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Objective
We aim to solve the martingale optimal transport (MOT) problem:

P, v) = sup )EW[C(X,Y)],
S v

where 1, and v are probability measureson X = R and ¢ : X2 — Ris
measurable.
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Objective
We aim to solve the martingale optimal transport (MOT) problem:

P, v) = sup )EW[C(X,Y)],
S v

where y and v are probability measureson X = R and c: X2 — Riis

measurable.

I =377 aidg(dx) and v = Y77 | By, (dy), then Py, ) reduces to a
linear programming (LP) problem;
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Objective
We aim to solve the martingale optimal transport (MOT) problem:

P, v) = sup )EW[C(X,Y)],
S v

where y and v are probability measureson X = R and c: X2 — Riis
measurable.

M =377 aidg(dx) and v = Y77 By, (dy), then Py, ) reduces to a
linear programming (LP) problem;

« Ifd=1andc(x,y) = h(x—y)orc(x,y) = ¢(x)1¥(y), then the map
(1, v) — P(u,v) is continuous w.r.t. some topology of Wasserstein kind.
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A relaxed MOT problem

Let X = (Xk)1<k<wn be the coordinate process on X",
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A relaxed MOT problem

Let X = (Xk)1<k<n be the coordinate process on AV,

For a vector of probability measures p = (k) 1<k<ny and e € R, we consider

Me(p) = {weP(XN): X X o and |Bx e, o] — X < 5},
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A relaxed MOT problem

Let X = (Xk)1<k<n be the coordinate process on AV,

For a vector of probability measures p = (k) 1<k<ny and e € R, we consider
Me(p) = {weP(XN): X X o and |Bx e, o] — X < 5},

and define the corresponding optimization problem in the case of ¢ : X" — R

Pe(l) = sup Ex[cx)] (Mo(p) = M(p) and Po(p) = P(u)).
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A relaxed MOT problem

Let X = (Xk)1<k<n be the coordinate process on AV,

For a vector of probability measures p = (k) 1<k<ny and e € R, we consider

M.(p) = {7r ePAM): X X o and [Ex e, oox] — X < 5} :

and define the corresponding optimization problem in the case of ¢ : X" — R

Po(p) = sup  Er[c(X)] (Mo(u) = M(p) and Po(p) = P(u)).
TEMe (1)

GOAL: COMPUTE NUMERICALLY P( ).

European
Research
Council

rc

olxlelolrID



Strassen’s theorem

Definition
For any . and v admitting finite first moment, we say p < v if

/R< min w(Z))u(dx) < | vor(en

z: |z—x|<e

holds for all convex function 1) : RY — R.
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Strassen’s theorem

Definition
For any . and v admitting finite first moment, we say p < v if

L. ( |£‘1‘;r§:/’<2>) ueg < | wlu(e)

holds for all convex function 1) : RY — R.

Theorem
Let 1 have finite first moment for k = 1,--- | N. Then M () # O iff pux =<e kst
fork=1,--- /N — 1. In particular, w is called a PCOC if ¢ = Q.

European

Research
} g odfpomm

olxlrlolrlib



A stability result
For H = (,u/k)lgkg/\/ andv = (Vk)lngNr define

Wl@(”ay) = Z Wl(:u‘kv’/k)'

1<k<N
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A stability result
For p = ()1<k<w and v = (v)1<k<n, define

Wl@(uvy) = Z Wl(uk7yk)'

1<k<N

Theorem
Let (u"),>1 be a sequence converging to a PCOC p under W, Set
dp == WP (", w), then one has Mg, (u") # 0. If further ¢ is L—Lipschitz, then

P(n) < Pq(u") + Ldy < Pog,(u) + 2Ld.

P(p).

In particular lim,_, . Pg, (1)

European

Research
} g odfpomm

olxlelolrID



Convergence rate: ;; = pand py = v

Theorem
Let c be Lipschitz and satisfy sup, ) cge ‘3}?},C(X7 Y)| < +oc. If v has finite second

moment, then there exists C > 0 s.t.
P "V — P < inf R
P (170") = Pu)] < € inf A(R),

where

An(R) = Rd, + </(R+ )(y—R)zv(dy)—k/(_ _R)(y+R)2v(dy)>.
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Convergence rate: ;; = pand py = v

Theorem
Let c be Lipschitz and satisfy sup, ) cge ‘3}?},C(X7 Y)| < +oc. If v has finite second
moment, then there exists C > 0 s.t.

n ony _ <
|Pa, (u",0") — P(p,v)| C inf An(R),

where

An(R) = Rd, + </(R+ )(y—R)zv(dy)—k/(_ _R)(y+R)2v(dy)>.

