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uibkOutline

Lectures 1+2:

Lectures 3+4:

• Basic systems & concepts of quantum optics - an overview

• Illustrations / Applications [in quantum information]

Isolated / Driven Hamiltonian quantum optical systems

Quantum Optical Systems & Control

Open quantum optical systems [a modern perspective]

• Example / Application: Ion Trap Quantum Computer

• Continuous measurement theory, Quantum Stochastic 
Schrödinger Equation, master equation & quantum trajectories
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Book  II: The Physics of Quantum-Optical Devices

Book III: Ultra-cold Atoms


by Crispin W Gardiner and Peter Zoller

Quantum Noise 

A Handbook of Markovian and Non-Markovian Quantum Stochastic 
Methods with Applications to Quantum Optics
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uibkA Short Preview

What is Quantum Optics?
… a Short Tour & Overview


[Experiment + Theory]

• Quantum Properties of Light


• [Quantum] Interaction of Light & Matter
control

… a Few Examples



uibkEx 1: Quantum Computing with Trapped Ions

• general purpose quantum 
computing 

R. Blatt

Exp.:  Innsbruck, NIST, JQI, MIT, Mainz, MPQ ... 

laser control of atoms + phonons = 
quantum gates

qubits quantum gates read out

time|√⇥�Ut |√⇥

coherent Hamiltonian evolution
    - quantum gates
    - deterministic

quantum logic network model

• atomic physics: trapped ions
J. I. Cirac

internal 
states of ions 

as qubits



uibkEx 1: Quantum Computing with Trapped Ions

• general purpose quantum 
computing 

qubits quantum gates read out

time|√⇥�Ut |√⇥

coherent Hamiltonian evolution
    - quantum gates
    - deterministic

quantum logic network model

• atomic physics: trapped ions

R. Blatt

phonon bus

… in Lecture 1+2 we will go in detail over the underlying theory.

coherent control



uibkEx 2: Atomic Hubbard Models - QSimulators

Quantum Many-Body Atomic Physics

• Hubbard models etc.

Bosons, Fermions
 - strongly correlated system
 - quantum phase transitions
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• atoms in optical lattices

Hubbard Hamiltonian

• We “build” a quantum system with desired 
Hamiltonian & controllable parameters, 
e.g. Hubbard models of atoms in optical 
lattices

Analog quantum simulation: “always on” 

tunneling

onsite  
interaction
U

optical potential

~ light 
intensity

AMO Hubbard toolbox



From Artificial Quantum Matter to Real Materials

Universality of  
Quantum Mechanics!

Quantum Regime

dl/d & 1

de Broglie Wavepackets

l

Ultracold Quantum Matter Real Materials

Same         !l/d
(Neuchatel)

Densities: 1014/cm3

Temperatures: few  nK

Densities: 1024-1025/cm3

Temperatures: mK –  
several hundred K



uibkI QOIEngineered Atomic Many-Body Systems

Rydberg Spin-Models [as Quantum Simulator]

Hamiltonian Engineering

Rydberg	states

Hamiltonian
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uibkQuantum Optics - Theory

Example: Trapped Ion Quantum Computer

P1/2

S1/2

D5/2

40Ca+

Quantum	
bit	

Qubit
DetecLon,	

Laser	Cooling



uibkTheory 1. Single Trapped Laser-Driven Ion

atom 
internal

harmonic 
trap

motion

• driven two-level atom in a harmonic oscillator trap

two-level atom trap (phonons)
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system of interest
✓coherent control 

[quantum gates etc.]

Lectures 1+2:

laser
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<latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="cYka771FiZmkPJF8v3UJJKblovM=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioHZXcOOygn1AU8pkvG2HJJMwcyOW0I9wJ7oQt36PG//GtFawFD2ryznnvo6fhNIQY59WYWl5ZXWtuG5vbG5t75R295omTrXAhojDWLd9bjCUChskKcR2opFHfogtP7ia6K171EbG6pZGCXYjPlCyLwWnnGp5AVLGxr1ShTmsesnOquXFwnXYFBWYod4rfXh3sUgjVCRCbkwH1SC/dnjisoS6mcYk1jS2j/51GaFz48Rne6nBhIuADzBLhRn/Jjop9S8fuplUSUqoxJyY8chEnIYLpBlF/jyJRqp8lxfxAHkeFBFq25tOLQ8dwgc7j+Hn1/LfRfPUcZnj3rBK7XwWSBEO4BCOwYULqME11KEBAgJ4hGd4sbT1ZL1ab9/WgjXr2Yc5WO9fJGaR3Q==</latexit>

|1〉
<latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="JGAMd2OHTWI7l8+hsE7/zabhMzY=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioHZXcOOygn1AU8pkvG2HJJMwcyOW0I9wJ7oQt36PG//GtFawFD2ryznnvo6fhNIQY59WYWl5ZXWtuG5vbG5t75R295omTrXAhojDWLd9bjCUChskKcR2opFHfogtP7ia6K171EbG6pZGCXYjPlCyLwWnnGp5AVLmjnulCnNY9ZKdVcuLheuwKSowQ71X+vDuYpFGqEiE3JgOqkF+7fDEZQl1M41JrGlsH/3rMkLnxonP9lKDCRcBH2CWCjP+TXRS6l8+dDOpkpRQiTkx45GJOA0XSDOK/HkSjVT5Li/iAfI8KCLUtjedWh46hA92HsPPr+W/i+ap4zLHvWGV2vkskCIcwCEcgwsXUINrqEMDBATwCM/wYmnryXq13r6tBWvWsw9zsN6/ACXtkd4=</latexit>

|2〉
<latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="AfUe6yLqrDb1eTkRZKOBPp0Rkmc=">AAAB8HicfVDLSsNAFL3xWeOr6tJNsQguJEwUtN0V3LisYB/QlDIZr+2QZBJmbqQl9CPciS7Erd/jxr8xrRUsRc/qcs65r+MnoTTE2Ke1tLyyurZe2LA3t7Z3dot7+00Tp1pgQ8RhrNs+NxhKhQ2SFGI70cgjP8SWH1xN9NYDaiNjdUujBLsR7yt5LwWnnGp5AVJ2Nu4Vy8xh1Qo7r5YWC9dhU5Rhhnqv+OHdxSKNUJEIuTEdVP382sGpyxLqZhqTWNPYPv7XZYTOjROf7aUGEy4C3scsFWb8m+ikdF8ZdjOpkpRQiTkx45GJOA0WSDOK/HkSjVT5Li/iAfI8KCLUtjedWho4hEM7j+Hn19LfRfPMcZnj3rBy7WIWSAEO4QhOwIVLqME11KEBAgJ4hGd4sbT1ZL1ab9/WJWvWcwBzsN6/ACd0kd8=</latexit>

…

System Hamiltonian isolated driven system

∆=ωL −ωeg
<latexit sha1_base64="+MhTLt1TuZgaaLvycadKReqFrFY=">AAACBnicfVDLSsNAFL2prxpfUZdFKBbBhQ2JgrYLoaALFy4q2Ac0JU7GaxqamYTMRFpCF+78E3eiC3HrR7jxb0wfgqXoWR3OOfde7nFC3xPSML6UzNz8wuJSdlldWV1b39A2t+oiiCOKNRr4QdR0iEDf41iTnvSxGUZImONjw+meDf3GPUbCC/i17IfYZsTl3p1HiUwlW8tZ5+hLcmoFDF1iXxYnJEF3YGsFQzfKJeOonJ8lpm6MUKjsFIMbAKja2qd1G9CYIZfUJ0K0kLvpD50D0whlO4kwDCI5UPf+TQkapcFhTrVigSGhXeJiElMx+C20YnlX6rUTj4exRE6nzIQwwYjszIiiz5xpEYXH01sWI10kaX1SYqRao635ji6xp6Y1/Pya/5vUD3XT0M2rtI9jGCMLOdiFfTDhBCpwAVWoAYUHeIIXeFUelWflTXkfRzPKZGYbpqB8fAM+DZuv</latexit><latexit sha1_base64="Chsz3vzRb+He53st4PdnuaYfOa4=">AAACBnicfVDLSsNAFJ3UV42vqMsiFIvgwoZEQduFUNCFoIsKfUFTwmS8TYdmMiEzkZbQhTv/xJ3ahbj1I9z4N6YPwVL0rA7nnHsv9ziBR4U0jC8ltbC4tLySXlXX1jc2t7TtnZrgUUigSrjHw4aDBXjUh6qk0oNGEAJmjgd1p3sx8uv3EArK/YrsB9Bi2PVpmxIsE8nWMtYleBKfW5yBi+2b/JTE4A5sLWfoRrFgnBSz88TUjTFypb08r1wPX8q29mndcRIx8CXxsBBN8N3kh86RaQSyFYcQ8FAO1IN/U4KESXCUU61IQIBJF7sQR0QMfgvNSLYLvVZM/SCS4JMZM8ZMMCw7c6LoM2dWBEH95JbFcBdwUp+UEKrWeGu2o0voqUkNP79m/ya1Y900dPM26eMUTZBGGbSPDpGJzlAJXaEyqiKCHtATekVD5VF5Vt6U90k0pUxndtEMlI9va1edTg==</latexit><latexit sha1_base64="Chsz3vzRb+He53st4PdnuaYfOa4=">AAACBnicfVDLSsNAFJ3UV42vqMsiFIvgwoZEQduFUNCFoIsKfUFTwmS8TYdmMiEzkZbQhTv/xJ3ahbj1I9z4N6YPwVL0rA7nnHsv9ziBR4U0jC8ltbC4tLySXlXX1jc2t7TtnZrgUUigSrjHw4aDBXjUh6qk0oNGEAJmjgd1p3sx8uv3EArK/YrsB9Bi2PVpmxIsE8nWMtYleBKfW5yBi+2b/JTE4A5sLWfoRrFgnBSz88TUjTFypb08r1wPX8q29mndcRIx8CXxsBBN8N3kh86RaQSyFYcQ8FAO1IN/U4KESXCUU61IQIBJF7sQR0QMfgvNSLYLvVZM/SCS4JMZM8ZMMCw7c6LoM2dWBEH95JbFcBdwUp+UEKrWeGu2o0voqUkNP79m/ya1Y900dPM26eMUTZBGGbSPDpGJzlAJXaEyqiKCHtATekVD5VF5Vt6U90k0pUxndtEMlI9va1edTg==</latexit><latexit sha1_base64="Chsz3vzRb+He53st4PdnuaYfOa4=">AAACBnicfVDLSsNAFJ3UV42vqMsiFIvgwoZEQduFUNCFoIsKfUFTwmS8TYdmMiEzkZbQhTv/xJ3ahbj1I9z4N6YPwVL0rA7nnHsv9ziBR4U0jC8ltbC4tLySXlXX1jc2t7TtnZrgUUigSrjHw4aDBXjUh6qk0oNGEAJmjgd1p3sx8uv3EArK/YrsB9Bi2PVpmxIsE8nWMtYleBKfW5yBi+2b/JTE4A5sLWfoRrFgnBSz88TUjTFypb08r1wPX8q29mndcRIx8CXxsBBN8N3kh86RaQSyFYcQ8FAO1IN/U4KESXCUU61IQIBJF7sQR0QMfgvNSLYLvVZM/SCS4JMZM8ZMMCw7c6LoM2dWBEH95JbFcBdwUp+UEKrWeGu2o0voqUkNP79m/ya1Y900dPM26eMUTZBGGbSPDpGJzlAJXaEyqiKCHtATekVD5VF5Vt6U90k0pUxndtEMlI9va1edTg==</latexit><latexit sha1_base64="jjO0tLHbMoa1PGAYamS5aHXb1KM=">AAACBnicfVDLSsNAFJ34rPEVddlNsQguNEwUtF0IBV24cFHBPqApZTLepkMzkzAzkZbQhTv/xJ3oQtz6EW78G9MawVL0rA7nnHsv93hRwJTG+NOYm19YXFrOrZira+sbm9bWdl2FsaRQo2EQyqZHFARMQE0zHUAzkkC4F0DD65+P/cYdSMVCcaOHEbQ58QXrMkp0KnWsvHsBgSZnbsjBJ52rw4wk4I86VhHbuFzCx+XCLHFsPEERZah2rA/3NqQxB6FpQJRqgfDTH3oHDo50O5EQhVKPzL1/U4rKNDjOmW6sICK0T3xIYqpGv4VWrLulQTthIoo1CDplJoQrTnRvRlRD7k2LoJhIb7mc9IGk9WkN0nQnWws9W8PATGv4+bXwN6kf2Q62nWtcrJxkheRQHu2ifeSgU1RBl6iKaoiie/SIntGL8WA8Ga/G23d0zshmdtAUjPcvaYWaVg==</latexit>

ν
<latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="V7NiOn05TWlCoYjIGJE+pKfJNjQ=">AAAB7HicfVDLSsNAFL2prxpfVZduikVwIWFiQdtdwY3LivYBTSmT8TYdmkyGmYm0hH6CO9GFuPWL3Pg3prWCpehZXc4593V8GXJtCPm0ciura+sb+U17a3tnd6+wf9DUcaIYNlgcxqrtU40hF9gw3ITYlgpp5IfY8odXU731gErzWNyZscRuRAPB+5xRk1G3nkh6hRJxSLVCytXicuE6ZIYSzFHvFT68+5glEQrDQqp1B0WQXTo4c4k03VShjJWZ2Cf/ujRTmXHqs71Eo6RsSANME6Ynv4lOYvqVUTflQiYGBVsQUxrpiJrBEqnHkb9IouYi2+VFdIg0C8kYVLY3m1ocOAZHdhbDz6/Fv4vmueMSx70hpdrFPJA8HMExnIILl1CDa6hDAxgE8AjP8GIJ68l6td6+rTlr3nMIC7DevwAyoJAs</latexit>

Ω
<latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="6u6B747tHp2meYPrOiav85avrZU=">AAAB73icfVDLSsNAFL2prxpfVZduikVwIWGioO2u4MadFewDTCmT8TYdm5nEmYm0hP6DO9GFuPV/3Pg3prWCpehZXc4593X8OOTaEPJp5RYWl5ZX8qv22vrG5lZhe6eho0QxrLMojFTLpxpDLrFuuAmxFSukwg+x6ffPx3rzAZXmkbw2wxjbggaSdzmjJqMa3qXAgHYKJeKQSpmcVIrzheuQCUowRa1T+PBuI5YIlIaFVOsblEF2bO/IJbFppwrjSJmRffCvSzOVGcc+20s0xpT1aYBpwvToN3GTmG550E65jBODks2IKRVaUNObI/VQ+LMkai6zXZ6gfaRZTsagsr3J1GLPMTiwsxh+fi3+XTSOHZc47hUpVU+ngeRhD/bhEFw4gypcQA3qwOAOHuEZXqx768l6td6+rTlr2rMLM7DevwA1AJFQ</latexit>

atom: electronic atomic motion

laser drive

Engineer interesting quantum states?



uibkTheory 2. Single Trapped Laser-Driven Ion

atom 
internal

harmonic 
trap

empty 
radiation 
modes

phonon 
damping

reservoirs
✓ decoherence :-( 
✓ laser cooling :-)

Lectures 1+2:

Lectures 3+4:

laser

system of interest
✓coherent control 

[quantum gates etc.]

open system

laser drive

motion

• driven two-level atom in a harmonic oscillator trap

two-level atom trap (phonons)

⊗
<latexit sha1_base64="Ao34VwfeXzy0cVFF7amddbdNs/c=">AAAB8HicfVDLSsNAFL2pWmt8VV26KRbBhYSJgra7ghuXFewDmlIm4207NDMJMxNpCQV/wZ0oKG77PW78G9NWwVL0rC7nnPs6fhRwbQj5tDIrq2vZ9dyGvbm1vbOb39uv6zBWDGssDELV9KnGgEusGW4CbEYKqfADbPiDq6neuEeleShvzSjCtqA9ybucUZNSDS80XKDu5IvEIeUSOS8XlgvXITMUK9nJ6wMAVDv5D+8uZLFAaVhAtW6h7KXX9k9dEpl2ojAKlRnbx/+6NFOpceqzvVhjRNmA9jCJmR7/Jlqx6ZaG7YTLKDYo2YKYUKEFNf0lUo+Ev0ii5jLd5Qk6QJoGZQwq25tNLfQdg0M7jeHn18LfRf3McYnj3qR5XMAcOTiEIzgBFy6hAtdQhRowGMAjPMOLpawn6816n1sz1nfPASzAmnwBJymUEA==</latexit><latexit sha1_base64="yEhRuGVaiiiXvF/TsMEqMiV8gYQ=">AAAB8HicfVDLSsNAFL2prxpfVZduikVxIWGioO2u4MZlBfuAppTJeNsOTSbDzERaQj/CnSgobvs9bvwGf8K0VbAUPavLOee+ji8Drg0hH1ZmaXlldS27bm9sbm3v5Hb3ajqKFcMqi4JINXyqMeACq4abABtSIQ39AOt+/2qi1+9RaR6JWzOU2AppV/AOZ9SkVN2LDA9Rt3MF4pBSkZyX8ouF65ApCuXV8Yv4lMeVdu7du4tYHKIwLKBaN1F002t7py6RppUolJEyI/voX5dmKjVOfLYXa5SU9WkXk5jp0W+iGZtOcdBKuJCxQcHmxISGOqSmt0DqYejPk6i5SHd5Ie0jTYMyBpXtTafme47BgZ3G8PNr/u+idua4xHFv0jwuYIYsHMAhnIALl1CGa6hAFRj04QGe4NlS1qP1ar3NrBnru2cf5mCNvwAVEJV/</latexit><latexit sha1_base64="yEhRuGVaiiiXvF/TsMEqMiV8gYQ=">AAAB8HicfVDLSsNAFL2prxpfVZduikVxIWGioO2u4MZlBfuAppTJeNsOTSbDzERaQj/CnSgobvs9bvwGf8K0VbAUPavLOee+ji8Drg0hH1ZmaXlldS27bm9sbm3v5Hb3ajqKFcMqi4JINXyqMeACq4abABtSIQ39AOt+/2qi1+9RaR6JWzOU2AppV/AOZ9SkVN2LDA9Rt3MF4pBSkZyX8ouF65ApCuXV8Yv4lMeVdu7du4tYHKIwLKBaN1F002t7py6RppUolJEyI/voX5dmKjVOfLYXa5SU9WkXk5jp0W+iGZtOcdBKuJCxQcHmxISGOqSmt0DqYejPk6i5SHd5Ie0jTYMyBpXtTafme47BgZ3G8PNr/u+idua4xHFv0jwuYIYsHMAhnIALl1CGa6hAFRj04QGe4NlS1qP1ar3NrBnru2cf5mCNvwAVEJV/</latexit><latexit sha1_base64="yEhRuGVaiiiXvF/TsMEqMiV8gYQ=">AAAB8HicfVDLSsNAFL2prxpfVZduikVxIWGioO2u4MZlBfuAppTJeNsOTSbDzERaQj/CnSgobvs9bvwGf8K0VbAUPavLOee+ji8Drg0hH1ZmaXlldS27bm9sbm3v5Hb3ajqKFcMqi4JINXyqMeACq4abABtSIQ39AOt+/2qi1+9RaR6JWzOU2AppV/AOZ9SkVN2LDA9Rt3MF4pBSkZyX8ouF65ApCuXV8Yv4lMeVdu7du4tYHKIwLKBaN1F002t7py6RppUolJEyI/voX5dmKjVOfLYXa5SU9WkXk5jp0W+iGZtOcdBKuJCxQcHmxISGOqSmt0DqYejPk6i5SHd5Ie0jTYMyBpXtTafme47BgZ3G8PNr/u+idua4xHFv0jwuYIYsHMAhnIALl1CGa6hAFRj04QGe4NlS1qP1ar3NrBnru2cf5mCNvwAVEJV/</latexit><latexit sha1_base64="U2HZtT4FDcelFVET2EJRyJ6qFwg=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO2u4MZlBdMWmlIm4207JDMJMxNpCf0Id6ILcev3uPFvTGsFS9Gzupxz7usEScS1IeTTKqysrq1vFDftre2d3b3S/kFTx6li6LE4ilU7oBojLtEz3ETYThRSEUTYCsLrqd56QKV5LO/MOMGuoAPJ+5xRk1MtPzZcoO6VKsQhtSq5qJWXC9chM1Rgjkav9OHfxywVKA2LqNYdlIP82uGZSxLTzRQmsTIT++Rfl2YqN059tp9qTCgL6QCzlOnJb6KTmn511M24TFKDki2IGRVaUDNcIvVYBIskai7zXb6gIdI8KGNQ2f5sannoGBzZeQw/v5b/Lprnjksc95ZU6pfzQIpwBMdwCi5cQR1uoAEeMAjhEZ7hxVLWk/VqvX1bC9a85xAWYL1/AV0MkgI=</latexit>

