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Mass conserved Allen-Cahn equation

dp 1

— =A flo)—— | f D, t>
o7 = Do+ fle) =7 [ o xeD, 120
Vep.n=0, on 9D x R™
QO(Xv O) = SDO(X)a xeD

f has exactly 3 zeros —1 < 0 < 1 and
f(£1) <0, f(0)>0

A typical example is : f(p) = ¢ — ¢°
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Deterministic mass conserved Allen-Cahn equation - linear diffusion.
Binary mixture undergoing phase separation.
[Rubinstein and Sternberg, 1992].
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[Boussaid,Hilhorst and Nguyen, 2015] proved the well-posedness
and the stabilization of the solution for large times for the
corresponding Neumann problem.
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Stochastic Mass conserved Allen-Cahn equation

o 1 oW

Aot fle)— — [ f ° D, t>

o = Ap+fe) - [ M)+ TE xeD, 120
Vep.n=0, on 0D x R*
¢(x,0) = po(x), xeDb
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[Antonopoulou, Bates, Blomker and Karali, 2016]

e use the stochastic mass conserved equation with linear diffusion
to describe the motion of a droplet.

e They study the singular limit of the solution of this equation, letting
a small parameter tend to zero.

e They consider a white noise in time which also depends on space.

[Funaki and Yokoyama, 2016] study the singular limit of the solution
of the stochastic mass conserved equation with linear diffusion with a
smoothened one dimensional white noise in time.
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Our goal today

Prove the existence and uniqueness of the solution of the nonlocal
stochastic reaction-diffusion equation with nonlinear diffusion

Op .

2 — >

T div(A(Ve)) + f(p) ] / )dx + ,xeD, t>0,
(P) 4 A(Vy).n=0, on 9D x R*

¢(x,0) = po(x), xeD

Even in the case when A = [ which they have been studying, no proof
has been given by Antonopoulou, Bates, Bldmker and Karali.
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Hypotheses on the domain D and on the function A

e D open bounded set of R”, with a smooth boundary 9D.

e Ais such that
|A(a) — A(b)| < Cla— b

e A=VV:R" — R" for some convex C''-function ¥ and A(0) = 0.
e Ais monotone

(A(a) — A(b))(a—b) > Co(a—b)?, Cy>0

forall a,b € R".
[Funaki, Spohn,1997].

Remark:
If A=1I= div(A(Vu)) = Au.

Perla El Kettani Stochastic mass conserved RD equation CIRM, 18th May 2018 7139



Usual diffusion

Linear diffusion { Isotropic equation) :

Diffusion and the speed are same in any direction.
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Anisotropic diffusion

Nonlinear diffusion [ Anisotropic equation) :

Slow

R " Fast

Diffusion and the speed depend on the directions.
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The nonlinear function f

e The nonlinear function f is a smooth function which satisfies the
following properties:

(F1) There exist positive constants Cy and C, such that
fla+ b)a< —Cya® + K(b), |h(b)| < Cy(b?* +1), foralla,becR
(F2) There exist positive constants C; and Cs(M) such that
f(s)] < Cals — MPP~" + Ca(M)

(Fs) There exists a positive constant C4 such that

f/(S) < Cy.
2p—1
In particular, one can choose f(s) = Z b;s’ with bop 1 < 0,p > 2,

j=0
which also includes the Allen-Cahn equation with f(s) = s(1 — s?).
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The Q-Brownian motion

e The function W(x, t) is a Q-Brownian motion in L2(D).

Xf)—Zﬁk(TQZGk Z\rﬁk ex(x

k=1

where
@ {ex}k>1 is an orthonormal basis in L2(D) diagonalizing Q.
@ {\«}«>1 are the corresponding eigenvalues for all k > 1.
@ Qs a nonnegative definite symmetric operator on L2(D) with
TrQ < +o0.

