously, this can be seen by Fourier transform, that is,

. t .
a(t,n) = / e MBen g0 (n,v)dv + / / e BB (s, nv)dvds.
v 0 Jv
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|dea of the proof

o Averaging over velocity

u(t,x):/vx:/vxo(x—l— vﬁhv)dv—i-/ot/v&,m(s,x—i— v(B: — Bs), v)dvds.

The averaging effect appears since the velocity average in v contains
averaging of the x-variable.

Rigorously, this can be seen by Fourier transform, that is,

. t .
a(t,n) = / e MBen g0 (n,v)dv + / / e BB (s, nv)dvds.
v 0 Jv

o The oscillatory integrals have a regularizing effect, both in v and in f8; — fBs.

Path-by-path regularization by noise b £ 28]



Path-by-path regularization by noise

Framework

o For SDE this has been considered by [Catellier, Gubinelli; SPA, 2016]: A path
w € C(R,;RY) is said to be (p,7)-irregular if

t
[ emrndrl S (L) Ple -l Ve R s <t
S

Path-by-path regularization by noise S 1) 281



Path-by-path regularization by noise

Framework

o For SDE this has been considered by [Catellier, Gubinelli; SPA, 2016]: A path
w € C(R,;RY) is said to be (p,7)-irregular if

t
[ emrndrl S (L) Ple -l Ve R s <t
S

o Note: .
/ eiw,-ndr:/ eixAndLa}t(X) — Livt(n)
s R

the Fourier transform of the local time.
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Path-by-path regularization by noise

Main result

Theorem
Let w € C([0, T],R?) for some n > 0 be (p,y)-irregular, u a quasi-solution
solution to )
dru+ §8Xu2 odw;=0 on (0, T)xT.
Then, for all
p(n+1)-(1-7)
(pvDM+1)+(1-7)

we have

ue LX([o, T]; W*(T)).
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Path-by-path regularization by noise

Corollary

Let B! be a fractional Brownian motion with Hurst parameter H € (0,3] and u be
a quasi-solution to

1
8tu+§8Xu2odBtH:O on T. (1)

Then, P-a.s. for all A < Hﬁ

ue L]0, T]; WA(T)).
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Path-by-path regularization by noise

Corollary

Let B! be a fractional Brownian motion with Hurst parameter H € (0,3] and u be
a quasi-solution to

1
8tu+§8Xu2odBtH:O on T. (1)

Then, P-a.s. for all A < Hﬁ

ue L]0, T]; WA(T)).

o Note: Fully recover the probabilistic result from [G., Souganidis; CPAM,
2016]: For H=1 get 1 < 1.
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A path-by-path scaling condition

A path-by-path scaling condition
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A path-by-path scaling condition

Discussion of the path classification

@ The proof given in [G., Souganidis; CPAM, 2016] uses the scaling property of
Brownian motion and independence of increments.
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A path-by-path scaling condition

Discussion of the path classification

@ The proof given in [G., Souganidis; CPAM, 2016] uses the scaling property of
Brownian motion and independence of increments.

e However: (p,7y)-irregularity depends on two parameters, also encoding a time
regularity. Hence, does not seem to be optimal.
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A path-by-path scaling condition

Discussion of the path classification

@ The proof given in [G., Souganidis; CPAM, 2016] uses the scaling property of
Brownian motion and independence of increments.

e However: (p,7y)-irregularity depends on two parameters, also encoding a time
regularity. Hence, does not seem to be optimal.

@ Moreover: (p,7y)-irregularity not easy to check.

Path-by-path regularization by noise Y



A path-by-path scaling condition

Discussion of the path classification

@ The proof given in [G., Souganidis; CPAM, 2016] uses the scaling property of
Brownian motion and independence of increments.

e However: (p,7y)-irregularity depends on two parameters, also encoding a time
regularity. Hence, does not seem to be optimal.

@ Moreover: (p,7y)-irregularity not easy to check.

@ To avoid the use of oscillatory integrals: Completely avoid Fourier methods in
the proof.
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|dea of the proof

o Consider 1
oru+ Eaxuz odw; = 0.
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|dea of the proof

o Consider 1
oru+ Eaxuz odw; = 0.

o Kinetic form
de) + vox ) odwy = d,m.
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|dea of the proof

o Consider 1
oru+ Eaxuz odw; = 0.

o Kinetic form
de) + vox ) odwy = d,m.

@ Rewrite as, for A >0,

oex +voxyodws+Ax =0,m+Aixy.
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|dea of the proof

o Change of variables, take velocity integral and drop i.c.:

t
u(lyx):/)((t,x7 v)dv:/ /efi(tfs)(&,m)(s,x—vwsyhv)dvds
v 0 Jv

-t 3
—&—l/ /e*’l(tfs)x(s,x—vwit,v) dvds.
0 Jv
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|dea of the proof

o Change of variables, take velocity integral and drop i.c.:

t
u(lyx):/)((t,x7 v)dv:/ /efi(tfs)(&,m)(s,x—vwsyhv)dvds
—&—l/ / x(s,x — vws ¢, v) dvds.

@ Introduce the random X-ray transform

t
(Tg)(t,x) ::/ /g(s,x—vws7t,v)e_}”(t_s) dvds.
0 Jv
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|dea of the proof

@ Change of variables, take velocity integral and drop i.c.:
u(t,x) :/)((t,x7 v)dv :/t/ e ME=9)(9, m)(s,x — vws 1, v) dvds
—&-l/ / x(s,x — vws ¢, v) dvds.
@ Introduce the random X-ray transform

t
(Tg)(t,x) ::/ /g(s,x—vws7t,v)e_}”(t_s) dvds.
0 Jv

@ Hence,
U= /)(: T(dym)+ATy.

where m is a finite measure and x(t,x,v) := 1jo u(tx)(V)-
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|dea of the proof

o Change of variables, take velocity integral and drop i.c.:

t
u(lyx):/)((t,x7 v)dv:/ /efi(tfs)(&,m)(s,x—VW57t7v)dvds
—&—l/ / x(s,x — vws ¢, v) dvds.

@ Introduce the random X-ray transform

t
(Tg)(t,x) ::/ /g(s,x—vws7t,v)e_}”(t_s) dvds.
0 Jv

@ Hence,
U= /)(: T(dym)+ATy.

where m is a finite measure and x(t,x,v) := 1jo u(tx)(V)-
o Strategy: Estimate the regularity of T(d,m), Tx then use real interpolation.
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Path-by-path scaling condition

@ This leads to: Path-by-path scaling condition: Assume that there is a
1 € (0,1] such that for every ¢ € [0,1), A > 1 we have

T pT—r A
/ / e t| Weyr — Wr |70' dtdr 5 Ail—HG.
0 0 ——

= Wrr+t
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Path-by-path scaling condition

@ This leads to: Path-by-path scaling condition: Assume that there is a
1 € (0,1] such that for every ¢ € [0,1), A > 1 we have

T pT—r A
/ / e t| Weyr — Wr |70' dtdr 5 2{71—4—10'_
o Jo ——

= Wrr+t

o Easy to see: (p,7y)-irregularity implies path-by-path scaling.
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A path-by-path scaling condition

Theorem

Let u be a quasi-solution to

1
oru+ §8xu2 odw;=0 onR

14n—1

and suppose that w € C" satisfies path-by-path scaling. Then, for all 2 < 1 relrl

ue LX([o, T]; W*(T)).
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