|g 〉
<latexit sha1_base64="JC1NYvNteSZPANEkt5RATcGX5Vs=">AAAB8HicfVDLSsNAFL2prxpfVXGli2ARXEiYKGi7K7hxWcE+oCllMt6mIZlJmJlIS+hHuBNdiFu/x41/Y9oqWIqe1eWcc1/HS6JAaUI+jcLS8srqWnHd3Njc2t4p7e41VZxKhg0WR7Fse1RhFAhs6EBH2E4kUu5F2PLC64neekCpgljc6VGCXU59EfQDRnVOtdwQdeaPe6UysUm1Qi6q1mLh2GSKcu3giFsAUO+VPtz7mKUchWYRVaqDws+vHZw5JNHdTGISSz02T/51KSZz48RnuqnChLKQ+pilTI1/E51U9yvDbhaIJNUo2JyYUa441YMFUo24N0+iCkS+y+U0RJoHpTVK051OtQa2xqGZx/Dzq/V30Ty3HWI7t3kelzBDEQ7hGE7BgSuowQ3UoQEMQniEZ3gxpPFkvBpvM2vB+O7ZhzkY71/RppMS</latexit><latexit sha1_base64="P872B+kzm0sCq0vac6as9rC43F0=">AAAB8HicfVDLSsNAFL2prxpfUXGlSLEILiRMFLRdWXDjsoJ9QFPKZLxth2SSMDORltA/cONOdCFu/R43/o1pq2ARPavLOee+jhcHXGlCPozc3PzC4lJ+2VxZXVvfsDa36ipKJMMai4JINj2qMOAh1jTXATZjiVR4ATY8/3KsN+5QKh6FN3oYY1vQXsi7nFGdUQ3XR532Rh2rSGxSLpHTcuF34dhkgmJlZ0/sW/cX1Y717t5GLBEYahZQpVoY9rJr+8cOiXU7lRhHUo/Mw39disnMOPaZbqIwpsynPUwTpkY/iVaiu6VBO+VhnGgM2YyYUqEE1f1fpBoKb5ZExcNslyuojzQLSmuUpjuZWujbGgdmFsP3r4W/i/qJ7RDbuc7yOIMp8rALB3AEDpxDBa6gCjVg4MMDPMGzIY1H48V4nVpzxlfPNszAePsE9RqT6w==</latexit><latexit sha1_base64="P872B+kzm0sCq0vac6as9rC43F0=">AAAB8HicfVDLSsNAFL2prxpfUXGlSLEILiRMFLRdWXDjsoJ9QFPKZLxth2SSMDORltA/cONOdCFu/R43/o1pq2ARPavLOee+jhcHXGlCPozc3PzC4lJ+2VxZXVvfsDa36ipKJMMai4JINj2qMOAh1jTXATZjiVR4ATY8/3KsN+5QKh6FN3oYY1vQXsi7nFGdUQ3XR532Rh2rSGxSLpHTcuF34dhkgmJlZ0/sW/cX1Y717t5GLBEYahZQpVoY9rJr+8cOiXU7lRhHUo/Mw39disnMOPaZbqIwpsynPUwTpkY/iVaiu6VBO+VhnGgM2YyYUqEE1f1fpBoKb5ZExcNslyuojzQLSmuUpjuZWujbGgdmFsP3r4W/i/qJ7RDbuc7yOIMp8rALB3AEDpxDBa6gCjVg4MMDPMGzIY1H48V4nVpzxlfPNszAePsE9RqT6w==</latexit><latexit sha1_base64="P872B+kzm0sCq0vac6as9rC43F0=">AAAB8HicfVDLSsNAFL2prxpfUXGlSLEILiRMFLRdWXDjsoJ9QFPKZLxth2SSMDORltA/cONOdCFu/R43/o1pq2ARPavLOee+jhcHXGlCPozc3PzC4lJ+2VxZXVvfsDa36ipKJMMai4JINj2qMOAh1jTXATZjiVR4ATY8/3KsN+5QKh6FN3oYY1vQXsi7nFGdUQ3XR532Rh2rSGxSLpHTcuF34dhkgmJlZ0/sW/cX1Y717t5GLBEYahZQpVoY9rJr+8cOiXU7lRhHUo/Mw39disnMOPaZbqIwpsynPUwTpkY/iVaiu6VBO+VhnGgM2YyYUqEE1f1fpBoKb5ZExcNslyuojzQLSmuUpjuZWujbGgdmFsP3r4W/i/qJ7RDbuc7yOIMp8rALB3AEDpxDBa6gCjVg4MMDPMGzIY1H48V4nVpzxlfPNszAePsE9RqT6w==</latexit><latexit sha1_base64="Ex4hj5KzVpx32cgS/fw+Hsao1d8=">AAAB8HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQdtdwY3LCvYBTSmT8TYdkkzCzERaQj/CnehC3Po9bvwb01rBUvSsLuec+zpeEgptKP0khZXVtfWN4qa1tb2zu1faP2jpOFUcmzwOY9XxmMZQSGwaYULsJApZ5IXY9oLrqd5+QKVFLO/MOMFexHwpBoIzk1NtN0CT+ZN+qUJtWqvSi1p5uXBsOkMF5mj0Sx/ufczTCKXhIdO6i9LPrx2eOTQxvUxhEiszsU7+dWmucuPUZ7mpxoTxgPmYpVxPfhPd1Ayqo14mZJIalHxBzFikI2aGS6QeR94iiVrIfJcbsQBZHpQxqCx3NrU8tA2OrDyGn1/Lfxetc9uhtnNLK/XLeSBFOIJjOAUHrqAON9CAJnAI4BGe4YUo8kReydu3tUDmPYewAPL+BXhnkhQ=</latexit>

|e〉
<latexit sha1_base64="PaPnY99PiW3P51qncdClZW8p+JU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoElx3C2UiEMqZXJWKS4WrkOmKF1+whS1buHdu4tZEqEwLKRat1H0s2sHJy6RppMqlLEyY/voX5dmKjNOfLaXaJSUBbSPacL0+DfRTkyvPOykXMjEoGBzYkojHVEzWCD1KPLnSdRcZLu8iAZIs6CMQWV706nFgWNwaGcx/Pxa/LtonDoucdwbUqqez/KAPBzAIRyDCxdQhWuoQR0YBPAAT/BsKevRerFeZ9ac9d2zD3Ow3r4AEsmTQQ==</latexit><latexit sha1_base64="PaPnY99PiW3P51qncdClZW8p+JU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoElx3C2UiEMqZXJWKS4WrkOmKF1+whS1buHdu4tZEqEwLKRat1H0s2sHJy6RppMqlLEyY/voX5dmKjNOfLaXaJSUBbSPacL0+DfRTkyvPOykXMjEoGBzYkojHVEzWCD1KPLnSdRcZLu8iAZIs6CMQWV706nFgWNwaGcx/Pxa/LtonDoucdwbUqqez/KAPBzAIRyDCxdQhWuoQR0YBPAAT/BsKevRerFeZ9ac9d2zD3Ow3r4AEsmTQQ==</latexit><latexit sha1_base64="PaPnY99PiW3P51qncdClZW8p+JU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoElx3C2UiEMqZXJWKS4WrkOmKF1+whS1buHdu4tZEqEwLKRat1H0s2sHJy6RppMqlLEyY/voX5dmKjNOfLaXaJSUBbSPacL0+DfRTkyvPOykXMjEoGBzYkojHVEzWCD1KPLnSdRcZLu8iAZIs6CMQWV706nFgWNwaGcx/Pxa/LtonDoucdwbUqqez/KAPBzAIRyDCxdQhWuoQR0YBPAAT/BsKevRerFeZ9ac9d2zD3Ow3r4AEsmTQQ==</latexit><latexit sha1_base64="PaPnY99PiW3P51qncdClZW8p+JU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoElx3C2UiEMqZXJWKS4WrkOmKF1+whS1buHdu4tZEqEwLKRat1H0s2sHJy6RppMqlLEyY/voX5dmKjNOfLaXaJSUBbSPacL0+DfRTkyvPOykXMjEoGBzYkojHVEzWCD1KPLnSdRcZLu8iAZIs6CMQWV706nFgWNwaGcx/Pxa/LtonDoucdwbUqqez/KAPBzAIRyDCxdQhWuoQR0YBPAAT/BsKevRerFeZ9ac9d2zD3Ow3r4AEsmTQQ==</latexit><latexit sha1_base64="/JCRQ1NerzxeZsLE3E1Xy9C6nKM=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioHZXcOOygn1AU8pkvG2HJJMwcyOW0I9wJ7oQt36PG//GtFawFD2ryznnvo6fhNIQY59WYWl5ZXWtuG5vbG5t75R295omTrXAhojDWLd9bjCUChskKcR2opFHfogtP7ia6K171EbG6pZGCXYjPlCyLwWnnGp5AVKG416pwhxWvWRn1fJi4TpsigrMUO+VPry7WKQRKhIhN6aDapBfOzxxWULdTGMSaxrbR/+6jNC5ceKzvdRgwkXAB5ilwox/E52U+pcP3UyqJCVUYk7MeGQiTsMF0owif55EI1W+y4t4gDwPigi17U2nlocO4YOdx/Dza/nvonnquMxxb1ildj4LpAgHcAjH4MIF1OAa6tAAAQE8wjO8WNp6sl6tt29rwZr17MMcrPcvdVmSEg==</latexit>

|0〉
<latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="QUwyqe7YNosFtKwJTYoZuIuMqpU=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEnJuFsoEYdUyuSsUlwsXIdMUbr8hClq3cK7dxezJEJhWEi1bqPoZ9cOTlwiTSdVKGNlxvbRvy7NVGac+Gwv0SgpC2gf04Tp8W+inZheedhJuZCJQcHmxJRGOqJmsEDqUeTPk6i5yHZ5EQ2QZkEZg8r2plOLA8fg0M5i+Pm1+HfROHVc4rg3pFQ9n+UBeTiAQzgGFy6gCtdQgzowCOABnuDZUtaj9WK9zqw567tnH+ZgvX0BwceTDA==</latexit><latexit sha1_base64="cYka771FiZmkPJF8v3UJJKblovM=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioHZXcOOygn1AU8pkvG2HJJMwcyOW0I9wJ7oQt36PG//GtFawFD2ryznnvo6fhNIQY59WYWl5ZXWtuG5vbG5t75R295omTrXAhojDWLd9bjCUChskKcR2opFHfogtP7ia6K171EbG6pZGCXYjPlCyLwWnnGp5AVLGxr1ShTmsesnOquXFwnXYFBWYod4rfXh3sUgjVCRCbkwH1SC/dnjisoS6mcYk1jS2j/51GaFz48Rne6nBhIuADzBLhRn/Jjop9S8fuplUSUqoxJyY8chEnIYLpBlF/jyJRqp8lxfxAHkeFBFq25tOLQ8dwgc7j+Hn1/LfRfPUcZnj3rBK7XwWSBEO4BCOwYULqME11KEBAgJ4hGd4sbT1ZL1ab9/WgjXr2Yc5WO9fJGaR3Q==</latexit>

|1〉
<latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="HUL9lmc40QRco8DUW5j/Kt5reZc=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioO3KghuXFewDmlIm4207JJkMMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7Or4MuTaEfFi5peWV1bX8ur2xubW9U9jda+g4UQzrLA5j1fKpxpALrBtuQmxJhTTyQ2z6wdVEb96j0jwWt2YksRPRvuA9zqjJqKYXoEndcbdQIg6plMlZpbhYuA6ZonT5CVPUuoV37y5mSYTCsJBq3UbRz64dnLhEmk6qUMbKjO2jf12aqcw48dleolFSFtA+pgnT499EOzG98rCTciETg4LNiSmNdETNYIHUo8ifJ1Fzke3yIhogzYIyBpXtTacWB47BoZ3F8PNr8e+iceq4xHFvSKl6PssD8nAAh3AMLlxAFa6hBnVgEMADPMGzpaxH68V6nVlz1nfPPszBevsCw06TDQ==</latexit><latexit sha1_base64="JGAMd2OHTWI7l8+hsE7/zabhMzY=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWGioHZXcOOygn1AU8pkvG2HJJMwcyOW0I9wJ7oQt36PG//GtFawFD2ryznnvo6fhNIQY59WYWl5ZXWtuG5vbG5t75R295omTrXAhojDWLd9bjCUChskKcR2opFHfogtP7ia6K171EbG6pZGCXYjPlCyLwWnnGp5AVLmjnulCnNY9ZKdVcuLheuwKSowQ71X+vDuYpFGqEiE3JgOqkF+7fDEZQl1M41JrGlsH/3rMkLnxonP9lKDCRcBH2CWCjP+TXRS6l8+dDOpkpRQiTkx45GJOA0XSDOK/HkSjVT5Li/iAfI8KCLUtjedWh46hA92HsPPr+W/i+ap4zLHvWGV2vkskCIcwCEcgwsXUINrqEMDBATwCM/wYmnryXq13r6tBWvWsw9zsN6/ACXtkd4=</latexit>

|2〉
<latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="W4eWziX6RJXgCagc7MkBQdyJOso=">AAAB8HicfVDLSsNAFL2prxpfVZduikVwIWFSQduVBTcuK9gHmFIm4207JDMJMxNpCf0Id6ILcev3uPEv/ATTVsFS9Kwu55z7On4ccm0I+bByS8srq2v5dXtjc2t7p7C719RRohg2WBRGqu1TjSGX2DDchNiOFVLhh9jyg8uJ3rpHpXkkb8woxo6gfcl7nFGTUS0vQJOWx91CiTikWiGn1eJi4TpkitLFJ0xR7xbevbuIJQKlYSHV+hZlP7t2cOKS2HRShXGkzNg++telmcqME5/tJRpjygLaxzRhevybuE1MrzLspFzGiUHJ5sSUCi2oGSyQeiT8eRI1l9kuT9AAaRaUMahsbzq1OHAMDu0shp9fi38XzbLjEse9JqXa2SwPyMMBHMIxuHAONbiCOjSAQQAP8ATPlrIerRfrdWbNWd89+zAH6+0LxNWTDg==</latexit><latexit sha1_base64="AfUe6yLqrDb1eTkRZKOBPp0Rkmc=">AAAB8HicfVDLSsNAFL3xWeOr6tJNsQguJEwUtN0V3LisYB/QlDIZr+2QZBJmbqQl9CPciS7Erd/jxr8xrRUsRc/qcs65r+MnoTTE2Ke1tLyyurZe2LA3t7Z3dot7+00Tp1pgQ8RhrNs+NxhKhQ2SFGI70cgjP8SWH1xN9NYDaiNjdUujBLsR7yt5LwWnnGp5AVJ2Nu4Vy8xh1Qo7r5YWC9dhU5Rhhnqv+OHdxSKNUJEIuTEdVP382sGpyxLqZhqTWNPYPv7XZYTOjROf7aUGEy4C3scsFWb8m+ikdF8ZdjOpkpRQiTkx45GJOA0WSDOK/HkSjVT5Li/iAfI8KCLUtjedWho4hEM7j+Hn19LfRfPMcZnj3rBy7WIWSAEO4QhOwIVLqME11KEBAgJ4hGd4sbT1ZL1ab9/WJWvWcwBzsN6/ACd0kd8=</latexit>