TrQ= Z Qey, ex) Lz Z)\k < Aop.

k=1

Z)‘kHeKHLOO <M (1)

Q {Bk(H)}k>1 is a sequence of independent (F;)-Brownian motions
defined on the probability space (€, F, P).
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The nonlinear stochastic heat equation

We consider the nonlinear stochastic heat equation

oW . oW
“ap = AV(A(VWa)) + xeD, t>0,
(P1)  { A(V(Wa)).n=0, on 9D x R*
Wa(x,0) =0, xeD

[Krylov, Rozovskii, 2007]
Q@ W,y e L0, T;L2(Q2 x D)) N L2(Q x (0, T); H(D));
@ div(A(VWa)) € L2(Q x (0, T): (H'(D)));
© W, satisfies a.s. for a.e. t € (0, T) the problem

t
{WA(t) /0 div(AVWa())ds + W(t) in(H'(D)Y,

A(VWy(t)).n=0, inthe sense of distributions on 0D.
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A preliminary change of functions

We define :
u(t) := o(t) — Wa(t),
. Battl = div(A(V(u+ Wa)) — A(VWa)) + f(u+ Wy)
1
(P2) 1] / f(u+ Wa)dx, xeD, t>0,
A(V(U+ Wp)).n=0, S —,
\ U(X’ 0) = QDO(X)’ xeD

Remark: The conservation of mass property holds, namely

/ u(x, t)dx = / wo(x)dx, a.s.fora.e.tcR*.
D D
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Definition of the solution

Q uc =0, T;L2(QxD))NL2(Qx (0, T); H'(D))NL?P(Qx (0, T)x D),
div[A(V(u + Wy))] € L2(2 x (0, T); (H'(D))');

Q u satisfies the integral equation a.s. for a.e. t € (0, T) in the sense
of distributions in D

u(t) = o+ /0 tdiv[A(V(u+ Wy)) — AV Wy)]ds

t t
+/ fu+ WA)—/ 1/ f(u + Wa)dxds
0 o I1Dl'Jp

© u satisfies the natural boundary condition in the sense of
distributions on 0D.
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Existence of a solution of Problem (P-)

We work with the following spaces:

H:{veLZ(D),/v:O}, V=H"(D)NH and Z=VnL?®
D

There exists a unique solution of Problem (P5). \

Proof:

We apply the Galerkin method, and use the following notations

e 0 <y <7 < ... < < .. eigenvalues of —A with homogeneous
Neumann boundary conditions.

e W, k =0,... smooth unit eigenfunctions in L2(D).
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Existence of a solution of Problem (P-)

We recall that the functions {w;} are an orthonormal basis of L2(D), in
particular:

/ijozo forallj#0 and wyp = ——,
D |D|

which implies that / w;(x)dx = 0 for all j # 0.
D
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Existence of a solution of Problem (P-)

We look for an approximate solution of the form
T 1
Un(, 1) = M= 3 tin(t)h, M = 5 /D o(X)dx
i=1
which satisfies the equation:
/ g(u (x,t) — M)w;
pot T J
=~ AV (= M+ W) = AVWaDIT W+ | Hum -+ W

—|1D|/D(/Df(um+ W) dx) widx,

forallw, j=1,...,m.
m
Um(x,0) =M+ Z(g@o, w;)w; converges strongly in L2(D) to g as
i=1
m — oo.
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Existence of a solution of Problem (Px)
Remark: The contribution of the nonlocal term vanishes !!
/Wj(x)dx —0, forall j#0
D

¥
_\10!/0(/Df(um+ Wa)dx)w; =0

| gitumx.t) = myw,

—— [ AT (un— M+ W) = AWV + [ i+ Waw,
D D

forallw, j=1,...m.
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A priori estimates

Lemma

There exists a positive constant C such that

/ (Um(t) — MPdx < ¢, forall t[0,T]

/ /|v M)|2dxdt < C

/ / Mydxdt < C
2p
IEJ/ /(f(um+ Wa))as < ¢
0 D
)
E /O | VAT (U + Wa)) B oy < C
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A priori estimates

o Multiply the equation of um by Ujm = Ujn(t) and sumon j=1,...m
9
[ ituntx.t) ~ My(um M)
D
_ /D[A(V(um — Mt Wa)) — A (W)Y (U — M)