Remark
IP(u",v") = P(u,v)| < Cinfrer, An(R) holds if (1", ") is a PCOC.
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An explicit construction of PCOC

Define fork € Z

p'({k/n}) = / (nx+1—k)du + / (14 k — nx)du,
((k=1)/n,k/n) [k/n,(k+1)/n)

o ({kjn}) = / (nx—i—l—kdu—i—/ (1+ k- m)ab.
[(k=1)/nk/n) [k/n,(k+1)/n)
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An explicit construction of PCOC

Define fork € Z

p'({k/n}) = / (nx+1—k)du + / (14 k — nx)du,
[((k=1)/n,k/n) [k/n,(k+1)/n)

o ({kjn}) = / (% +1— Kydv + / (14 k — mx)dv.
[((k=1)/n,k/n) [k/n,(k+1)/n)

Lemma
(1) (u",v") are PCOCs supported on {k/n}kez

(if) d, < 2/n.
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LP problem: supp(v) C [0, 1]

Set ay = pu"({k/n}), B = v"({k/n}) and ¢;; = c(i/n,j/n). Then
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LP problem: supp(v) C [0, 1]
Set ay = pu"({k/n}), B = v"({k/n}) and ¢;; = c(i/n,j/n). Then

n .n
P(M yV ) = max E pijCij
p=(pij)o<ij<n ij=0

n
st.p € C = {Zka = q, for0<k<n},

J=0

n
p € Cy = {Zp[,k = Bk, fornggn},

i=0

n
p € C3 = {Zpk,jj/n = ayk/n, for0 < k<n

olxlrlolrib

L




Entropic regularization

Set E(p) := Yo pijCij and Ec(p) = E(p) — e X7, pij(10g(pij) — 1). In
particular, E.(p) := eKL(p|q), where

KL(plq) : Zpu {1 — log (5”)] with g;; = €%/ for 0 < i,j < n.
I] 0
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Entropic regularization

Set E(p) := Yo pijCij and Ec(p) = E(p) — e X7, pij(10g(pij) — 1). In
particular, E.(p) := eKL(p|q), where

KL(plq) : ZP:J {1 —log (511)] with g;; = €%/ for 0 < i,j < n.
=0 i

Consider

max  E = £ max KL .
peEM(pn ") 5(10) pECINCanCs (p‘Q)

Proposition
There exists 0 < C < 1 + 2log(n) s.t.

0 < ax E.(p) — P(u", V") < Ce.
pEM(p",v")
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Example

pw=U(-1,1]), v =U([-2,2]), c(x,y) = |x — y|. It follows from Hobson and
Neuberger that

1 1
wnd) = (Few@) + 5 (@) n(e

where {4 (x) = x + 1. In particular, P(u, v) = 1.
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Example

pw=U(-1,1]), v =U([-2,2]), c(x,y) = |x — y|. It follows from Hobson and
Neuberger that

* 1 1
wnd) = (Few@) + 5 (@) n(e
where {4 (x) = x + 1. In particular, P(u, v) = 1.

s a_p=1/4n,a = 1/2nfor —n < k < n, o, = 1/4n;
* B_on=1/8n, c,e = 1/4n for —2n < k < 2n, cop = 1/8n;
« dp=2/n.
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Figure 1: Optimal Transport Plan:
=50
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Figure 2: Logarithmic scale of error
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Conclusion

+ Convergence of the iterative Bregman projection;
+ Dual counterpart of the LP problem;

* Extension to p = (pu)kes for 1 C {1,--- N} and p = (fix)1<k<n for
[k = (i) 1<i<d-

GG & Jan Obtoj: Computational Methods for Martingale Optimal Transport
Problems. Preprint, arXiv: 1710.07911 [math.PR].
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https://arxiv.org/abs/1710.07911
https://arxiv.org/abs/1710.07911

Thank you very much!
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