…
∆=ωL −ωeg

<latexit sha1_base64="+MhTLt1TuZgaaLvycadKReqFrFY=">AAACBnicfVDLSsNAFL2prxpfUZdFKBbBhQ2JgrYLoaALFy4q2Ac0JU7GaxqamYTMRFpCF+78E3eiC3HrR7jxb0wfgqXoWR3OOfde7nFC3xPSML6UzNz8wuJSdlldWV1b39A2t+oiiCOKNRr4QdR0iEDf41iTnvSxGUZImONjw+meDf3GPUbCC/i17IfYZsTl3p1HiUwlW8tZ5+hLcmoFDF1iXxYnJEF3YGsFQzfKJeOonJ8lpm6MUKjsFIMbAKja2qd1G9CYIZfUJ0K0kLvpD50D0whlO4kwDCI5UPf+TQkapcFhTrVigSGhXeJiElMx+C20YnlX6rUTj4exRE6nzIQwwYjszIiiz5xpEYXH01sWI10kaX1SYqRao635ji6xp6Y1/Pya/5vUD3XT0M2rtI9jGCMLOdiFfTDhBCpwAVWoAYUHeIIXeFUelWflTXkfRzPKZGYbpqB8fAM+DZuv</latexit><latexit sha1_base64="Chsz3vzRb+He53st4PdnuaYfOa4=">AAACBnicfVDLSsNAFJ3UV42vqMsiFIvgwoZEQduFUNCFoIsKfUFTwmS8TYdmMiEzkZbQhTv/xJ3ahbj1I9z4N6YPwVL0rA7nnHsv9ziBR4U0jC8ltbC4tLySXlXX1jc2t7TtnZrgUUigSrjHw4aDBXjUh6qk0oNGEAJmjgd1p3sx8uv3EArK/YrsB9Bi2PVpmxIsE8nWMtYleBKfW5yBi+2b/JTE4A5sLWfoRrFgnBSz88TUjTFypb08r1wPX8q29mndcRIx8CXxsBBN8N3kh86RaQSyFYcQ8FAO1IN/U4KESXCUU61IQIBJF7sQR0QMfgvNSLYLvVZM/SCS4JMZM8ZMMCw7c6LoM2dWBEH95JbFcBdwUp+UEKrWeGu2o0voqUkNP79m/ya1Y900dPM26eMUTZBGGbSPDpGJzlAJXaEyqiKCHtATekVD5VF5Vt6U90k0pUxndtEMlI9va1edTg==</latexit><latexit sha1_base64="Chsz3vzRb+He53st4PdnuaYfOa4=">AAACBnicfVDLSsNAFJ3UV42vqMsiFIvgwoZEQduFUNCFoIsKfUFTwmS8TYdmMiEzkZbQhTv/xJ3ahbj1I9z4N6YPwVL0rA7nnHsv9ziBR4U0jC8ltbC4tLySXlXX1jc2t7TtnZrgUUigSrjHw4aDBXjUh6qk0oNGEAJmjgd1p3sx8uv3EArK/YrsB9Bi2PVpmxIsE8nWMtYleBKfW5yBi+2b/JTE4A5sLWfoRrFgnBSz88TUjTFypb08r1wPX8q29mndcRIx8CXxsBBN8N3kh86RaQSyFYcQ8FAO1IN/U4KESXCUU61IQIBJF7sQR0QMfgvNSLYLvVZM/SCS4JMZM8ZMMCw7c6LoM2dWBEH95JbFcBdwUp+UEKrWeGu2o0voqUkNP79m/ya1Y900dPM26eMUTZBGGbSPDpGJzlAJXaEyqiKCHtATekVD5VF5Vt6U90k0pUxndtEMlI9va1edTg==</latexit><latexit sha1_base64="Chsz3vzRb+He53st4PdnuaYfOa4=">AAACBnicfVDLSsNAFJ3UV42vqMsiFIvgwoZEQduFUNCFoIsKfUFTwmS8TYdmMiEzkZbQhTv/xJ3ahbj1I9z4N6YPwVL0rA7nnHsv9ziBR4U0jC8ltbC4tLySXlXX1jc2t7TtnZrgUUigSrjHw4aDBXjUh6qk0oNGEAJmjgd1p3sx8uv3EArK/YrsB9Bi2PVpmxIsE8nWMtYleBKfW5yBi+2b/JTE4A5sLWfoRrFgnBSz88TUjTFypb08r1wPX8q29mndcRIx8CXxsBBN8N3kh86RaQSyFYcQ8FAO1IN/U4KESXCUU61IQIBJF7sQR0QMfgvNSLYLvVZM/SCS4JMZM8ZMMCw7c6LoM2dWBEH95JbFcBdwUp+UEKrWeGu2o0voqUkNP79m/ya1Y900dPM26eMUTZBGGbSPDpGJzlAJXaEyqiKCHtATekVD5VF5Vt6U90k0pUxndtEMlI9va1edTg==</latexit><latexit sha1_base64="jjO0tLHbMoa1PGAYamS5aHXb1KM=">AAACBnicfVDLSsNAFJ34rPEVddlNsQguNEwUtF0IBV24cFHBPqApZTLepkMzkzAzkZbQhTv/xJ3oQtz6EW78G9MawVL0rA7nnHsv93hRwJTG+NOYm19YXFrOrZira+sbm9bWdl2FsaRQo2EQyqZHFARMQE0zHUAzkkC4F0DD65+P/cYdSMVCcaOHEbQ58QXrMkp0KnWsvHsBgSZnbsjBJ52rw4wk4I86VhHbuFzCx+XCLHFsPEERZah2rA/3NqQxB6FpQJRqgfDTH3oHDo50O5EQhVKPzL1/U4rKNDjOmW6sICK0T3xIYqpGv4VWrLulQTthIoo1CDplJoQrTnRvRlRD7k2LoJhIb7mc9IGk9WkN0nQnWws9W8PATGv4+bXwN6kf2Q62nWtcrJxkheRQHu2ifeSgU1RBl6iKaoiie/SIntGL8WA8Ga/G23d0zshmdtAUjPcvaYWaVg==</latexit>

ν
<latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="dP+OvXB1slJBRwCK8ZC+NT6i/ck=">AAAB7HicfVDLSsNAFL1TXzW+qi7dFIvgQsJEQduVBTcuK9pWaEqZjLfp0GQSZibSEvoJ7kQX4tYvcuNf+AmmrYKl6Fldzjn3dbw4ENpQ+kFyC4tLyyv5VWttfWNzq7C909BRojjWeRRE6tZjGgMhsW6ECfA2VshCL8Cm178Y6817VFpE8sYMY2yHzJeiKzgzGXXtyqRTKFGbVsr0pFKcLxybTlA6/4QJap3Cu3sX8SREaXjAtG6h9LNLe0cOjU07VRhHyoysg39dmqvMOPZZbqIxZrzPfEwTrke/iVZiuuVBOxUyTgxKPiOmLNQhM705Ug9Db5ZELWS2yw1ZH1kWkjGoLHcytdizDQ6sLIafX4t/F41j26G2c0VL1dNpHpCHPdiHQ3DgDKpwCTWoAwcfHuAJnokkj+SFvE6tOfLdswszIG9f0AGRWw==</latexit><latexit sha1_base64="V7NiOn05TWlCoYjIGJE+pKfJNjQ=">AAAB7HicfVDLSsNAFL2prxpfVZduikVwIWFiQdtdwY3LivYBTSmT8TYdmkyGmYm0hH6CO9GFuPWL3Pg3prWCpehZXc4593V8GXJtCPm0ciura+sb+U17a3tnd6+wf9DUcaIYNlgcxqrtU40hF9gw3ITYlgpp5IfY8odXU731gErzWNyZscRuRAPB+5xRk1G3nkh6hRJxSLVCytXicuE6ZIYSzFHvFT68+5glEQrDQqp1B0WQXTo4c4k03VShjJWZ2Cf/ujRTmXHqs71Eo6RsSANME6Ynv4lOYvqVUTflQiYGBVsQUxrpiJrBEqnHkb9IouYi2+VFdIg0C8kYVLY3m1ocOAZHdhbDz6/Fv4vmueMSx70hpdrFPJA8HMExnIILl1CDa6hDAxgE8AjP8GIJ68l6td6+rTlr3nMIC7DevwAyoJAs</latexit>

Ω
<latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="1TdHLkNc/88x6S138chP61N+FU0=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcOPOCvYBTSmT8TYdm5nEmYm0lP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8OuTaEfFhz8wuLS8uZFXt1bX1jM7u1XdVRohhWWBRGqu5TjSGXWDHchFiPFVLhh1jzu+cjvXaPSvNIXpt+jE1BA8nbnFGTUlXvUmBAW9k8cUixQI6LudnCdcgY+bNPGKPcyr57NxFLBErDQqp1A2WQHts5dElsmgOFcaTM0N7/16WZSo0jn+0lGmPKujTAQcL08DfRSEy70GsOuIwTg5JNiQMqtKCmM0PqvvCnSdRcprs8QbtI05yMQWV746m5jmOwZ6cx/Pya+7uoHjkucdwrki+dTPKADOzCHhyAC6dQggsoQwUY3MIDPMGzdWc9Wi/W68Q6Z3337MAUrLcv0mGSfw==</latexit><latexit sha1_base64="6u6B747tHp2meYPrOiav85avrZU=">AAAB73icfVDLSsNAFL2prxpfVZduikVwIWGioO2u4MadFewDTCmT8TYdm5nEmYm0hP6DO9GFuPV/3Pg3prWCpehZXc4593X8OOTaEPJp5RYWl5ZX8qv22vrG5lZhe6eho0QxrLMojFTLpxpDLrFuuAmxFSukwg+x6ffPx3rzAZXmkbw2wxjbggaSdzmjJqMa3qXAgHYKJeKQSpmcVIrzheuQCUowRa1T+PBuI5YIlIaFVOsblEF2bO/IJbFppwrjSJmRffCvSzOVGcc+20s0xpT1aYBpwvToN3GTmG550E65jBODks2IKRVaUNObI/VQ+LMkai6zXZ6gfaRZTsagsr3J1GLPMTiwsxh+fi3+XTSOHZc47hUpVU+ngeRhD/bhEFw4gypcQA3qwOAOHuEZXqx768l6td6+rTlr2rMLM7DevwA1AJFQ</latexit>

atom: electronic atomic motion

Γ
<latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="uThmtIYGzBkF4T779QSpFAHl75g=">AAAB73icfVDLSsNAFL2prxpfVZduikVwIWFiQdtdwYUuK9gHNKVMxtt2bGYSZybSEvoP7kQX4tb/cePfmNYKlqJndTnn3Nfxo4BrQ8inlVlaXlldy67bG5tb2zu53b26DmPFsMbCIFRNn2oMuMSa4SbAZqSQCj/Ahj+4mOiNB1Sah/LGjCJsC9qTvMsZNSlV9y6pELSTKxCHlEukWM4vFq5DpijADNVO7sO7DVksUBoWUK1bKHvpsf0Tl0SmnSiMQmXG9tG/Ls1Uapz4bC/WGFE2oD1MYqbHv4lWbLqlYTvhMooNSjYnJlRoQU1/gdQj4c+TqLlMd3mCDpCmORmDyvamU/N9x+DQTmP4+TX/d1E/dVziuNekUDmbBZKFAziEY3DhHCpwBVWoAYM7eIRneLHurSfr1Xr7tmasWc8+zMF6/wIrrpFK</latexit>

Γ
<latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="En/m3LWWBeI/eDXZy2pGDxXTd78=">AAAB23icfVC7SgNBFL0bX3GNGmubYBAsZJm10VKwsYxgHpANYXZyk4zZmR1m7krCkh+wEizE/7Lxb9zEFMaApzqcc7iPE5tEOmLsyyttbe/s7pX3/YOKf3h0XK20XJpZgU2RJqntxNxhIjU2SVKCHWORqzjBdjy5W/jtZ7ROpvqRZgZ7io+0HErBqZAa/WqdBWyJ2iYJV6QOK/Srn9EgFZlCTSLhznVRj4orx5chM9TLLZrU0tw//zflhC2Ci5wfZQ4NFxM+wjwTbv5b6GY0vJn2cqlNRqjFmplz5RSn8YboZipeF9FJXeyKFJ8gLwoiQutHy6m1cUA49YsWwr8/b5LWVRCyIHxgUIZTOIMLCOEabuEeGtAEAQN4gTfvyXv13n/aKnmr2k5gDd7HN3UTjEQ=</latexit><latexit sha1_base64="PD9uxubvRrpERLuMac3HxRRWyas=">AAAB5HicfVC7TgJBFL2LL1xR0daGSEwszGbWRksTCy0xkUfCEjI7XmBkZ3aZuWsgG/7Bzmhh/Cgb/8YFKUQST3Vyzsl9nDCJpCXGvpzC2vrG5lZx290p7e7tlw9KDRunRmBdxFFsWiG3GEmNdZIUYSsxyFUYYTMcXs/85hMaK2N9T5MEO4r3texJwSmXGsENV4p3y1XmsTkqq8RfkCosUOuWP4OHWKQKNYmIW9tG3c+PHZz5LKFOZjCJDU3dk39TVpg8OMu5QWox4WLI+5ilwk5/C+2UepfjTiZ1khJqsWRmXFnFabAi2okKl0W0Uue7AsWHyPOeiNC4wXxqZeARjt28Bv/v06ukce75zPPvGBThCI7hFHy4gCu4hRrUQcAjPMMrvDkj58V5/yms4CyaO4QlOB/fcgePqQ==</latexit><latexit sha1_base64="xViT03jS8O2x8pgO9V4zKAVbS2w=">AAAB5HicfVDLTsJAFL3FF1ZUdOuGSExcmGaqC2Fn4kKXmMgjoYRMxwuMdKbjzNRAGv7BndGF8aPc+DcWxERC9KxOzjm5jxOqiBtLyKeTW1ldW9/Ib7pbhe2d3eJeoWHiRDOssziKdSukBiMusW65jbClNFIRRtgMh5dTv/mI2vBY3tqxwo6gfcl7nFGbSY3gigpBu8Uy8Ui1Qs6qpWXie2SGMsxR6xY/gruYJQKlZRE1po2ynx07OPGJsp1Uo4q1nbhH/6YM01lwmnODxKCibEj7mCbMTH4L7cT2KqNOyqVKLEq2YKZUGEHtYEk0YxEuimi4zHYFgg6RZj1Zi9oNZlNLA8/iyM1q+Pm19DdpnHo+8fwbAnk4gEM4Bh/O4QKuoQZ1YHAPT/ACr86D8+y8fReWc+bN7cMCnPcv7MWQAA==</latexit><latexit sha1_base64="uThmtIYGzBkF4T779QSpFAHl75g=">AAAB73icfVDLSsNAFL2prxpfVZduikVwIWFiQdtdwYUuK9gHNKVMxtt2bGYSZybSEvoP7kQX4tb/cePfmNYKlqJndTnn3Nfxo4BrQ8inlVlaXlldy67bG5tb2zu53b26DmPFsMbCIFRNn2oMuMSa4SbAZqSQCj/Ahj+4mOiNB1Sah/LGjCJsC9qTvMsZNSlV9y6pELSTKxCHlEukWM4vFq5DpijADNVO7sO7DVksUBoWUK1bKHvpsf0Tl0SmnSiMQmXG9tG/Ls1Uapz4bC/WGFE2oD1MYqbHv4lWbLqlYTvhMooNSjYnJlRoQU1/gdQj4c+TqLlMd3mCDpCmORmDyvamU/N9x+DQTmP4+TX/d1E/dVziuNekUDmbBZKFAziEY3DhHCpwBVWoAYM7eIRneLHurSfr1Xr7tmasWc8+zMF6/wIrrpFK</latexit><latexit sha1_base64="uThmtIYGzBkF4T779QSpFAHl75g=">AAAB73icfVDLSsNAFL2prxpfVZduikVwIWFiQdtdwYUuK9gHNKVMxtt2bGYSZybSEvoP7kQX4tb/cePfmNYKlqJndTnn3Nfxo4BrQ8inlVlaXlldy67bG5tb2zu53b26DmPFsMbCIFRNn2oMuMSa4SbAZqSQCj/Ahj+4mOiNB1Sah/LGjCJsC9qTvMsZNSlV9y6pELSTKxCHlEukWM4vFq5DpijADNVO7sO7DVksUBoWUK1bKHvpsf0Tl0SmnSiMQmXG9tG/Ls1Uapz4bC/WGFE2oD1MYqbHv4lWbLqlYTvhMooNSjYnJlRoQU1/gdQj4c+TqLlMd3mCDpCmORmDyvamU/N9x+DQTmP4+TX/d1E/dVziuNekUDmbBZKFAziEY3DhHCpwBVWoAYM7eIRneLHurSfr1Xr7tmasWc8+zMF6/wIrrpFK</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="yyLk/JrRGyOFmtSSDUxShnr9RkM=">AAAB73icfVDLSsNAFL3xWeOr6tJNsQguJEwUtF1ZcKHLCvYBTSmT8bYdm5nEmYm0hP6DO9GFuPV/3PgXfoJpq2ApelaXc859HT8KuDaEfFhz8wuLS8uZFXt1bX1jM7u1XdVhrBhWWBiEqu5TjQGXWDHcBFiPFFLhB1jze+cjvXaPSvNQXptBhE1BO5K3OaMmpareBRWCtrJ54pBigRwXc7OF65Ax8mefMEa5lX33bkIWC5SGBVTrBspOemz30CWRaSYKo1CZob3/r0szlRpHPtuLNUaU9WgHk5jp4W+iEZt2od9MuIxig5JNiQkVWlDTnSH1QPjTJGou012eoD2kaU7GoLK98dRc1zHYt9MYfn7N/V1UjxyXOO4VyZdOJnlABnZhDw7AhVMowSWUoQIMbuEBnuDZurMerRfrdWKds757dmAK1tsXyQ+SeQ==</latexit><latexit sha1_base64="uThmtIYGzBkF4T779QSpFAHl75g=">AAAB73icfVDLSsNAFL2prxpfVZduikVwIWFiQdtdwYUuK9gHNKVMxtt2bGYSZybSEvoP7kQX4tb/cePfmNYKlqJndTnn3Nfxo4BrQ8inlVlaXlldy67bG5tb2zu53b26DmPFsMbCIFRNn2oMuMSa4SbAZqSQCj/Ahj+4mOiNB1Sah/LGjCJsC9qTvMsZNSlV9y6pELSTKxCHlEukWM4vFq5DpijADNVO7sO7DVksUBoWUK1bKHvpsf0Tl0SmnSiMQmXG9tG/Ls1Uapz4bC/WGFE2oD1MYqbHv4lWbLqlYTvhMooNSjYnJlRoQU1/gdQj4c+TqLlMd3mCDpCmORmDyvamU/N9x+DQTmP4+TX/d1E/dVziuNekUDmbBZKFAziEY3DhHCpwBVWoAYM7eIRneLHurSfr1Xr7tmasWc8+zMF6/wIrrpFK</latexit>
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emission
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Ion Trap Quantum Computer

• single ion 
- Hamiltonians, examples for quantum state engineering


•many ions  
- Hamiltonians, entangling gate

… as a Quantum Optical Problem

Appendices: • quantum information: qubits, quantum gates etc. 