—|—/D f(um + Wa)(um — M)
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e Monotonicity property of A

- / AT (U — M+ Wa)) — AT (Wa))]V (tm — M)

< - Co/\v
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e Using the property (F;) we deduce that:

/Df(um+ Wa(t))(tm — M) = /f(um—M+M+ Wa(t))(Um — M)

/ Ci(Um — M) + C, / Wa(1)[2°
D
+Cz ]D|

IN
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A priori estimates

Integrating from 0 to T and taking the expectation :
]E/(um(T) — M)?dx + 2001@/ IV (um — M)|?dx
D D

+201E/(um — M)2P
D

]
< /D (Un(0) — M)20x + 2C,EE /O /D |Wa(t)[2° + 28,(M)|D| T
<K
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Weak convergence properties

Hence there exist a subsequence which we denote again by {un — M}
and functions

u—Me [3(Qx(0,T); V)NL2P(Q x (0, T) x D)N L>(0, T; L2(Q x D)),
x and ¢ such that:

Un—M — u—M weaklyin L3(Q x (0, T); V)
and L2P(Q x (0,T) x D)
Un—M — u—M weakly starin L>(0, T; L?(Q x D))
F(Um + Wa) weakly in L%-7(Q x (0, T) x D)
div(A(V(Um + Wa))) — o weakly in  L2(Q x (0, T); (H'))

L
=

as m — oo.
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Passing to the limit

((Um(x; 1) = M), wj) = {um(0) — M, w))
H{AIVIA(V (Um — M + Wa)) — A(V(Wa))], w))
H(f(Um + Wa),w)), forallj=1,..m.

We pass to the limitas m — oo

t t
(u(t) — M, w) = (o — M, w) + /0 (@ — div(A(YWa)), w) + /0 (W)

forall w € V N L?P(D).
It remains to prove that :

(d+x, w) = (div(A(V(u+Wa)))+F(u+Wy(t)), w) forall we VNL2P(D).
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Monotonicity argument

[Marion,1987], [Krylov,Rozovskii, 2007]

Let w be such that w — M € [2(Q x (0, T); V)N L2P(Q x D x (0, T))

Om = E[/T e’cs{2<div(A(V(um — M+ Wy)) — AV WA))
0
—div(A(V(W — M+ Wpy)) — A(VWA)), Un— M —(w —M))z-;
+2(f(Um + Wa) — f(w + Wa), um — M — (w — M))z- 7
—cllum — M — (w — M)|[*}ds
= Ji+do+ds
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Monotonicity argument

Lemma

On<o0

e For the nonlinear diffusion term we use monotonicity

S = 2B / / AV (U — M+ Wa)) = A(V(w — M+ Wa))]
[V(um — M+ Wp) — V(w — M+ Wy)]

IA

)
—ZCO]E/ &%V (Um — W)[2 < 0
0

Ol

v
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e For the reaction term we use the property (F3)

)
b = E/ e~ 2(f(um + Wa) — f(w + Wa), Um — W)z« zds
0
)
< E/ e=%2C, ||um — w|[2ds.
0

e The nonlocal term vanishes

Choosing ¢ > 2C4, we conclude the result. |
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Let v € L2(Q x (0, T); V)N L?P(Q x (0, T) x D) be arbitrary and set
wW—-M=u—-M- v, withA e R,.