• From real atoms to two-level atoms & Rabi 
oscillations
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Side-Remarks

From Real Atoms to Two-Level Systems
Rabi Oscillations



uibkTwo-Level Atom & Rabi Oscillations

|g i

|ei
|ni

|Ei

Eg =fl!g

Ee =fl!e

En =fl!n

E

fl!L

...

energy

Real Atom

laser

~Ecl(~x = 0, t ) = E~≤e°i!t +E §~≤§e+i!t

¥ ~Ecl
(+)

(0, t )+~E (°)
cl (0, t )

<latexit sha1_base64="w/djFd9jOrX+sd1xnwK0QN4aNik="></latexit><latexit sha1_base64="w/djFd9jOrX+sd1xnwK0QN4aNik="></latexit><latexit sha1_base64="w/djFd9jOrX+sd1xnwK0QN4aNik="></latexit><latexit sha1_base64="w/djFd9jOrX+sd1xnwK0QN4aNik="></latexit><latexit sha1_base64="BCBMkHjI4nwLRWsTOdcwlZcfcEE="></latexit>

Electric field of laser

Problem: We drive an atom near-resonant with a laser (no motion)

Schrödinger Equation

ifl d

d t
|√(t )i=

°
H0A °~µ ·~Ecl(~x = 0, t )

¢
|√(t )i
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Two-Level System (TLS)
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Rotating Wave Approximation
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uibkTwo-Level Atom & Rabi Oscillations
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Hamiltonian TLS + RWA

Problem: We drive an atom near-resonant with a laser (no motion)
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emissionabsorption

Transformation to “rotating frame”:

H̃ =°fl¢|eihe|° 1
2
fl≠e

°i'|eihg |° 1
2
fl≠e

+i'|g ihe|
<latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="kmYWCjIU2Znzpw2SJpAbkFyBLR4="></latexit>

Validity ≠, |¢|ø!º!eg
<latexit sha1_base64="oswoDySoY9zCTJaMbaBcaBKiUD4=">AAACGHicfZDPSsNAEMYn/q3xX9Wjl2IreNCQVND2ZEEP3qxgVXBL2axjGrpJlt2NtKR9Cm++iTfRg3gVL76Fj2DaKliKfqeZ33yzy3yu4L7Stv1hTExOTc/MZubM+YXFpeXsyuq5imLJsMYiHslLlyrkfog17WuOl0IiDVyOF27rsD+/uEWp/Cg80x2B9YB6oX/jM6pT1MjuFMhJgB7d7pIj5Jp2Ceck6hNChZBRe9g0EvR6BbORzduWXS7Zu+XceOFY9kD5g08YqNrIvpPriMUBhppxqtQVhl56VXPbsYWuJxJFJHXP3PzXpZhMjX2fSWKFgrIW9TCJmer9Blexvim164kfilhjyEaGCQ1UQHVzDKpO4I5CVH6Y/kUC2kKaBqo1SpMMXs01LY3tfgw/t+b+Ls6LlmNbzmkxX9kb5gEZWIcN2AIH9qECx1CFGjC4gwd4gmfj3ng0XozXoXXC+N5ZgxEZb1/8fqML</latexit><latexit sha1_base64="oswoDySoY9zCTJaMbaBcaBKiUD4=">AAACGHicfZDPSsNAEMYn/q3xX9Wjl2IreNCQVND2ZEEP3qxgVXBL2axjGrpJlt2NtKR9Cm++iTfRg3gVL76Fj2DaKliKfqeZ33yzy3yu4L7Stv1hTExOTc/MZubM+YXFpeXsyuq5imLJsMYiHslLlyrkfog17WuOl0IiDVyOF27rsD+/uEWp/Cg80x2B9YB6oX/jM6pT1MjuFMhJgB7d7pIj5Jp2Ceck6hNChZBRe9g0EvR6BbORzduWXS7Zu+XceOFY9kD5g08YqNrIvpPriMUBhppxqtQVhl56VXPbsYWuJxJFJHXP3PzXpZhMjX2fSWKFgrIW9TCJmer9Blexvim164kfilhjyEaGCQ1UQHVzDKpO4I5CVH6Y/kUC2kKaBqo1SpMMXs01LY3tfgw/t+b+Ls6LlmNbzmkxX9kb5gEZWIcN2AIH9qECx1CFGjC4gwd4gmfj3ng0XozXoXXC+N5ZgxEZb1/8fqML</latexit><latexit sha1_base64="oswoDySoY9zCTJaMbaBcaBKiUD4=">AAACGHicfZDPSsNAEMYn/q3xX9Wjl2IreNCQVND2ZEEP3qxgVXBL2axjGrpJlt2NtKR9Cm++iTfRg3gVL76Fj2DaKliKfqeZ33yzy3yu4L7Stv1hTExOTc/MZubM+YXFpeXsyuq5imLJsMYiHslLlyrkfog17WuOl0IiDVyOF27rsD+/uEWp/Cg80x2B9YB6oX/jM6pT1MjuFMhJgB7d7pIj5Jp2Ceck6hNChZBRe9g0EvR6BbORzduWXS7Zu+XceOFY9kD5g08YqNrIvpPriMUBhppxqtQVhl56VXPbsYWuJxJFJHXP3PzXpZhMjX2fSWKFgrIW9TCJmer9Blexvim164kfilhjyEaGCQ1UQHVzDKpO4I5CVH6Y/kUC2kKaBqo1SpMMXs01LY3tfgw/t+b+Ls6LlmNbzmkxX9kb5gEZWIcN2AIH9qECx1CFGjC4gwd4gmfj3ng0XozXoXXC+N5ZgxEZb1/8fqML</latexit><latexit sha1_base64="oswoDySoY9zCTJaMbaBcaBKiUD4=">AAACGHicfZDPSsNAEMYn/q3xX9Wjl2IreNCQVND2ZEEP3qxgVXBL2axjGrpJlt2NtKR9Cm++iTfRg3gVL76Fj2DaKliKfqeZ33yzy3yu4L7Stv1hTExOTc/MZubM+YXFpeXsyuq5imLJsMYiHslLlyrkfog17WuOl0IiDVyOF27rsD+/uEWp/Cg80x2B9YB6oX/jM6pT1MjuFMhJgB7d7pIj5Jp2Ceck6hNChZBRe9g0EvR6BbORzduWXS7Zu+XceOFY9kD5g08YqNrIvpPriMUBhppxqtQVhl56VXPbsYWuJxJFJHXP3PzXpZhMjX2fSWKFgrIW9TCJmer9Blexvim164kfilhjyEaGCQ1UQHVzDKpO4I5CVH6Y/kUC2kKaBqo1SpMMXs01LY3tfgw/t+b+Ls6LlmNbzmkxX9kb5gEZWIcN2AIH9qECx1CFGjC4gwd4gmfj3ng0XozXoXXC+N5ZgxEZb1/8fqML</latexit><latexit sha1_base64="6dERv0MKoNywelMkCDvtE2LufoM=">AAACGHicfZDLSsNAFIYn9VbjLerSTbEVXNSQVNB2V9CFOyvYC3RKmYynaegkGWYm0pL2Kdz5Ju5EF+JW3Pg2phfBUvRfnfOd/8xwfoczTyrL+tJSS8srq2vpdX1jc2t7x9jdq8kwEhSqNGShaDhEAvMCqCpPMWhwAcR3GNSd3sV4Xr8HIb0wuFUDDi2fuIHX8ShRCWobJzl87YNL8kN8CUyRIWYMh2OCCeci7E+bdgzuKKe3jaxlWqWidVrKLBa2aU2URTNV2sYnvgtp5EOgKCNSNiFwk6u6edviqhUL4KFQI/3oX5ekIjGOfTqOJHBCe8SFOKJy9Bs0I9Up9luxF/BIQUDnhjHxpU9UdwHKge/MQ5BekPyFfdIDkgSqFAgdT17NdE0F/XEMP7dm/i5qBdO2TPumkC2fzQJJowN0iI6Rjc5RGV2hCqoiih7QE3pBr9qj9qy9ae9Ta0qb7eyjOWkf318dodw=</latexit>

Hamiltonian in “rotating frame”



uibkTwo-Level Atom & Rabi Oscillations

Two-Level Atom

H̃ =°fl¢|eihe|° 1
2
fl≠e

°i'|eihg |° 1
2
fl≠e

+i'|g ihe|
<latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="27c0t6jkI4G7esty8pM9fH8Pp00="></latexit><latexit sha1_base64="kmYWCjIU2Znzpw2SJpAbkFyBLR4="></latexit>

Hamiltonian in “rotating frame”

|g i

|ei
laser

Discussion: on-resonance Rabi oscillations (¢= 0)
<latexit sha1_base64="8OlGPRtPVvhURLzV/Go48ZaEW3U=">AAAB9nicfVBLSwJRGP3GXja9rJZtJA0MYrhjULqIhFq0NMgHOIPcuX3qxXl1751QBn9Hu6hFtO3HtOlf9BMatSCROquPc873Ok7ocqkI+dBSC4tLyyvpVX1tfWNzK7O9U5dBJBjWWOAGoulQiS73saa4crEZCqSe42LD6V+M9cY9CskD/0YNQ7Q92vV5hzOqEsou5K1LdBU9I/lDvZ3JEYOUS+S4nJ0vTINMkDv/hAmq7cy7dRuwyENfMZdK2UK/m9zcOzJJqOxYYBgINdIP/nVJJhLj2KdbkcSQsj7tYhwxOfpNtCLVKQ3smPthpNBnM2JMPelR1Zsj5dBzZkmU3E92WR7tI03iUgqFbk2mZnuGwsE4hp9fs38X9aJhEsO8LuYqJ9M8IA17sA8FMOEUKnAFVagBgzt4gCd41gbao/aivU6tKe27ZxdmoL19AYZkk9g=</latexit><latexit sha1_base64="8OlGPRtPVvhURLzV/Go48ZaEW3U=">AAAB9nicfVBLSwJRGP3GXja9rJZtJA0MYrhjULqIhFq0NMgHOIPcuX3qxXl1751QBn9Hu6hFtO3HtOlf9BMatSCROquPc873Ok7ocqkI+dBSC4tLyyvpVX1tfWNzK7O9U5dBJBjWWOAGoulQiS73saa4crEZCqSe42LD6V+M9cY9CskD/0YNQ7Q92vV5hzOqEsou5K1LdBU9I/lDvZ3JEYOUS+S4nJ0vTINMkDv/hAmq7cy7dRuwyENfMZdK2UK/m9zcOzJJqOxYYBgINdIP/nVJJhLj2KdbkcSQsj7tYhwxOfpNtCLVKQ3smPthpNBnM2JMPelR1Zsj5dBzZkmU3E92WR7tI03iUgqFbk2mZnuGwsE4hp9fs38X9aJhEsO8LuYqJ9M8IA17sA8FMOEUKnAFVagBgzt4gCd41gbao/aivU6tKe27ZxdmoL19AYZkk9g=</latexit><latexit sha1_base64="8OlGPRtPVvhURLzV/Go48ZaEW3U=">AAAB9nicfVBLSwJRGP3GXja9rJZtJA0MYrhjULqIhFq0NMgHOIPcuX3qxXl1751QBn9Hu6hFtO3HtOlf9BMatSCROquPc873Ok7ocqkI+dBSC4tLyyvpVX1tfWNzK7O9U5dBJBjWWOAGoulQiS73saa4crEZCqSe42LD6V+M9cY9CskD/0YNQ7Q92vV5hzOqEsou5K1LdBU9I/lDvZ3JEYOUS+S4nJ0vTINMkDv/hAmq7cy7dRuwyENfMZdK2UK/m9zcOzJJqOxYYBgINdIP/nVJJhLj2KdbkcSQsj7tYhwxOfpNtCLVKQ3smPthpNBnM2JMPelR1Zsj5dBzZkmU3E92WR7tI03iUgqFbk2mZnuGwsE4hp9fs38X9aJhEsO8LuYqJ9M8IA17sA8FMOEUKnAFVagBgzt4gCd41gbao/aivU6tKe27ZxdmoL19AYZkk9g=</latexit><latexit sha1_base64="8OlGPRtPVvhURLzV/Go48ZaEW3U=">AAAB9nicfVBLSwJRGP3GXja9rJZtJA0MYrhjULqIhFq0NMgHOIPcuX3qxXl1751QBn9Hu6hFtO3HtOlf9BMatSCROquPc873Ok7ocqkI+dBSC4tLyyvpVX1tfWNzK7O9U5dBJBjWWOAGoulQiS73saa4crEZCqSe42LD6V+M9cY9CskD/0YNQ7Q92vV5hzOqEsou5K1LdBU9I/lDvZ3JEYOUS+S4nJ0vTINMkDv/hAmq7cy7dRuwyENfMZdK2UK/m9zcOzJJqOxYYBgINdIP/nVJJhLj2KdbkcSQsj7tYhwxOfpNtCLVKQ3smPthpNBnM2JMPelR1Zsj5dBzZkmU3E92WR7tI03iUgqFbk2mZnuGwsE4hp9fs38X9aJhEsO8LuYqJ9M8IA17sA8FMOEUKnAFVagBgzt4gCd41gbao/aivU6tKe27ZxdmoL19AYZkk9g=</latexit><latexit sha1_base64="iQHdXRPFnl2Im8dgujHusDCEzmg=">AAAB9nicfVDLSsNAFL2prxpfVZduiq1QQcKkgrYLoaALlxXsA5pSJuNtOzSZxJmJtIR+hzvRhbj1Y9z4N6a1gqXoWV3OOfd13NDjShPyaaSWlldW19Lr5sbm1vZOZnevroJIMqyxwAtk06UKPS6wprn2sBlKpL7rYcMdXE70xgNKxQNxq0chtn3aE7zLGdUJ1S7knSv0NL0g+WOzk8kRi5RL5LScXSxsi0yRgxmqncyHcxewyEehmUeVaqHoJTf3T2wS6nYsMQykHptH/7oUk4lx4jOdSGFI2YD2MI6YGv8mWpHulobtmIsw0ijYnBhTX/lU9xdINfLdeRIVF8kux6cDpElcWqM0nenUbN/SOJzE8PNr9u+iXrRsYtk3xVzlbBZIGg7gEApgwzlU4BqqUAMG9/AIz/BiDI0n49V4+7amjFnPPszBeP8C6PSSqQ==</latexit>

Ut = e
°i H̃ t/fl =

µ
cos 1

2≠t °i e
°i' sin 1

2≠t

°i e
+i' sin 1

2≠t cos 1
2≠t

∂

<latexit sha1_base64="Girte9mL9GZsiD2COobqRSq9vB0="></latexit><latexit sha1_base64="Girte9mL9GZsiD2COobqRSq9vB0="></latexit><latexit sha1_base64="Girte9mL9GZsiD2COobqRSq9vB0="></latexit><latexit sha1_base64="Girte9mL9GZsiD2COobqRSq9vB0="></latexit><latexit sha1_base64="Xu+sV/FnyHP31PPCyd0S7Iqohf4="></latexit>

e
g

Examples:

• transition probability g → e

Pe√g (t ) = 1
2

[1°cos≠t ]
<latexit sha1_base64="oB9j21zABZLPzx7etG+s68hRS1U="></latexit><latexit sha1_base64="oB9j21zABZLPzx7etG+s68hRS1U="></latexit><latexit sha1_base64="oB9j21zABZLPzx7etG+s68hRS1U="></latexit><latexit sha1_base64="oB9j21zABZLPzx7etG+s68hRS1U="></latexit><latexit sha1_base64="6Gr2lkF7LjfyTYfdO1lLC11veQU=">AAACLXicfVDLSsNAFJ34rPFVdekmWAQFDUkFHwuh6MadFWwrdEKZjLfp0LyYudGWkP9x55+4UlQQt/6Gaa1gET2ryznn3ss5buwLhZb1qk1MTk3PzBbm9PmFxaXl4spqXUWJ5FDjkR/JK5cp8EUINRTow1UsgQWuDw23ezrQGzcglYjCS+zH4ATMC0VbcIY51Sqe0KZebaVAfWgjkzK6NbxsC7ePaVsyntpZWs6GWtPepTxS9DwAjxlIpfA66OjU0VvFkmVaR4fW3pHxe7BNa4gSGaHaKj7S64gnAYTIfaZUE0Ivj9rZsa0YnVRCHEnM9M1/XYrL3Djw6TRREDPeZR6kCVfZT6KZYPuw56QijBOEkI+JKQtUwLDzi1T9wB0nQYkw/0UD1gWWt4wIUqfDq0bHROgNavjOavw91MumbZn2RblU2R8VUiDrZINsEZsckAo5I1VSI5zckQfyTF60e+1Je9Pev6wT2mhnjYxB+/gEF66pRw==</latexit>

º-pulse ≠t =º inverts the TLS
<latexit sha1_base64="iF+3j1tALUX8wBzGmClmiFWM03Q=">AAACF3icfZDNSsNAFIVv/K3xr+rSTbAKLjQkCmoXYsGNC8GKVoWmlMl4bYcmkyFzIy2lL+HON3EnuhC3ghvfwkcwbRUsRc/q8N1zZ7jHV4HQ5Dgfxsjo2PjEZGbKnJ6ZnZvPLixe6CiJOZZ4FETxlc80BkJiiQQFeKViZKEf4KXfOOzOL28x1iKS59RSWAlZTYobwRmlqJrdsFY9JVY3VRJoTP1JiDVm0X4XWkKmq6QtqqN1fnxmVrM5x3bye8523ho2ru30lDv4hJ6K1ey7dx3xJERJPGBal1HW0qPqG66jqNKOUUUxdcy1f1Oax2mwmzO9RKNivMFq2E647vwG5YRu9pqVtpAqIZR8YNhmoQ4Z1YegboX+IEQtZPqXF7IGsrRPIoxNr/eqVbcJm90afm61/jYXW7br2O7pVq6w0+8DMrAMK7AOLuxCAY6gCCXgcAcP8ATPxr3xaLwYr/3oiPG9swQDMt6+AFRGoDg=</latexit><latexit sha1_base64="iF+3j1tALUX8wBzGmClmiFWM03Q=">AAACF3icfZDNSsNAFIVv/K3xr+rSTbAKLjQkCmoXYsGNC8GKVoWmlMl4bYcmkyFzIy2lL+HON3EnuhC3ghvfwkcwbRUsRc/q8N1zZ7jHV4HQ5Dgfxsjo2PjEZGbKnJ6ZnZvPLixe6CiJOZZ4FETxlc80BkJiiQQFeKViZKEf4KXfOOzOL28x1iKS59RSWAlZTYobwRmlqJrdsFY9JVY3VRJoTP1JiDVm0X4XWkKmq6QtqqN1fnxmVrM5x3bye8523ho2ru30lDv4hJ6K1ey7dx3xJERJPGBal1HW0qPqG66jqNKOUUUxdcy1f1Oax2mwmzO9RKNivMFq2E647vwG5YRu9pqVtpAqIZR8YNhmoQ4Z1YegboX+IEQtZPqXF7IGsrRPIoxNr/eqVbcJm90afm61/jYXW7br2O7pVq6w0+8DMrAMK7AOLuxCAY6gCCXgcAcP8ATPxr3xaLwYr/3oiPG9swQDMt6+AFRGoDg=</latexit><latexit sha1_base64="iF+3j1tALUX8wBzGmClmiFWM03Q=">AAACF3icfZDNSsNAFIVv/K3xr+rSTbAKLjQkCmoXYsGNC8GKVoWmlMl4bYcmkyFzIy2lL+HON3EnuhC3ghvfwkcwbRUsRc/q8N1zZ7jHV4HQ5Dgfxsjo2PjEZGbKnJ6ZnZvPLixe6CiJOZZ4FETxlc80BkJiiQQFeKViZKEf4KXfOOzOL28x1iKS59RSWAlZTYobwRmlqJrdsFY9JVY3VRJoTP1JiDVm0X4XWkKmq6QtqqN1fnxmVrM5x3bye8523ho2ru30lDv4hJ6K1ey7dx3xJERJPGBal1HW0qPqG66jqNKOUUUxdcy1f1Oax2mwmzO9RKNivMFq2E647vwG5YRu9pqVtpAqIZR8YNhmoQ4Z1YegboX+IEQtZPqXF7IGsrRPIoxNr/eqVbcJm90afm61/jYXW7br2O7pVq6w0+8DMrAMK7AOLuxCAY6gCCXgcAcP8ATPxr3xaLwYr/3oiPG9swQDMt6+AFRGoDg=</latexit><latexit sha1_base64="iF+3j1tALUX8wBzGmClmiFWM03Q=">AAACF3icfZDNSsNAFIVv/K3xr+rSTbAKLjQkCmoXYsGNC8GKVoWmlMl4bYcmkyFzIy2lL+HON3EnuhC3ghvfwkcwbRUsRc/q8N1zZ7jHV4HQ5Dgfxsjo2PjEZGbKnJ6ZnZvPLixe6CiJOZZ4FETxlc80BkJiiQQFeKViZKEf4KXfOOzOL28x1iKS59RSWAlZTYobwRmlqJrdsFY9JVY3VRJoTP1JiDVm0X4XWkKmq6QtqqN1fnxmVrM5x3bye8523ho2ru30lDv4hJ6K1ey7dx3xJERJPGBal1HW0qPqG66jqNKOUUUxdcy1f1Oax2mwmzO9RKNivMFq2E647vwG5YRu9pqVtpAqIZR8YNhmoQ4Z1YegboX+IEQtZPqXF7IGsrRPIoxNr/eqVbcJm90afm61/jYXW7br2O7pVq6w0+8DMrAMK7AOLuxCAY6gCCXgcAcP8ATPxr3xaLwYr/3oiPG9swQDMt6+AFRGoDg=</latexit><latexit sha1_base64="6j8Vufvqw06F9tt+qvTRJvxPFQ8=">AAACF3icfZBLS8NAFIUn9VXjq+rSTbAVXNSQVNB2IRTcuBCs2Bc0pUzG23ZoMhkyN9JS+ifc+U/ciS7EreDGf2NaK1iKntXhu+fOcI8rPa7Qsj61xMLi0vJKclVfW9/Y3Ept71RVEIUMKizwgrDuUgUeF1BBjh7UZQjUdz2oub3z8bx2B6HigSjjQELTpx3B25xRjFErlTUyjuSZIxl5CmJ/5UOHGng2hgYX8SoqA7tglC9v9FYqbZlWIW8dF4x5Y5vWRGkyVamV+nBuAxb5IJB5VKkGiE58VDdrWxKbwxBkEOJIP/g3pVgYB8c53YkUSMp6tAPDiKnRb9CIsJ3vN4dcyAhBsJnhkPrKp9idg2rgu7MQFBfxX45Pe0DjPhEh1J3Jq0bXROiPa/i51fjbVHOmbZn2dS5dPJkWkiR7ZJ8cEpuckiK5ICVSIYzck0fyTF60B+1Je9XevqMJbbqzS2akvX8BttafCQ==</latexit>

2º pulse
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Quantum State Engineering 

& Quantum Computing

with Trapped Ions

P1/2

S1/2

D5/2

40Ca+

Quantum	
bit	

Qubit
DetecLon,	

Laser	Cooling



uibkSingle Laser-Driven Trapped Ion

traplaser

spontaneous emission

ion



uibkSingle Laser-Driven Trapped Ion

• system = internal + external degrees of freedom

internal: 
electronic levels

external:  
motion

dipole-allowed 
transition

dipole-forbidden 
transition

• strong dissipation 

ü laser cooling / state preparation 

ü state measurement

• small dissipation 

ü Hamiltonian: quantum state 
engineering

The System
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uibkSingle Laser-Driven Trapped Ion

laser
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laser
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uibkSingle Laser-Driven Trapped Ion

optical wavelength

trap size
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uibkSingle Laser-Driven Trapped Ion

blue sideband

red sideband

…



uibkSingle Laser-Driven Trapped Ion

…



uibkSingle Laser-Driven Trapped Ion

red sideband



uibkSingle Laser-Driven Trapped Ion

blue sideband



uibkSingle Laser-Driven Trapped Ion

blue sideband

red sideband

…



uibkSingle Laser-Driven Trapped Ion
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uibkString of Laser-Driven Trapped Ions

X
laser



uibkString of Laser-Driven Trapped Ions

X
laser



uibkString of Laser-Driven Trapped Ions

laser



uibkString of Laser-Driven Trapped Ions

center of mass mode

stretchmode

º
for N ions the separation 
remains with increasing N

º



uibkString of Laser-Driven Trapped Ions

center of mass mode

stretchmode

º for N ions the separation 
remains with increasing N
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Background Material

Basic Quantum Computing



uibkQuantum Computing

system

input

ouput

• computing as a physical process

time

• quantum computing

- preparation

- unitary evolution

- state measurement

• no coupling to environment 
(decoherence)



uibkQuantum Memory

• Qubit:

superposition

• Quantum register

entangled stateN spin-1/2 systems

 

spin-1/2

-quantum parallelism 

- interference of computational paths 
(+ cleverness) = quantum algorithms



uibkQuantum Gates

• Single qubit gate

with U unitary

U1

• A general unitary transformation can be decomposed into single bit 
rotations and a universal two-bit quantum gate

U1

targetcontrol

• Two qubit gate



uibk3. Read out

• state measurement

0 1 0 1 1 0



uibkString of Laser-Driven Trapped Ions

• Cold ions in a linear trap

Qubits: internal atomic states 

1-qubit gates: addressing ions 
with a laser 

2-qubit gates: entanglement via 
exchange of phonons of 
quantized collective mode

• State vector

quantum register databus

• QC as a time sequence of laser pulses 
• Read out by quantum jumps

Ion Trap Quantum Computer '95



uibkString of Laser-Driven Trapped Ions

state measurement via 
quantum jumps

qubit

auxiliary level

addressing with different 
light polarizations

Level scheme



uibkString of Laser-Driven Trapped Ions

• step 1: swap first qubit to phonon

laser

m n
π pulse

first atom: m

...

...

Two-qubit phase gate



uibkString of Laser-Driven Trapped Ions

• step 2: conditional sign change

laser

m n

second atom: n

-

2� pulse

flip sign

...

...



uibkString of Laser-Driven Trapped Ions

• step 3: swap phonon back to first qubit

laser

atom m



uibkString of Laser-Driven Trapped Ions

• summary: we have a phase gate between atom m and n

phonon mode returned to 
initial state

Rem.: this idea translates immediately to CQED



uibkString of Laser-Driven Trapped Ions

input

output

Quantum gates with ions:  
Nature March 2003

truth table CNOT

Ibk
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Where we are today …

Digital and Analog Quantum Simulation 

with Trapped Ions



uibkDigital Quantum Simulation

idea: approximate time evolution by a stroboscopic sequence of gates

qubits
or

spins

time
0

...

t�t1

e�iHeff t

H = �J�z
1�z

2 + B(�x
1 + �x

2 )

U(t) � e�iHt/� = e�iH�tn/� . . .�iH�t1/�

e�iH�t/� � e�iH1�t/� e�iH2�t/� e
1
2

(�t)2

�2 [H1,H2]

first term second term
Trotter errors for 

non-commuting terms

Trotter expansion:

Seth Lloyd



when subducted lithosphere entered the shallow
lower mantle and stagnated because of density
inversion and increased mantle viscosity (14, 27)
(Fig. 3B). If heated to ambient mantle tempera-
tures, carbonated basaltic lithologies form carbo-
natedmelts, which can then be reduced to diamond
during reactions with surrounding mantle (8, 28).
Our results also indicate that the diamonds were
transported by convection from the lower to the
upper mantle, where the originally homogeneous
inclusions unmixed. For example, phase relations
along the NaAlSiO4-MgAl2O4 boundary (29) in-
dicate that the bulk composition of inclusion
Ju5-20 would yield the observed assemblage of
nepheline plus spinel (Fig. 1A and fig. S1B) at
depths of ~150 km; other inclusions in diamonds
from the Juina region (3, 4, 8) also suggest equil-
ibration near the base of the Brazilian lithosphere
(~150 to 200 km). Thus, the diamonds record a
history of upward transport on the order of 500
to 1000 km or more before being sampled by a
Cretaceous kimberlite and brought to the surface.

On the basis of seismological and petrological
evidence, previous workers have argued for a man-
tle plume beneath Brazil during the Cretaceous
(30, 31). Furthermore, paleo-plate reconstruc-
tions show that the Juina region of Brazil was lo-
cated at the margin of the African large low shear
velocity provinces during the Cretaceous, which
may be indicative of the presence of deep mantle
plumes (32). We suggest that some portion of
stagnated subducted lithosphere in which the di-
amonds grew was transported from the lower
mantle to the base of the Brazilian lithosphere in
a rising mantle plume (Fig. 3B). The Juina-5 di-
amonds and their inclusions provide compelling
evidence for deep cycling of oceanic crust and

surface carbon into the lower mantle and, ulti-
mately, exhumation back to the upper mantle and
Earth’s surface.
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A digital quantum simulator is an envisioned quantum device that can be programmed to efficiently
simulate any other local system. We demonstrate and investigate the digital approach to quantum
simulation in a system of trapped ions. With sequences of up to 100 gates and 6 qubits, the full
time dynamics of a range of spin systems are digitally simulated. Interactions beyond those naturally
present in our simulator are accurately reproduced, and quantitative bounds are provided for the
overall simulation quality. Our results demonstrate the key principles of digital quantum simulation and
provide evidence that the level of control required for a full-scale device is within reach.

Althoughmany natural phenomena are ac-
curately described by the laws of quan-
tum mechanics, solving the associated

equations to calculate properties of physical sys-
tems, i.e., simulating quantum physics, is in gen-

eral thought to be very difficult (1). Both the
number of parameters and differential equations
that describe a quantum state and its dynamics
grow exponentially with the number of particles
involved. One proposed solution is to build a

highly controllable quantum system that can ef-
ficiently perform the simulations (2). Recently,
quantum simulations have been performed in
several different systems (3–13), largely follow-
ing the analog approach (2) whereby an analo-
gousmodel is built, with a directmapping between
the state and dynamics of the simulated system
and those of the simulator. An analog simulator
is dedicated to a particular problem, or class of
problems.

A digital quantum simulator (2, 14–16) is a
precisely controllable many-body quantum sys-
tem onwhich a universal set of quantum operations
(gates) can be performed, i.e., a quantum computer
(17). The simulated state is encoded in a register
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when subducted lithosphere entered the shallow
lower mantle and stagnated because of density
inversion and increased mantle viscosity (14, 27)
(Fig. 3B). If heated to ambient mantle tempera-
tures, carbonated basaltic lithologies form carbo-
natedmelts, which can then be reduced to diamond
during reactions with surrounding mantle (8, 28).
Our results also indicate that the diamonds were
transported by convection from the lower to the
upper mantle, where the originally homogeneous
inclusions unmixed. For example, phase relations
along the NaAlSiO4-MgAl2O4 boundary (29) in-
dicate that the bulk composition of inclusion
Ju5-20 would yield the observed assemblage of
nepheline plus spinel (Fig. 1A and fig. S1B) at
depths of ~150 km; other inclusions in diamonds
from the Juina region (3, 4, 8) also suggest equil-
ibration near the base of the Brazilian lithosphere
(~150 to 200 km). Thus, the diamonds record a
history of upward transport on the order of 500
to 1000 km or more before being sampled by a
Cretaceous kimberlite and brought to the surface.

On the basis of seismological and petrological
evidence, previous workers have argued for a man-
tle plume beneath Brazil during the Cretaceous
(30, 31). Furthermore, paleo-plate reconstruc-
tions show that the Juina region of Brazil was lo-
cated at the margin of the African large low shear
velocity provinces during the Cretaceous, which
may be indicative of the presence of deep mantle
plumes (32). We suggest that some portion of
stagnated subducted lithosphere in which the di-
amonds grew was transported from the lower
mantle to the base of the Brazilian lithosphere in
a rising mantle plume (Fig. 3B). The Juina-5 di-
amonds and their inclusions provide compelling
evidence for deep cycling of oceanic crust and

surface carbon into the lower mantle and, ulti-
mately, exhumation back to the upper mantle and
Earth’s surface.
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involved. One proposed solution is to build a
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ficiently perform the simulations (2). Recently,
quantum simulations have been performed in
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ing the analog approach (2) whereby an analo-
gousmodel is built, with a directmapping between
the state and dynamics of the simulated system
and those of the simulator. An analog simulator
is dedicated to a particular problem, or class of
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when subducted lithosphere entered the shallow
lower mantle and stagnated because of density
inversion and increased mantle viscosity (14, 27)
(Fig. 3B). If heated to ambient mantle tempera-
tures, carbonated basaltic lithologies form carbo-
natedmelts, which can then be reduced to diamond
during reactions with surrounding mantle (8, 28).
Our results also indicate that the diamonds were
transported by convection from the lower to the
upper mantle, where the originally homogeneous
inclusions unmixed. For example, phase relations
along the NaAlSiO4-MgAl2O4 boundary (29) in-
dicate that the bulk composition of inclusion
Ju5-20 would yield the observed assemblage of
nepheline plus spinel (Fig. 1A and fig. S1B) at
depths of ~150 km; other inclusions in diamonds
from the Juina region (3, 4, 8) also suggest equil-
ibration near the base of the Brazilian lithosphere
(~150 to 200 km). Thus, the diamonds record a
history of upward transport on the order of 500
to 1000 km or more before being sampled by a
Cretaceous kimberlite and brought to the surface.

On the basis of seismological and petrological
evidence, previous workers have argued for a man-
tle plume beneath Brazil during the Cretaceous
(30, 31). Furthermore, paleo-plate reconstruc-
tions show that the Juina region of Brazil was lo-
cated at the margin of the African large low shear
velocity provinces during the Cretaceous, which
may be indicative of the presence of deep mantle
plumes (32). We suggest that some portion of
stagnated subducted lithosphere in which the di-
amonds grew was transported from the lower
mantle to the base of the Brazilian lithosphere in
a rising mantle plume (Fig. 3B). The Juina-5 di-
amonds and their inclusions provide compelling
evidence for deep cycling of oceanic crust and

surface carbon into the lower mantle and, ulti-
mately, exhumation back to the upper mantle and
Earth’s surface.
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number of parameters and differential equations
that describe a quantum state and its dynamics
grow exponentially with the number of particles
involved. One proposed solution is to build a

highly controllable quantum system that can ef-
ficiently perform the simulations (2). Recently,
quantum simulations have been performed in
several different systems (3–13), largely follow-
ing the analog approach (2) whereby an analo-
gousmodel is built, with a directmapping between
the state and dynamics of the simulated system
and those of the simulator. An analog simulator
is dedicated to a particular problem, or class of
problems.
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tem onwhich a universal set of quantum operations
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experiments (≈1 to 2 ms). The current leading
sources of error, which limit both the simulation
complexity and size, are thought to be laser
intensity fluctuations (23). This is not currently
a fundamental limitation and, once properly ad-
dressed, should enable an increase in simulation
capabilities.

The digital approach can be combined with
existing tools and techniques for analog simu-
lations to expand the range of systems that can be
simulated. In light of the present work, and cur-

rent ion trap development (35), digital quantum
simulations involving many tens of qubits and
hundreds of high-fidelity gates seems feasible in
coming years.
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Fig. 3. Digital simulations of three-spin systems.
Dynamics of the initial state |↑↑↑〉 in three cases.
(A) Long-range Ising system. Spin-spin coupling be-
tween all pairs with equal strength and a transverse
field. C = O2(p /32), D = O4(p /16,0). (B) Inhomog-
eneous distribution of spin-spin couplings, decom-
posed into an equal-strength interaction and
another with twice the strength between one pair.
E = O1(p /2,1). (C) Three-body interaction, which
couples the ∑jsy

jeigenstates |←←←〉y and |→→→〉y.
An O3(p /4,0) operation before measurement
rotates the state into the logical sz basis. F =
O1(q,1), 4D = O4(p/4,0). Any point in the phase
evolution is simulated by varying the phase q of
operation F. Inequalities bound the quantum pro-
cess fidelity Fp [see (23) for details].

Fig. 4. Digital simulations of four and six spin sys-
tems. Dynamics of the initial state where all spins
point up. (A) Four spin long-range Ising system.
Each digital step is D.C = O4(p/16,0).O2(p/32).
Error bars are smaller than point size. (B) Six spin
six-body interaction. F = O1(q,1), 4D = O4(p/4,0).
The inequality at f = 0.25 p bounds the quantum
process fidelity Fp at q = 0.25 p [see (23) for details].
Lines; exact dynamics. Unfilled shapes: ideal digitized;
filled shapes: data (■P0 ♦P1 ●P2 ▲P3 ►P4 ▼P5 ◄P6,
where Pi is the total probability of finding ispins
pointing down).
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Gauge theories are fundamental to our understanding of 
interactions between the elementary constituents of matter as 
mediated by gauge bosons1,2. However, computing the real-time 
dynamics in gauge theories is a notorious challenge for classical 
computational methods. This has recently stimulated theoretical 
effort, using Feynman’s idea of a quantum simulator3,4, to devise 
schemes for simulating such theories on engineered quantum-
mechanical devices, with the difficulty that gauge invariance and 
the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
quantum resources, we map the original problem to a spin model 
by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
programmable quantum devices14. In particular, trapped-ion quan-
tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
This allows us to explore quantum simulation of coherent real-time 
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Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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Gauge theories are fundamental to our understanding of 
interactions between the elementary constituents of matter as 
mediated by gauge bosons1,2. However, computing the real-time 
dynamics in gauge theories is a notorious challenge for classical 
computational methods. This has recently stimulated theoretical 
effort, using Feynman’s idea of a quantum simulator3,4, to devise 
schemes for simulating such theories on engineered quantum-
mechanical devices, with the difficulty that gauge invariance and 
the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
quantum resources, we map the original problem to a spin model 
by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
programmable quantum devices14. In particular, trapped-ion quan-
tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
This allows us to explore quantum simulation of coherent real-time 
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Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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Gauge theories are fundamental to our understanding of 
interactions between the elementary constituents of matter as 
mediated by gauge bosons1,2. However, computing the real-time 
dynamics in gauge theories is a notorious challenge for classical 
computational methods. This has recently stimulated theoretical 
effort, using Feynman’s idea of a quantum simulator3,4, to devise 
schemes for simulating such theories on engineered quantum-
mechanical devices, with the difficulty that gauge invariance and 
the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
quantum resources, we map the original problem to a spin model 
by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
programmable quantum devices14. In particular, trapped-ion quan-
tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
This allows us to explore quantum simulation of coherent real-time 
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Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
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by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
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tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
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Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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interactions between the elementary constituents of matter as 
mediated by gauge bosons1,2. However, computing the real-time 
dynamics in gauge theories is a notorious challenge for classical 
computational methods. This has recently stimulated theoretical 
effort, using Feynman’s idea of a quantum simulator3,4, to devise 
schemes for simulating such theories on engineered quantum-
mechanical devices, with the difficulty that gauge invariance and 
the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
quantum resources, we map the original problem to a spin model 
by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
programmable quantum devices14. In particular, trapped-ion quan-
tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
This allows us to explore quantum simulation of coherent real-time 
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Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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windows. By repeating the sequence multiple times, the resulting time 
evolution of the system U(t) closely resembles an evolution where the 
individual parts of the Hamiltonian act simultaneously, as can be shown 
using the Suzuki–Lie–Trotter expansion:
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Our scheme is depicted in Fig. 2f–h. It allows for an efficient realization 
of the required dynamics and implements the coupling matrix shown 
in Fig. 2d, e with a minimal number of time steps, scaling only linearly 
in the number of sites N. The scheme is therefore scalable to larger 
systems. A discussion of finite size effects can be found in Methods.