Dividing by A and letting A — 0, we find that :
T
E/ e (¢ + x — div(AV(u — M+ Wy) — f(u+ Wy), V) z« zdt <0
0
Since v is arbitrary, it follows that

E/T<¢ +X,V)zez = IE/T<diV[A(V(U — M+ Wa))] + f(u+ Wa),v)z
0 0

forall v € L2(Q x (0, T); V) N L2P(Q x (0, T) x D),
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Uniqueness

Proof:
e Let uy and up be two solutions of Problem (P;)

s (1) — uat / Av(A(V(us + Wa) — AV (Uz + Wa))

+/ [f(U1 + WA) = f(UQ + WA)]
0

| 0 | o+ wa) = [ fw+ Waa
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Uniqueness

e Taking the duality product with uy — uo
e Same initial condition uq(x,0) = us(x,0)

|D|/[/fu1+WA /fu2+WA]/u1—u2

e Taking the expectation of the equation

t
B [ (1 — w00k < G [ [ (ur — o) s,
D o Jp
By Gronwall's Lemma

uy=up a.e. inQ2xDx(0,T).
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The solution of the stochastic heat equation

Nonlinear stochastic heat equation

oW . oW
“ap = AV(A(VWa)) + xeD, t>0,
(P1)  { A(V(Wa)).n=0, on 9D x R*
Wa(x,0) =0, xeD

[Krylov, Rozovskii, 2007]
Q@ W,y e L0, T;L2(Q2 x D)) N L2(Q x (0, T); H(D));
@ div(A(VWa)) € L2(Q x (0, T): (H'(D)));
© W, satisfies a.s. for a.e. t € (0, T) the problem

t
{WA(t) /0 div(AVWa())ds + W(t) in(H'(D)Y, o

A(VWy(t)).n=0, inthe sense of distributions on 0D.
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Strong solution of the stochastic heat equation

[Gess, 2012]

@ W, s a solution in the sense of Krylov and Rozovskii;
Q W e L3(Q; C([0, T]; LA(D)));

Q div(A(VWy)) € L2(Q x (0, T); L2(D));

Q W, satisfies a.s. for all t € (0, T) the problem

(4)

v

{ Wa(t) = /O ' div(A(Y Wa(s)))ds + W(t) in L2(D),

A(VWy(t)).n=0, in a suitable sense of trace on OD.

Note that
Wy e L2(Q % (0, T); H*(D))
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L9 regularity

Let Wy be a solution of Problem (P;); then Wy € L>°(0, T; L9(Q x D)),
forall g > 2.

For each positive constant k, denote by ¢, : R — R the function

€19 if [¢] < k.
S(O)= ] 2(q— DT 22— q(q -2k lg| + (3 — 1)(a - 1KY,
it k< g].

®y is a convex C? function and @) is a Lipschitz-continuous function
with @} (0)=0. The function ® satisfies the inequalities

0 < @, (€) < (k)€ and 0 < k(&) = [§ &) (¢)d¢ < D¢ for all

£eRT. O
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Inequalities for the test functions for L9 regularity

@ One has 0 < ¥)(&) < ¢ for all ¢ € R where c is a positive
constant depending on K.

@ One has 0 < ®}(&) < g(qg—1)(1 + D«(€)), forall € € R.
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Applying Itd’s formula

Applying It6’s formula
[ owwaenax = | (v (A(Y Wa(S))). Ol Wa(s)))ds
" /0 t /D & (Wa(s))aW(s)

1 oC S
+22/ /d)Z(WA))\,(e,)deds
=1 ¢ 0 /D
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Using the monotonicity property of A

t t
- / / O} (Wa(S))V Wa($)A(Y Wa(s))ds < — CoE / / O (Wa)|V Wal2
0 D 0 D

From (1) :

22/ /CD” (Wa)A (e)2dxds < ~ ZA,He,HD / / /(W) dxdls
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The solution of the stochastic heat equation

t
E /D Op(Wa(t))dx < —CoE /0 /D O} (W) |V W2

t
+1/\1]E/ /¢Z(WA)dxds
2 o Jp

IN

1 t

5@~ DME [ [ (14 @(Wa) s
0 JD

< C(q)Mt|D|eC@M!

Since &, (Wa(x,t)) converges to |Wa(x, t)|9 for a.e. x and t when k
tends to infinity

E / |Wa(x, t)|9dx = E / Jim oy (Wa(x, 1))ax < C(q)\ t|D|eC(DM!
D D — 00

forall t > 0.
Therefore, Wy € L>(0, T; L9(Q2 x D)) for all g > 2.
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