We realize the simulation in a quantum information processor based 
on a string of 40Ca+ ions confined in a macroscopic linear Paul trap 
(Fig. 1b). There, each qubit is encoded in the electronic states | ↓ 〉  =  4S1/2 
(with magnetic quantum number m =  −  1/2), | ↑ 〉  =  3D5/2 (m =  −  1/2) 
of a single ion. The energy difference between these states is in the 
optical domain, so the state of the qubit can be manipulated using laser 
light pulses. More specifically, a universal set of high-fidelity quantum 
operations is available, consisting of collective rotations around the 
equator of the Bloch sphere, addressed rotations around the z axis and 

entangling Mølmer–Sørensen (MS) gates26. With a sequence of these 
gates, arbitrary unitary operations can be implemented27. Thus, we 
are able to simulate any Hamiltonian evolution, and in particular the 
interactions required here, by means of digital quantum simulation 
techniques, as shown in Fig. 2. Each of the implemented time evolu-
tions consists of a sequence of over 200 quantum gates (see Extended 
Data Fig. 3). In order to realize the non-local interactions Hzz and H±  
with their specific long-range interactions, we use global MS entan-
gling gates together with a spectroscopic decoupling method to tailor 
the range of the interaction. For the decoupling, the population of the 
ions that are not involved in the specific operations are shelved into 
additional electronic states that are not affected by the light for the 
entangling operations (see Methods). The local terms in Hz correspond 
to z rotations that are directly available in our set of operations. The 
strength of all terms can be tuned by changing the duration of the laser 
pulses corresponding to the physical operations.

Within our scheme, a wide range of fundamental properties in 
one-dimensional lattice gauge theories can be studied. To demonstrate 
our approach, we concentrate on simulating the coherent quantum 
real-time dynamics of the Schwinger mechanism, that is, the creation 
of particle–antiparticle pairs out of the bare vacuum | vacuum〉 ,  
where matter is entirely absent (see Methods). After initializing the 
system in this state, which corres ponds to the ground state for m →  ∞  
(Fig. 3a), we apply ĤS (Fig. 2d) for different masses and coupling 
strengths. As a first step, we measure the particle number density 
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Figure 3 | Time evolution of the particle number density, ν. a, We show 
the ideal evolution under the Schwinger Hamiltonian ĤS shown in Fig. 2d, 
the ideal evolution considering time discretization errors (see Fig. 2),  
the expected evolution including an experimental (exp.) error model  
(see Methods) and the experimental data for electric field energy J =  w  
and particle mass m =  0.5w (see equation (1)). After postselection of the 
experimental data (see Methods), the remaining populations are {86 ±   2, 
79 ±   1, 73 ±   1, 69 ±   1}% after {1, 2, 3, 4} time steps (averaged over all  
data sets). Error bars correspond to standard deviations estimated from a 
Monte Carlo bootstrapping procedure. The insets show the initial state  
of the simulation (left inset), corresponding to the bare vacuum with 
particle number density ν =  0, as well as one example of a state containing 
one pair (right inset), that is, a state with ν =  0.5, represented as  
filled/empty arrows as in Fig. 2. b, Experimental data and c, theoretical 
prediction for the evolution of the particle number density ν as a function 
of the dimensionless time wt and the dimensionless particle mass m/w, 
with J =  w.

a b

c d

0.0

1.0

J/w = 2.0

m/w = 1.5

1.0

0.5

0.0

|G
(t)

|2

E n

x |���(0)〉 =

|vacuum〉

Experimental data Error model

wt
π /2

wt

1.0

0.0

1.4

0.0

|G
(t)

|2

1.0

0.0

E n

1.4

0.0
0 0 π /2

Ψ
|���(t)〉Ψ

t

e

Figure 4 | Time evolution of the vacuum persistence amplitude and 
entanglement. We show the square of the vacuum persistence amplitude 
| G(t)| 2 (the Loschmidt echo), which quantifies the decay of the unstable 
vacuum, and the logarithmic negativity En, a measure of the entanglement 
between the left and the right halves of the system. a, b, The time evolution 
of | G(t)| 2 (a) and En (b) for different values of the particle mass m and 
fixed electric field energy J =  w, where w is the rate of particle–antiparticle 
creation and annihilation (compare equation (1)), as a function of the 
dimensionless time wt. c, d, The time evolution of | G(t)| 2 (c) and En (d) 
changes for different values of J and fixed particle mass m =  0. Circles 
correspond to the experimental data and squares connected by solid lines 
to the expected evolution assuming an experimental error model explained 
in Methods. Error bars correspond to standard deviations estimated from 
a Monte Carlo bootstrapping procedure. e, Illustration of the creation of a 
particle–antiparticle pair starting from the bare vacuum state.
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Real-time dynamics of lattice gauge theories with a 
few-qubit quantum computer
Esteban A. Martinez1*, Christine A. Muschik2,3*, Philipp Schindler1, Daniel Nigg1, Alexander Erhard1, Markus Heyl2,4, 
Philipp Hauke2,3, Marcello Dalmonte2,3, Thomas Monz1, Peter Zoller2,3 & Rainer Blatt1,2

Gauge theories are fundamental to our understanding of 
interactions between the elementary constituents of matter as 
mediated by gauge bosons1,2. However, computing the real-time 
dynamics in gauge theories is a notorious challenge for classical 
computational methods. This has recently stimulated theoretical 
effort, using Feynman’s idea of a quantum simulator3,4, to devise 
schemes for simulating such theories on engineered quantum-
mechanical devices, with the difficulty that gauge invariance and 
the associated local conservation laws (Gauss laws) need to be 
implemented5–7. Here we report the experimental demonstration 
of a digital quantum simulation of a lattice gauge theory, by 
realizing (1 + 1)-dimensional quantum electrodynamics (the 
Schwinger model8,9) on a few-qubit trapped-ion quantum computer. 
We are interested in the real-time evolution of the Schwinger 
mechanism10,11, describing the instability of the bare vacuum due 
to quantum fluctuations, which manifests itself in the spontaneous 
creation of electron–positron pairs. To make efficient use of our 
quantum resources, we map the original problem to a spin model 
by eliminating the gauge fields12 in favour of exotic long-range 
interactions, which can be directly and efficiently implemented on 
an ion trap architecture13. We explore the Schwinger mechanism of 
particle–antiparticle generation by monitoring the mass production 
and the vacuum persistence amplitude. Moreover, we track the real-
time evolution of entanglement in the system, which illustrates how 
particle creation and entanglement generation are directly related. 
Our work represents a first step towards quantum simulation of 
high-energy theories using atomic physics experiments—the long-
term intention is to extend this approach to real-time quantum 
simulations of non-Abelian lattice gauge theories.

Small-scale quantum computers exist today in the laboratory as 
programmable quantum devices14. In particular, trapped-ion quan-
tum computers13 provide a platform allowing a few hundred coherent 
quantum gates to act on a few qubits, with a clear roadmap towards 
scaling up these devices4,15. This provides the tools for universal digital 
quantum simulation16, where the time evolution of a quantum system 
is approximated as a stroboscopic sequence of quantum gates17. Here 
we show how this technology can be used to simulate the real-time 
dynamics of a minimal model of a lattice gauge theory, realizing the 
Schwinger model8,9 as a one-dimensional quantum field theory with a 
chain of trapped ions (Fig. 1).

Our few-qubit demonstration is a first step towards simulating 
real-time dynamics in gauge theories: such simulations are funda-
mental for the understanding of many physical phenomena, including 
thermalization after heavy-ion collisions and pair creation studied at 
high- intensity laser facilities6,18. Although existing classical numerical 
methods such as quantum Monte Carlo have been remarkably success-
ful for describing equilibrium phenomena, no systematic techniques 
exist to tackle the dynamical long-time behaviour of all but very small 

systems. In contrast, quantum simulations aim at the long-term goal 
of solving the specific yet fundamental class of problems that currently 
cannot be tackled by these classical techniques. The digital approach 
we employ here is based on the Hamiltonian formulation of gauge  
theories9, and enables direct access to the system wavefunction. As 
we show below, this allows us to investigate entanglement generation  
during particle–antiparticle production, emphasizing a novel perspec-
tive on the dynamics of the Schwinger mechanism2.

Digital quantum simulations described in the present work are con-
ceptually different from, and fundamentally more challenging than, 
previously reported condensed-matter-motivated simulations of spin 
and Hubbard-type models4,19,20. In gauge theories, local symmetries 
lead to the introduction of dynamical gauge fields obeying a Gauss law6. 
Formally, this crucial feature is described by local symmetry generators 
Ĝ{ }i  that commute with the Hamiltonian of the system ˆ ˆ =H G[ , ] 0i  and 

restrict the dynamics to a subspace of physical states | Ψphysical〉  which 
satisfy ˆ Ψ Ψ| 〉= | 〉G qi iphysical physical , where qi are background charges. We 
will be interested in the case qi =  0 for all i (see Methods). Realizing 
such a constrained dynamics on a quantum simulator is demanding 
and has been the focus of theoretical research6,7,11,21–24. Instead, to opti-
mally use the finite resources represented by a few qubits of existing 
quantum hardware, we encode the gauge degrees of freedom in a long-
range interaction between the fermions (electrons and positrons), 
which can be implemented efficiently on our experimental platform. 
This allows us to explore quantum simulation of coherent real-time 
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Figure 1 | Quantum simulation of the Schwinger mechanism. a, The 
instability of the vacuum due to quantum fluctuations is one of the most 
fundamental effects in gauge theories. We simulate the coherent real-time 
dynamics of particle–antiparticle creation by realizing the Schwinger 
model (one-dimensional quantum electrodynamics) on a lattice, as 
described in the main text. b, The experimental setup for the simulation 
consists of a linear Paul trap, where a string of 40Ca+ ions is confined.  
The electronic states of each ion, depicted as horizontal lines, encode  
a spin | ↑ 〉  or | ↓ 〉 . These states can be manipulated using laser beams  
(see Methods for details).
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Quantum simulation of frustrated Ising spins with
trapped ions
K. Kim1, M.-S. Chang1, S. Korenblit1, R. Islam1, E. E. Edwards1, J. K. Freericks2, G.-D. Lin3, L.-M. Duan3 & C. Monroe1

A network is frustrated when competing interactions between
nodes prevent each bond from being satisfied. This compromise
is central to the behaviour of many complex systems, from social1

and neural2 networks to protein folding3 and magnetism4,5.
Frustrated networks have highly degenerate ground states, with
excess entropy and disorder even at zero temperature. In the case
of quantum networks, frustration can lead to massively entangled
ground states, underpinning exotic materials such as quantum spin
liquids and spin glasses6–9. Here we realize a quantum simulation of
frustrated Ising spins in a system of three trapped atomic ions10–12,
whose interactions are precisely controlled using optical forces13.
We study the ground state of this system as it adiabatically evolves
from a transverse polarized state, and observe that frustration
induces extra degeneracy. We also measure the entanglement in
the system, finding a link between frustration and ground-state
entanglement. This experimental system can be scaled to simulate
larger numbers of spins, the ground states of which (for frustrated
interactions) cannot be simulated on a classical computer.

Linus Pauling predicted in 1945 that the frustrated oxygen–hydrogen
bond lengths in the pyrochloric lattice of ice would lead to a macro-
scopic degeneracy of the ground state near zero temperature14. This
zero-point entropy has been observed in spin-ice materials5,15, where
the competing interactions are magnetic in nature. In the simple case
of a two-dimensional triangular lattice with frustrated antiferromag-
netic Ising interactions, the ground-state degeneracy can easily be seen
(Fig. 1a): only two of the three spins on each triangular cell can align
antiparallel, so all possible mixed configurations in each triangle
(three-quarters of all cases) are ground states. Quantum super-
position of these degenerate states leads to massive entanglement that
is important in our understanding of the complex phase structure of
many frustrated materials, ranging from molecular and liquid crystals
to high-temperature superconductors5,16.

In our experiment, we implement a quantum simulation of the
smallest possible frustrated magnetic network, which consists of three
spins. This work builds on earlier results for two trapped ions12, in a
system that can be scaled to much larger numbers of spins. We control
the sign and strength of the individual magnetic interactions, directly
measure all possible spin correlation functions and characterize
entanglement using techniques borrowed from quantum information
science12,17. The experiment is based on a linear chain of three trapped
atomic 171Yb1 ions, where the effective spin-1/2 system is represented
by the 2S1/2 jF 5 1, mF 5 0æ and jF 5 0, mF 5 0æ hyperfine ‘clock’ states
in each ion, depicted by j"æz and j#æz, respectively18, and separated in
frequency by nHF 5 12.642821 GHz.

The ions are confined in a three-layer linear trap13 and form a
crystal along the trap’s z axis with a centre-of-mass trap frequency
of nz 5 1.49 MHz. The three normal modes of transverse motion
along the principal x axis occur at frequencies n1 5 4.334 MHz,

n2 5 4.074 MHz and n3 5 3.674 MHz. Off-resonance laser beams
uniformly illuminate the ions, driving stimulated Raman transitions
between the spin states and also imparting spin-dependent forces in
the x direction. As discussed in Methods, this allows quantum simu-
lation of the Ising Hamiltonian with a transverse field10–12

H~
X

ivj

Ji,js
(i)
x s (j)

x zBy

X

i

s (i)
y ð1Þ

where By is an effective uniform transverse magnetic field with each
spin having unit magnetic moment, and we have set Planck’s constant,
h, equal to one. For three spins, we define J1 ; J1,2 5 J2,3 as the nearest-
neighbour interaction and J2 ; J1,3 as the next-nearest-neighbour
interaction (Fig. 1b), and s (i)

a denote the Pauli matrices of the ith spin.
We initialize each spin parallel to a strong transverse field and then
adiabatically lower the field relative to the Ising couplings so that the
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Figure 1 | Frustrated Ising spins. a, Simplest case of spin frustration, with
three antiferromagnetic spins on a triangle. b, Image of three trapped atomic
171Yb1 ions in the experiment, taken with an intensified charge-coupled-
device camera, with nearest-neighbour (J1) and next-nearest-neighbour (J2)
interactions. c, Expected form of the Ising interactions J1 and J2, controlled
through the detuning, m, of an optical spin-dependent force, scaled to the
axial (nz) and transverse (n1) centre-of-mass (CM) normal-mode frequencies
of motion such that the CM, tilt and zigzag modes of transverse motion
occur at ~mm:(m2{n2
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Quantum simulation of frustrated Ising spins with
trapped ions
K. Kim1, M.-S. Chang1, S. Korenblit1, R. Islam1, E. E. Edwards1, J. K. Freericks2, G.-D. Lin3, L.-M. Duan3 & C. Monroe1

A network is frustrated when competing interactions between
nodes prevent each bond from being satisfied. This compromise
is central to the behaviour of many complex systems, from social1

and neural2 networks to protein folding3 and magnetism4,5.
Frustrated networks have highly degenerate ground states, with
excess entropy and disorder even at zero temperature. In the case
of quantum networks, frustration can lead to massively entangled
ground states, underpinning exotic materials such as quantum spin
liquids and spin glasses6–9. Here we realize a quantum simulation of
frustrated Ising spins in a system of three trapped atomic ions10–12,
whose interactions are precisely controlled using optical forces13.
We study the ground state of this system as it adiabatically evolves
from a transverse polarized state, and observe that frustration
induces extra degeneracy. We also measure the entanglement in
the system, finding a link between frustration and ground-state
entanglement. This experimental system can be scaled to simulate
larger numbers of spins, the ground states of which (for frustrated
interactions) cannot be simulated on a classical computer.

Linus Pauling predicted in 1945 that the frustrated oxygen–hydrogen
bond lengths in the pyrochloric lattice of ice would lead to a macro-
scopic degeneracy of the ground state near zero temperature14. This
zero-point entropy has been observed in spin-ice materials5,15, where
the competing interactions are magnetic in nature. In the simple case
of a two-dimensional triangular lattice with frustrated antiferromag-
netic Ising interactions, the ground-state degeneracy can easily be seen
(Fig. 1a): only two of the three spins on each triangular cell can align
antiparallel, so all possible mixed configurations in each triangle
(three-quarters of all cases) are ground states. Quantum super-
position of these degenerate states leads to massive entanglement that
is important in our understanding of the complex phase structure of
many frustrated materials, ranging from molecular and liquid crystals
to high-temperature superconductors5,16.

In our experiment, we implement a quantum simulation of the
smallest possible frustrated magnetic network, which consists of three
spins. This work builds on earlier results for two trapped ions12, in a
system that can be scaled to much larger numbers of spins. We control
the sign and strength of the individual magnetic interactions, directly
measure all possible spin correlation functions and characterize
entanglement using techniques borrowed from quantum information
science12,17. The experiment is based on a linear chain of three trapped
atomic 171Yb1 ions, where the effective spin-1/2 system is represented
by the 2S1/2 jF 5 1, mF 5 0æ and jF 5 0, mF 5 0æ hyperfine ‘clock’ states
in each ion, depicted by j"æz and j#æz, respectively18, and separated in
frequency by nHF 5 12.642821 GHz.

The ions are confined in a three-layer linear trap13 and form a
crystal along the trap’s z axis with a centre-of-mass trap frequency
of nz 5 1.49 MHz. The three normal modes of transverse motion
along the principal x axis occur at frequencies n1 5 4.334 MHz,

n2 5 4.074 MHz and n3 5 3.674 MHz. Off-resonance laser beams
uniformly illuminate the ions, driving stimulated Raman transitions
between the spin states and also imparting spin-dependent forces in
the x direction. As discussed in Methods, this allows quantum simu-
lation of the Ising Hamiltonian with a transverse field10–12
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where By is an effective uniform transverse magnetic field with each
spin having unit magnetic moment, and we have set Planck’s constant,
h, equal to one. For three spins, we define J1 ; J1,2 5 J2,3 as the nearest-
neighbour interaction and J2 ; J1,3 as the next-nearest-neighbour
interaction (Fig. 1b), and s (i)

a denote the Pauli matrices of the ith spin.
We initialize each spin parallel to a strong transverse field and then
adiabatically lower the field relative to the Ising couplings so that the
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Figure 1 | Frustrated Ising spins. a, Simplest case of spin frustration, with
three antiferromagnetic spins on a triangle. b, Image of three trapped atomic
171Yb1 ions in the experiment, taken with an intensified charge-coupled-
device camera, with nearest-neighbour (J1) and next-nearest-neighbour (J2)
interactions. c, Expected form of the Ising interactions J1 and J2, controlled
through the detuning, m, of an optical spin-dependent force, scaled to the
axial (nz) and transverse (n1) centre-of-mass (CM) normal-mode frequencies
of motion such that the CM, tilt and zigzag modes of transverse motion
occur at ~mm:(m2{n2
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nodes prevent each bond from being satisfied. This compromise
is central to the behaviour of many complex systems, from social1

and neural2 networks to protein folding3 and magnetism4,5.
Frustrated networks have highly degenerate ground states, with
excess entropy and disorder even at zero temperature. In the case
of quantum networks, frustration can lead to massively entangled
ground states, underpinning exotic materials such as quantum spin
liquids and spin glasses6–9. Here we realize a quantum simulation of
frustrated Ising spins in a system of three trapped atomic ions10–12,
whose interactions are precisely controlled using optical forces13.
We study the ground state of this system as it adiabatically evolves
from a transverse polarized state, and observe that frustration
induces extra degeneracy. We also measure the entanglement in
the system, finding a link between frustration and ground-state
entanglement. This experimental system can be scaled to simulate
larger numbers of spins, the ground states of which (for frustrated
interactions) cannot be simulated on a classical computer.

Linus Pauling predicted in 1945 that the frustrated oxygen–hydrogen
bond lengths in the pyrochloric lattice of ice would lead to a macro-
scopic degeneracy of the ground state near zero temperature14. This
zero-point entropy has been observed in spin-ice materials5,15, where
the competing interactions are magnetic in nature. In the simple case
of a two-dimensional triangular lattice with frustrated antiferromag-
netic Ising interactions, the ground-state degeneracy can easily be seen
(Fig. 1a): only two of the three spins on each triangular cell can align
antiparallel, so all possible mixed configurations in each triangle
(three-quarters of all cases) are ground states. Quantum super-
position of these degenerate states leads to massive entanglement that
is important in our understanding of the complex phase structure of
many frustrated materials, ranging from molecular and liquid crystals
to high-temperature superconductors5,16.

In our experiment, we implement a quantum simulation of the
smallest possible frustrated magnetic network, which consists of three
spins. This work builds on earlier results for two trapped ions12, in a
system that can be scaled to much larger numbers of spins. We control
the sign and strength of the individual magnetic interactions, directly
measure all possible spin correlation functions and characterize
entanglement using techniques borrowed from quantum information
science12,17. The experiment is based on a linear chain of three trapped
atomic 171Yb1 ions, where the effective spin-1/2 system is represented
by the 2S1/2 jF 5 1, mF 5 0æ and jF 5 0, mF 5 0æ hyperfine ‘clock’ states
in each ion, depicted by j"æz and j#æz, respectively18, and separated in
frequency by nHF 5 12.642821 GHz.

The ions are confined in a three-layer linear trap13 and form a
crystal along the trap’s z axis with a centre-of-mass trap frequency
of nz 5 1.49 MHz. The three normal modes of transverse motion
along the principal x axis occur at frequencies n1 5 4.334 MHz,

n2 5 4.074 MHz and n3 5 3.674 MHz. Off-resonance laser beams
uniformly illuminate the ions, driving stimulated Raman transitions
between the spin states and also imparting spin-dependent forces in
the x direction. As discussed in Methods, this allows quantum simu-
lation of the Ising Hamiltonian with a transverse field10–12
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spin having unit magnetic moment, and we have set Planck’s constant,
h, equal to one. For three spins, we define J1 ; J1,2 5 J2,3 as the nearest-
neighbour interaction and J2 ; J1,3 as the next-nearest-neighbour
interaction (Fig. 1b), and s (i)

a denote the Pauli matrices of the ith spin.
We initialize each spin parallel to a strong transverse field and then
adiabatically lower the field relative to the Ising couplings so that the
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Figure 1 | Frustrated Ising spins. a, Simplest case of spin frustration, with
three antiferromagnetic spins on a triangle. b, Image of three trapped atomic
171Yb1 ions in the experiment, taken with an intensified charge-coupled-
device camera, with nearest-neighbour (J1) and next-nearest-neighbour (J2)
interactions. c, Expected form of the Ising interactions J1 and J2, controlled
through the detuning, m, of an optical spin-dependent force, scaled to the
axial (nz) and transverse (n1) centre-of-mass (CM) normal-mode frequencies
of motion such that the CM, tilt and zigzag modes of transverse motion
occur at ~mm:(m2{n2
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ated excitations act as radiating sources of entangled quasi-
particles with dispersion relations determined by the under-
lying system interactions. Possibly here start wtih: in the
case of short-range interactions get well defined group veloc-
ity - supoerpositions of left and right travelling wavepackets
emerge and distribute entanglement. for long-range....

Our system, realised with trapped ions in a linear Paul trap,
is accurately described by the transverse Ising model

HIsing = ~
X

i, j

Ji j�
(i)
x �

( j)
x + ~B

X

i

�(i)
z

where �(i)
� (� = x, y, z, ) are the spin-1/2 Pauli operators

for the ith spin, B is the e↵ective transverse magnetic
field and Ji j is the coupling matrix with approximately
power-law decay with the lattice distance |i � j| that can be
tuned between infinite-range (↵ = 0) and, asymptotically,
short-range (↵ = 3). The chosen interaction range deter-
mines the magnon quasi-particle dispersion relationship and
their interactions in the system (fig 1). In the case where
B >> max(Ji j) the number of spin excitations is conserved
and HIsing reduces to the XY model of hopping hardcore
bosons HXY =

P
i< j Ji j(�+�� + ���+). (somewhere say:?

our quasi-particles are hardcore bosons, maybe figure 1
caption)We can varify the system behaviour by directly
measuring the exact spatial distribution of the spin-spin
interactions in our system, i.e. the underlying Hamiltonian,
and the corresponding quasi-particle dispersion relationship
(see methods), which are seen to closely match theoretical
predictions (Fig 1b-c).

Starting with the steady state of all spins down we per-
form arbitrary local and global quenches of system. For local
quenches this means fully flipping or making superpositions
(|+i = (| #i+| "i)/

p
2) of individual spins. (something about?:

with local quench probe low lying excitations of system and
QP dispersion relation. With global quench probe high lying
excitations and QP interactions become really important.) In
this case the spread of information from the quench site(s)
around system can be seen in spatially and temporally re-
solved single spin observables like the magnetisation hZ(t)i.
At early times wavefronts radiating away from single spin-
excitations are clearly visible while at later times reflections
result in complex interference patterns (fig 1a-b). Creating
excitations at either end of the spin chain creates counter-
propagating wavefronts resulting in quasi-particle collisions,
with properties dependant on the underlying interaction range
(Fig 1c).

For global quenches rotate all spins are prepared in the
superposition state |+i. This corresponds to a superposition
of all possible system excitations and therefore all super-
positions of magnon dynamics will occur. In this case the
underlying physics can be investigated by measuring two-spin
correlation functions (fig 1d). The propagation of correlations
following global quenches in spin chains is explored in a

FIG. 2: Magnon dynamics in a systems of 7 interacting quantum
spins following local and global quenches. a-c. Time evolution of
the magnetisation hZ(t)i of each spin in the system following a local
quench at: a the centre spin, for ↵ ⇡ ??. a.i, data, a.ii, theory: b
the left hand spin, for ↵ ⇡ ??, b.i, data, b.ii, theory and: c both ends
of the chain resulting, for ↵ ⇡ ??, (data only). d. Time evolution
of two-spin correlation function C = hZi(t)Zj(t)i � hZi(t)ihZj(t)i fol-
lowing a global quench, for ↵ ⇡ ?? (see methods, where we must
explain that done with smaller B field).

complimentary paper by Monroe [? ].

To reveal the quantum correlations carried by quasi-
particles we tomographically measure the full quantum state
of pairs of spins at many points during the dynamics. In this
case we employ short-range interactions (↵ 2) for which a
clear wavefront is apparent following a local quench in the
centre of the spin chain (fig 3a). The results clearly show that
magnons emerging from either side of the initial excitation are
entangled, and distribute this entanglement across the spin-
chain at a finite velocity (fig 3b-c). In general it is possible to
measure the quantum state of any subset of spins at any point
in the dynamics.

In the case of nearest-neighbour interactions, LR bounds
say that information is restricted to propagate within well de-
fined wavefronts, beyond which the signal amplitude decays
exponentially (both in space and time). In that case, the sys-
tems maximal group velocity tightly bounds the propagating
wave front. In the presence of power-law interactions that
decay su�ciently fast, one can still obtain an approximate
light cone by considering only the nearest-neighbor interac-
tions [8? ], but now the signal decays algebraically outside
of this approximate light cone. When the interactions become
of longer range, there are more magnons that propagate faster
than the nearest-neighbor wave front, and the light-cone con-
cept breaks down.

This e↵ect is exemplified in Fig. 4a-c for local quenches
at three values of ↵, chosen roughly equally spaced around
↵ = 1. In the shortest-range case (Fig. 4a, ↵ ⇠ 1.41), the ob-
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for the ith spin, B is the e↵ective transverse magnetic
field and Ji j is the coupling matrix with approximately
power-law decay with the lattice distance |i � j| that can be
tuned between infinite-range (↵ = 0) and, asymptotically,
short-range (↵ = 3). The chosen interaction range deter-
mines the magnon quasi-particle dispersion relationship and
their interactions in the system (fig 1). In the case where
B >> max(Ji j) the number of spin excitations is conserved
and HIsing reduces to the XY model of hopping hardcore
bosons HXY =

P
i< j Ji j(�+�� + ���+). (somewhere say:?

our quasi-particles are hardcore bosons, maybe figure 1
caption)We can varify the system behaviour by directly
measuring the exact spatial distribution of the spin-spin
interactions in our system, i.e. the underlying Hamiltonian,
and the corresponding quasi-particle dispersion relationship
(see methods), which are seen to closely match theoretical
predictions (Fig 1b-c).

Starting with the steady state of all spins down we per-
form arbitrary local and global quenches of system. For local
quenches this means fully flipping or making superpositions
(|+i = (| #i+| "i)/
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2) of individual spins. (something about?:

with local quench probe low lying excitations of system and
QP dispersion relation. With global quench probe high lying
excitations and QP interactions become really important.) In
this case the spread of information from the quench site(s)
around system can be seen in spatially and temporally re-
solved single spin observables like the magnetisation hZ(t)i.
At early times wavefronts radiating away from single spin-
excitations are clearly visible while at later times reflections
result in complex interference patterns (fig 1a-b). Creating
excitations at either end of the spin chain creates counter-
propagating wavefronts resulting in quasi-particle collisions,
with properties dependant on the underlying interaction range
(Fig 1c).

For global quenches rotate all spins are prepared in the
superposition state |+i. This corresponds to a superposition
of all possible system excitations and therefore all super-
positions of magnon dynamics will occur. In this case the
underlying physics can be investigated by measuring two-spin
correlation functions (fig 1d). The propagation of correlations
following global quenches in spin chains is explored in a

FIG. 2: Magnon dynamics in a systems of 7 interacting quantum
spins following local and global quenches. a-c. Time evolution of
the magnetisation hZ(t)i of each spin in the system following a local
quench at: a the centre spin, for ↵ ⇡ ??. a.i, data, a.ii, theory: b
the left hand spin, for ↵ ⇡ ??, b.i, data, b.ii, theory and: c both ends
of the chain resulting, for ↵ ⇡ ??, (data only). d. Time evolution
of two-spin correlation function C = hZi(t)Zj(t)i � hZi(t)ihZj(t)i fol-
lowing a global quench, for ↵ ⇡ ?? (see methods, where we must
explain that done with smaller B field).

complimentary paper by Monroe [? ].

To reveal the quantum correlations carried by quasi-
particles we tomographically measure the full quantum state
of pairs of spins at many points during the dynamics. In this
case we employ short-range interactions (↵ 2) for which a
clear wavefront is apparent following a local quench in the
centre of the spin chain (fig 3a). The results clearly show that
magnons emerging from either side of the initial excitation are
entangled, and distribute this entanglement across the spin-
chain at a finite velocity (fig 3b-c). In general it is possible to
measure the quantum state of any subset of spins at any point
in the dynamics.

In the case of nearest-neighbour interactions, LR bounds
say that information is restricted to propagate within well de-
fined wavefronts, beyond which the signal amplitude decays
exponentially (both in space and time). In that case, the sys-
tems maximal group velocity tightly bounds the propagating
wave front. In the presence of power-law interactions that
decay su�ciently fast, one can still obtain an approximate
light cone by considering only the nearest-neighbor interac-
tions [8? ], but now the signal decays algebraically outside
of this approximate light cone. When the interactions become
of longer range, there are more magnons that propagate faster
than the nearest-neighbor wave front, and the light-cone con-
cept breaks down.

This e↵ect is exemplified in Fig. 4a-c for local quenches
at three values of ↵, chosen roughly equally spaced around
↵ = 1. In the shortest-range case (Fig. 4a, ↵ ⇠ 1.41), the ob-
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<latexit sha1_base64="Sa9QFQcXtrRajQDumJDLF+Pi+OI=">AAAB/XicfVDLSsNAFL3xWeMr1qWbYiu4kDCpoO3KghuXFewDmlIm420bkkzCzMS2hOKfuBNdiFt/xI1/4SeYtgqWomd1Oefc13Ei35WKkA9taXlldW09s6Fvbm3v7Bp72boMY8GwxkI/FE2HSvRdjjXlKh+bkUAaOD42HO9yojfuUEg35DdqFGE7oD3udl1GVUp1jGzB9lAl9m044FSIcDAudIw8MUm5RE7LucXCMskU+YtPmKLaMd7TdhYHyBXzqZQt5L309P6JRSLVTgRGoVBj/ehfl2QiNU58uh1LjCjzaA+TmMnxb6IVq25p2E5cHsUKOZsTExrIgKr+AilHgTNPonR5ussOqIc0TU0pFLo9nZrrmwqHehrDz6+5v4t60bSIaV0X85WzWR6QgQM4hGOw4BwqcAVVqAGDITzAEzxr99qj9qK9zqxL2nfPPsxBe/sCoVuYBA==</latexit><latexit sha1_base64="Sa9QFQcXtrRajQDumJDLF+Pi+OI=">AAAB/XicfVDLSsNAFL3xWeMr1qWbYiu4kDCpoO3KghuXFewDmlIm420bkkzCzMS2hOKfuBNdiFt/xI1/4SeYtgqWomd1Oefc13Ei35WKkA9taXlldW09s6Fvbm3v7Bp72boMY8GwxkI/FE2HSvRdjjXlKh+bkUAaOD42HO9yojfuUEg35DdqFGE7oD3udl1GVUp1jGzB9lAl9m044FSIcDAudIw8MUm5RE7LucXCMskU+YtPmKLaMd7TdhYHyBXzqZQt5L309P6JRSLVTgRGoVBj/ehfl2QiNU58uh1LjCjzaA+TmMnxb6IVq25p2E5cHsUKOZsTExrIgKr+AilHgTNPonR5ussOqIc0TU0pFLo9nZrrmwqHehrDz6+5v4t60bSIaV0X85WzWR6QgQM4hGOw4BwqcAVVqAGDITzAEzxr99qj9qK9zqxL2nfPPsxBe/sCoVuYBA==</latexit><latexit sha1_base64="Sa9QFQcXtrRajQDumJDLF+Pi+OI=">AAAB/XicfVDLSsNAFL3xWeMr1qWbYiu4kDCpoO3KghuXFewDmlIm420bkkzCzMS2hOKfuBNdiFt/xI1/4SeYtgqWomd1Oefc13Ei35WKkA9taXlldW09s6Fvbm3v7Bp72boMY8GwxkI/FE2HSvRdjjXlKh+bkUAaOD42HO9yojfuUEg35DdqFGE7oD3udl1GVUp1jGzB9lAl9m044FSIcDAudIw8MUm5RE7LucXCMskU+YtPmKLaMd7TdhYHyBXzqZQt5L309P6JRSLVTgRGoVBj/ehfl2QiNU58uh1LjCjzaA+TmMnxb6IVq25p2E5cHsUKOZsTExrIgKr+AilHgTNPonR5ussOqIc0TU0pFLo9nZrrmwqHehrDz6+5v4t60bSIaV0X85WzWR6QgQM4hGOw4BwqcAVVqAGDITzAEzxr99qj9qK9zqxL2nfPPsxBe/sCoVuYBA==</latexit><latexit sha1_base64="Sa9QFQcXtrRajQDumJDLF+Pi+OI=">AAAB/XicfVDLSsNAFL3xWeMr1qWbYiu4kDCpoO3KghuXFewDmlIm420bkkzCzMS2hOKfuBNdiFt/xI1/4SeYtgqWomd1Oefc13Ei35WKkA9taXlldW09s6Fvbm3v7Bp72boMY8GwxkI/FE2HSvRdjjXlKh+bkUAaOD42HO9yojfuUEg35DdqFGE7oD3udl1GVUp1jGzB9lAl9m044FSIcDAudIw8MUm5RE7LucXCMskU+YtPmKLaMd7TdhYHyBXzqZQt5L309P6JRSLVTgRGoVBj/ehfl2QiNU58uh1LjCjzaA+TmMnxb6IVq25p2E5cHsUKOZsTExrIgKr+AilHgTNPonR5ussOqIc0TU0pFLo9nZrrmwqHehrDz6+5v4t60bSIaV0X85WzWR6QgQM4hGOw4BwqcAVVqAGDITzAEzxr99qj9qK9zqxL2nfPPsxBe/sCoVuYBA==</latexit><latexit sha1_base64="ZydewvjKMX+tmXjeHhgZ74voC34=">AAAB/XicfVDLSsNAFL3xWeMr1qWbYiu4kDCpoO2u4MZlBfuAppTJeNsOTSZhZmJbQvFP3IkuxK0/4sa/Ma0VLEXP6nLOua/jRT5XmpBPY2V1bX1jM7Nlbu/s7u1bB9m6CmPJsMZCP5RNjyr0ucCa5trHZiSRBp6PDW9wNdUb9ygVD8WtHkfYDmhP8C5nVKdUx8oW3AHqxL0Lh4JKGQ4nhY6VJzYpl8h5ObdcODaZIQ9zVDvWR9rO4gCFZj5VqoWil57eP3NIpNuJxCiUemKe/OtSTKbGqc90Y4URZQPawyRmavKbaMW6Wxq1Ey6iWKNgC2JCAxVQ3V8i1TjwFklUXKS73IAOkKapaY3SdGdTc31b48hMY/j5Nfd3US/aDrGdm2K+cjEPJANHcAyn4MAlVOAaqlADBiN4hGd4MR6MJ+PVePu2rhjznkNYgPH+BQP6ltU=</latexit>

|"i
<latexit sha1_base64="NQ3bR/J+EszGvkm0vwbPuC7HA2k=">AAAB+3icfVDLSsNAFL3xWeMr6tJNsRVcSEgqaLuy4MZlBfuAppTJeNsOeQ0zk9oS8ifuRBfi1j9x41/4CaatgqXoWV3OOfd1XO4zqSzrQ1taXlldW89t6Jtb2zu7xt5+Q0axoFinkR+Jlksk+izEumLKxxYXSALXx6brXU305hCFZFF4q8YcOwHph6zHKFEZ1TWMouOhSpyYEyGi+7TYNQqWaVXK1lklv1jYpjVF4fITpqh1jXfnLqJxgKGiPpGyjWE/O3xwaltcdRKBPBIq1Y//dUkqMuPEpzuxRE6oR/qYxFSmv4l2rHrlUSdhIY8VhnROTEggA6IGC6QcB+48iZKF2S4nIB6SLDOlUOjOdGp+YCoc6VkMP7/m/y4aJdO2TPumVKiez/KAHBzCEZyADRdQhWuoQR0oDOEBnuBZS7VH7UV7nVmXtO+eA5iD9vYFCIuXHQ==</latexit><latexit sha1_base64="NQ3bR/J+EszGvkm0vwbPuC7HA2k=">AAAB+3icfVDLSsNAFL3xWeMr6tJNsRVcSEgqaLuy4MZlBfuAppTJeNsOeQ0zk9oS8ifuRBfi1j9x41/4CaatgqXoWV3OOfd1XO4zqSzrQ1taXlldW89t6Jtb2zu7xt5+Q0axoFinkR+Jlksk+izEumLKxxYXSALXx6brXU305hCFZFF4q8YcOwHph6zHKFEZ1TWMouOhSpyYEyGi+7TYNQqWaVXK1lklv1jYpjVF4fITpqh1jXfnLqJxgKGiPpGyjWE/O3xwaltcdRKBPBIq1Y//dUkqMuPEpzuxRE6oR/qYxFSmv4l2rHrlUSdhIY8VhnROTEggA6IGC6QcB+48iZKF2S4nIB6SLDOlUOjOdGp+YCoc6VkMP7/m/y4aJdO2TPumVKiez/KAHBzCEZyADRdQhWuoQR0oDOEBnuBZS7VH7UV7nVmXtO+eA5iD9vYFCIuXHQ==</latexit><latexit sha1_base64="NQ3bR/J+EszGvkm0vwbPuC7HA2k=">AAAB+3icfVDLSsNAFL3xWeMr6tJNsRVcSEgqaLuy4MZlBfuAppTJeNsOeQ0zk9oS8ifuRBfi1j9x41/4CaatgqXoWV3OOfd1XO4zqSzrQ1taXlldW89t6Jtb2zu7xt5+Q0axoFinkR+Jlksk+izEumLKxxYXSALXx6brXU305hCFZFF4q8YcOwHph6zHKFEZ1TWMouOhSpyYEyGi+7TYNQqWaVXK1lklv1jYpjVF4fITpqh1jXfnLqJxgKGiPpGyjWE/O3xwaltcdRKBPBIq1Y//dUkqMuPEpzuxRE6oR/qYxFSmv4l2rHrlUSdhIY8VhnROTEggA6IGC6QcB+48iZKF2S4nIB6SLDOlUOjOdGp+YCoc6VkMP7/m/y4aJdO2TPumVKiez/KAHBzCEZyADRdQhWuoQR0oDOEBnuBZS7VH7UV7nVmXtO+eA5iD9vYFCIuXHQ==</latexit><latexit sha1_base64="NQ3bR/J+EszGvkm0vwbPuC7HA2k=">AAAB+3icfVDLSsNAFL3xWeMr6tJNsRVcSEgqaLuy4MZlBfuAppTJeNsOeQ0zk9oS8ifuRBfi1j9x41/4CaatgqXoWV3OOfd1XO4zqSzrQ1taXlldW89t6Jtb2zu7xt5+Q0axoFinkR+Jlksk+izEumLKxxYXSALXx6brXU305hCFZFF4q8YcOwHph6zHKFEZ1TWMouOhSpyYEyGi+7TYNQqWaVXK1lklv1jYpjVF4fITpqh1jXfnLqJxgKGiPpGyjWE/O3xwaltcdRKBPBIq1Y//dUkqMuPEpzuxRE6oR/qYxFSmv4l2rHrlUSdhIY8VhnROTEggA6IGC6QcB+48iZKF2S4nIB6SLDOlUOjOdGp+YCoc6VkMP7/m/y4aJdO2TPumVKiez/KAHBzCEZyADRdQhWuoQR0oDOEBnuBZS7VH7UV7nVmXtO+eA5iD9vYFCIuXHQ==</latexit><latexit sha1_base64="f/Ol7zh1ZwyAzoBnUyzI3doPPNo=">AAAB+3icfVDLSsNAFL3xWeMr6tJNsRVcSJhU0HZXcOOygn1AU8pkvG2HJpMwM6ktIX/iTnQhbv0TN/6Naa1gKXpWl3POfR0v8rnShHwaK6tr6xubuS1ze2d3b986OGyoMJYM6yz0Q9nyqEKfC6xrrn1sRRJp4PnY9IbXU705Qql4KO70JMJOQPuC9zijOqO6llV0h6gTN46olOFDWuxaBWKTSplcVPLLhWOTGQowR61rfbj3IYsDFJr5VKk2in52+ODcIZHuJBKjUOrUPP3XpZjMjFOf6cYKI8qGtI9JzFT6m2jHulcedxIuolijYAtiQgMVUD1YItUk8BZJVFxku9yADpFmmWmN0nRnU/MDW+PYzGL4+TX/d9Eo2Q6xndtSoXo5DyQHx3ACZ+DAFVThBmpQBwYjeIRneDFS48l4Nd6+rSvGvOcIFmC8fwFrG5Xu</latexit>

phase shift

N - independent atoms N - entangled atoms

product state ª |#1i . . . |#N i
<latexit sha1_base64="PpamZeh7f4ChdKulohjstiHssgM=">AAACK3icfVBNS8NAEJ34bfyqevQSrIIHCYmC2pMFL55EwapgStlsx3Zpsht2J7Yl9O9485948wMUr979CcaqYCn6TsN7b2Z4L0wiYcjznq2R0bHxicmpaXtmdm5+obC4dGZUqjlWuIqUvgiZwUhIrJCgCC8SjSwOIzwPWwef+vk1aiOUPKVugtWYNaS4EpxRTtUK5USresrJMcQInbXAiNgJWkhZUFdtybRW7ZrfC6K6IjMkHPXWaoWi53qlPW+75AwPvuv1Udx/hz6Oa4WH/ABPY5TEI2bMJcpGHrS56XsJVTONidLUs9f/dRmuc+Onzw5SgwnjLdbALOWm95u4TOlqr1PNhExSQskHxIzFJmbUHCJNNw4HSTRC5r+CmLWQ5R0TobaD/lWn6RJ27LyGn6zO38PZlut7rn+yVSzvfPUBU7ACq7ABPuxCGQ7hGCrA4Qbu4BGerFvr3nqxXr+sI9b3zjIMwHr7AGEKq60=</latexit><latexit sha1_base64="PpamZeh7f4ChdKulohjstiHssgM=">AAACK3icfVBNS8NAEJ34bfyqevQSrIIHCYmC2pMFL55EwapgStlsx3Zpsht2J7Yl9O9485948wMUr979CcaqYCn6TsN7b2Z4L0wiYcjznq2R0bHxicmpaXtmdm5+obC4dGZUqjlWuIqUvgiZwUhIrJCgCC8SjSwOIzwPWwef+vk1aiOUPKVugtWYNaS4EpxRTtUK5USresrJMcQInbXAiNgJWkhZUFdtybRW7ZrfC6K6IjMkHPXWaoWi53qlPW+75AwPvuv1Udx/hz6Oa4WH/ABPY5TEI2bMJcpGHrS56XsJVTONidLUs9f/dRmuc+Onzw5SgwnjLdbALOWm95u4TOlqr1PNhExSQskHxIzFJmbUHCJNNw4HSTRC5r+CmLWQ5R0TobaD/lWn6RJ27LyGn6zO38PZlut7rn+yVSzvfPUBU7ACq7ABPuxCGQ7hGCrA4Qbu4BGerFvr3nqxXr+sI9b3zjIMwHr7AGEKq60=</latexit><latexit sha1_base64="PpamZeh7f4ChdKulohjstiHssgM=">AAACK3icfVBNS8NAEJ34bfyqevQSrIIHCYmC2pMFL55EwapgStlsx3Zpsht2J7Yl9O9485948wMUr979CcaqYCn6TsN7b2Z4L0wiYcjznq2R0bHxicmpaXtmdm5+obC4dGZUqjlWuIqUvgiZwUhIrJCgCC8SjSwOIzwPWwef+vk1aiOUPKVugtWYNaS4EpxRTtUK5USresrJMcQInbXAiNgJWkhZUFdtybRW7ZrfC6K6IjMkHPXWaoWi53qlPW+75AwPvuv1Udx/hz6Oa4WH/ABPY5TEI2bMJcpGHrS56XsJVTONidLUs9f/dRmuc+Onzw5SgwnjLdbALOWm95u4TOlqr1PNhExSQskHxIzFJmbUHCJNNw4HSTRC5r+CmLWQ5R0TobaD/lWn6RJ27LyGn6zO38PZlut7rn+yVSzvfPUBU7ACq7ABPuxCGQ7hGCrA4Qbu4BGerFvr3nqxXr+sI9b3zjIMwHr7AGEKq60=</latexit><latexit sha1_base64="PpamZeh7f4ChdKulohjstiHssgM=">AAACK3icfVBNS8NAEJ34bfyqevQSrIIHCYmC2pMFL55EwapgStlsx3Zpsht2J7Yl9O9485948wMUr979CcaqYCn6TsN7b2Z4L0wiYcjznq2R0bHxicmpaXtmdm5+obC4dGZUqjlWuIqUvgiZwUhIrJCgCC8SjSwOIzwPWwef+vk1aiOUPKVugtWYNaS4EpxRTtUK5USresrJMcQInbXAiNgJWkhZUFdtybRW7ZrfC6K6IjMkHPXWaoWi53qlPW+75AwPvuv1Udx/hz6Oa4WH/ABPY5TEI2bMJcpGHrS56XsJVTONidLUs9f/dRmuc+Onzw5SgwnjLdbALOWm95u4TOlqr1PNhExSQskHxIzFJmbUHCJNNw4HSTRC5r+CmLWQ5R0TobaD/lWn6RJ27LyGn6zO38PZlut7rn+yVSzvfPUBU7ACq7ABPuxCGQ7hGCrA4Qbu4BGerFvr3nqxXr+sI9b3zjIMwHr7AGEKq60=</latexit><latexit sha1_base64="cYuuYzUWJFzgwfl5ehlQy8gXbhQ=">AAACK3icfVDLSsNAFJ34rPEVdekm2AouJCQVtO4KblxJBauFpoTJ9LYdmsyEmRsfhPyOO//EnQ9Q3PofRq1gKXpWl3POvZdzwiTiGl33xZianpmdmy8tmItLyyur1tr6uZapYtBkMpKqFVINERfQRI4RtBIFNA4juAiHR5/6xSUozaU4w5sEOjHtC97jjGJBBVY9UbKbMrQ1UgS74mse2/4QMPO78kpQpeRV4OV+1JWoJ4STvBJYZddxD2vu3qE9OXiO+4UyGaERWI/FAZbGIJBFVOs2iH4RdLDruQl2MgWJVJib2/+6NFOF8dNn+qmGhLIh7UOWMp3/Jtop9mrXnYyLJEUQbEzMaKxjioMJUt/E4TgJmovilx/TIdCiY0RQpv911R44CNdmUcNPVvvv4bzqeK7jnVbL9f1RISWySbbIDvHIAamTY9IgTcLILbknT+TZuDMejFfj7ds6ZYx2NsgYjPcPw5qqfg==</latexit>

GHZ ª |#1 . . . #N i+|"1 . . . "N i
<latexit sha1_base64="MQGyutxA1kzT/uDEeLEu5e/KilY=">AAACPXicfZBLS8NAEMcn9R1fUY9egq0gKCGp4ONkwYM9iYptRVPKZp22S5NN2N34IPR7efNLePHiTfQg4s2raavQWnROw29+u8P8vchnUtn2o5YZGR0bn5ic0qdnZufmjYXFsgxjQbFEQz8UZx6R6DOOJcWUj2eRQBJ4Pla81n5nXrlCIVnIT9VthNWANDirM0pUimrGyUHx3My5kgWm20KVuJfhNSdChNc1x/UvQyXNPnTYXu9ZcfTL+QGH7VzNyNqWvbtjb+6aw41j2d3K7n1At45qxkO6gsYBckV9IuUF8kZ6enPDsSNVTQRGoVBtffVfS1KRih1Pd2OJEaEt0sAkprLdDy5iVd+5qSaMR7FCTgeGCQlkQFRzCMrbwBuEKBlPd7kBaSFJU1cKhe52fzWblsIbPY3h51bz76actxzbco7z2cJWLw+YhGVYgTVwYBsKUIQjKAGFO3iCF3jV7rVn7U1776kZ7fvNEgyU9vkF0Rqy6g==</latexit><latexit sha1_base64="MQGyutxA1kzT/uDEeLEu5e/KilY=">AAACPXicfZBLS8NAEMcn9R1fUY9egq0gKCGp4ONkwYM9iYptRVPKZp22S5NN2N34IPR7efNLePHiTfQg4s2raavQWnROw29+u8P8vchnUtn2o5YZGR0bn5ic0qdnZufmjYXFsgxjQbFEQz8UZx6R6DOOJcWUj2eRQBJ4Pla81n5nXrlCIVnIT9VthNWANDirM0pUimrGyUHx3My5kgWm20KVuJfhNSdChNc1x/UvQyXNPnTYXu9ZcfTL+QGH7VzNyNqWvbtjb+6aw41j2d3K7n1At45qxkO6gsYBckV9IuUF8kZ6enPDsSNVTQRGoVBtffVfS1KRih1Pd2OJEaEt0sAkprLdDy5iVd+5qSaMR7FCTgeGCQlkQFRzCMrbwBuEKBlPd7kBaSFJU1cKhe52fzWblsIbPY3h51bz76actxzbco7z2cJWLw+YhGVYgTVwYBsKUIQjKAGFO3iCF3jV7rVn7U1776kZ7fvNEgyU9vkF0Rqy6g==</latexit><latexit sha1_base64="MQGyutxA1kzT/uDEeLEu5e/KilY=">AAACPXicfZBLS8NAEMcn9R1fUY9egq0gKCGp4ONkwYM9iYptRVPKZp22S5NN2N34IPR7efNLePHiTfQg4s2raavQWnROw29+u8P8vchnUtn2o5YZGR0bn5ic0qdnZufmjYXFsgxjQbFEQz8UZx6R6DOOJcWUj2eRQBJ4Pla81n5nXrlCIVnIT9VthNWANDirM0pUimrGyUHx3My5kgWm20KVuJfhNSdChNc1x/UvQyXNPnTYXu9ZcfTL+QGH7VzNyNqWvbtjb+6aw41j2d3K7n1At45qxkO6gsYBckV9IuUF8kZ6enPDsSNVTQRGoVBtffVfS1KRih1Pd2OJEaEt0sAkprLdDy5iVd+5qSaMR7FCTgeGCQlkQFRzCMrbwBuEKBlPd7kBaSFJU1cKhe52fzWblsIbPY3h51bz76actxzbco7z2cJWLw+YhGVYgTVwYBsKUIQjKAGFO3iCF3jV7rVn7U1776kZ7fvNEgyU9vkF0Rqy6g==</latexit><latexit sha1_base64="MQGyutxA1kzT/uDEeLEu5e/KilY=">AAACPXicfZBLS8NAEMcn9R1fUY9egq0gKCGp4ONkwYM9iYptRVPKZp22S5NN2N34IPR7efNLePHiTfQg4s2raavQWnROw29+u8P8vchnUtn2o5YZGR0bn5ic0qdnZufmjYXFsgxjQbFEQz8UZx6R6DOOJcWUj2eRQBJ4Pla81n5nXrlCIVnIT9VthNWANDirM0pUimrGyUHx3My5kgWm20KVuJfhNSdChNc1x/UvQyXNPnTYXu9ZcfTL+QGH7VzNyNqWvbtjb+6aw41j2d3K7n1At45qxkO6gsYBckV9IuUF8kZ6enPDsSNVTQRGoVBtffVfS1KRih1Pd2OJEaEt0sAkprLdDy5iVd+5qSaMR7FCTgeGCQlkQFRzCMrbwBuEKBlPd7kBaSFJU1cKhe52fzWblsIbPY3h51bz76actxzbco7z2cJWLw+YhGVYgTVwYBsKUIQjKAGFO3iCF3jV7rVn7U1776kZ7fvNEgyU9vkF0Rqy6g==</latexit><latexit sha1_base64="iAC1q264ypcUN4Ypja28I9IEylc=">AAACPXicfZBLT8JAEMe3+ML6Qj16aQQTE03TYqJwI/EgJ4JGHpESsl0G2NBum92tQBq+lze/hBcv3owejFevllcCGp3T5De/3cn8bd+hQhrGsxJbWl5ZXYuvqxubW9s7id29svACTqBEPMfjVRsLcCiDkqTSgarPAbu2AxW7ezmaV+6BC+qxWznwoe7iNqMtSrCMUCNxc5W/01KWoK5mdUGGVtPrMcy512uYltP0pNDmUGF4MrEC/4czA4VhqpFIGrqRzRhnWe13Y+rGuJJoWsVG4ilaQQIXmCQOFqIGrB2d3jk1DV/WQw6+x+VQPfrXEoRH4shTrUCAj0kXtyEMiBjOg1ogW5l+PaTMDyQwsjAMsStcLDu/oBi49iIEQVm0y3JxF3CUupTAVWv8q9bRJfTVKIbZrdrfTTmtm4ZuXqeTufNpIHF0gA7RMTLRBcqhPCqiEiLoAb2gN/SuPCqvyofyOVFjyvTNPloo5esbM7mxuw==</latexit>

δϕ∼ 1
"

N
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δϕ∼ 1
N
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standard quantum noise limit Heisenberg limit

input states

Tutorial: J Huang et al., arxiv1308.6092

parameter estimation of phase shift

[Fisher information, Cramer-Rao bound etc.]

prepare 
initial state

or: spin squeezed state

quantum 
measurement

quantum optical systems allow 
measurements beyond SQL

coherent control



uibkEx 5: Cavity QED & Quantum Networks

waveguide

• CQED

atom  

cavity

photon 
(flying qubit)

For a review see: P. Lodahl, A Rauschenbeutel, P.Z. et al., Nature 2017

& light-matter interface

(stationary qubit)

chiral = unidirectional

input

output

input

output

open quantum system



uibkEx 5: Cavity QED & Quantum Networks

waveguide

• CQED

qubit 1  

& light-matter interface

qubit 2  

• Quantum State Transfer

qubit 1 wavepacket in waveguide qubit 2

°
Æ |g i1 +Ø |ei1

¢
|0ip |g i1 ! |g i1

°
Æ |0ip +Ø |1ip

¢
|g i1 ! |g i1 |0ip

°
Æ |g i2 +Ø |ei2

¢

fidelity of transfer ~ quantum control problem
… see Lecture 4



uibkEx 5: Cavity QED & Quantum Networks

waveguide

• CQED

qubit 1  

& light-matter interface

qubit 2  

• Quantum Networks

node

channel

~ quantum computer: 
'stationary qubits’

~ photonic waveguide: 
‘flying qubits’ 


