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Wang tiles

A Wang tile is a square tile with a color on each border

Tile set T : a finite collection of such tiles.
A tiling of the plane : an assignment
72 T

of tiles on infinite square lattice so that the contiguous edges of
adjacent tiles have the same color.

VAV

a2

Note : rotation not allowed.
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Periods

A tiling is called periodic if it is invariant under some non-zero
translation of the plane.

A Wang tile set that admits a periodic tiling also admits a doubly
periodic tiling : a tiling with a horizontal and a vertical period.



Aperiodicity

A tile set is finite if there is no tiling of the plane with this set.
A tile set is aperiodic if it tiles the plane, but no tiling is periodic

Conjecture (Wang 1961)

Every set is either finite or periodic.

...shown later to be False :

Theorem (Berger 1966)

There exists an aperiodic set of Wang tiles.
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Discoveries of aperiodic Wang tile sets (< 2015)

Image credit : http://chippewa.canalblog.com/archives/2010/06/04/18115718.html

@ Berger : 20426 tiles in 1966 (lowered down later to 104)
@ Knuth : 92 tiles in 1968

@ Robinson : 56 tiles in 1971

@ Ammann : 16 tiles in 1971

@ Grunbaum : 24 tiles in 1987

@ Kari : 14 tiles in 1996

@ Culik : (same method) 13 tiles in 1996
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Abstract

A new aperiodic tle set containing only 14 Wang tiles is prescnted. The construction is based
on Mealy machines that multiply Beatty sequences of real numbers by rational constants.
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Fig. 1. Aperiodic sct of 14 Wang tiles

e

Proposition 1. The tile set T does not admit a periodic tiling.

Proof. Assume that f:Z* — T is a doubly periodic tiling with horizontal period a and
vertical period b. For i €Z, let n; denote the sum of colors on the upper edges of tiles
S(1,0), f(2,0), ..., f(a, i). Because the tiling is horizontally periodic with period a, the
‘carries’ on the left edge of f(1,i) and the right edge of f(a, i) are equal. Therefore
Miey = qin;, where g; = 2if tiles of T, are used on row i and ¢; = 3 if tiles of T, are used.

J. Kari  Discrete Mathematics 160 (1996) 259-264 261
Because the vertical period of tiling f is b,
=My =41z Gy s
and because two tiles with 0’s on their upper edges cannot be next to each other,

ny #0.50 ¢,4; ... 4, = 1. This contradicts the fact that no non-empty product of 2's
and Pscanbe 1. O

262 J. Kari Discrete Mathematics 160 (1996) 259-264

12 172

| )
" Q.O
o/1

Fig. 2. Mealy machine corresponding to the aperiodic tle set.

6/51



The transducer approach (Jeandel, Rao, 2015)

We identify a tile set 7 with its transducer (or its dual transducer).

Lemma

A Wang tile set 7 is not aperiodic if either
o (finite) there is k s.t. the str. conn. comp. of 7 is empty :
i.e., there is no biinfinite words w, w’ s.t. w7 w'.

@ (periodic) or there exists k s.t. TX is periodic :
i.e., there is a biinfinite word w s.t. wT*w.

Jeandel, Rao (p. 8) :

The general algorithm to test for aperiodicity is therefore clear: for each k,
generate 7%, and test if one of the two situations happen. If it does, the set is
not aperiodic. Otherwise, we go to the next k. The algorithm stops when the
computer program runs out of memory. In that case, the algorithm was not able
to decide if the Wang set was aperiodic (it is after all an undecidable problem),
and we have to examine carefully this Wang set.

Mhic annraach wravl-a Aanita wrall in nranticae wrhan laninchad Aan A carmnaitar
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Discoveries of aperiodic Wang tile sets (> 2015)

@ Jeandel, Rao : every set of < 10 tiles is finite or periodic
@ Jeandel, Rao : 11 tiles in 2015

Image credit : Le Bagger 288, http://i.imgur.com/YHIxX. jpg
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http://i.imgur.com/YH9xX.jpg

Jeandel, Rao, arxiv:1506.06492

4 An aperiodic Wang set of 11 tiles - Proof Sketch

Using the same method presented in the last section, we were able to enumerate
and test sets of 11 tiles, and found a few potential candidates. Of these few
candidates, two of them were extremely promising and we will indeed prove
that they are aperiodic sets.
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Jeandel-Rao 11 tiles set
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Some observations made by Jeandel, Rao

@ horizontal lines are over 71 = {.E,E} or
176 - {., ., ., m, .Il, m, m,l 4 |,.}

@ The str. conn. comp. of the product 7171, 717071, T1ToTo7T: and
ToToToToTo are empty.

@ Every tiling by 7 can be decomposed into a tiling by
transducers Tz = T1ToToToTo and Tp = T1ToToTo-

@ Every tiling can be desubstituted uniquely by the 31 patterns of
rectangular shape 1 x 4 or 1 x 5 associated to the edges of 7,
and 7p :

Left image credit : arxiv:1506.06492 , Figure 7 (b) at page 17. 12/51
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An aperiodic set of 11 Wang tiles

Proposition (Jeandel, Rao, 2015)

The Wang set 7, U 7, is aperiodic. Furthermore, the set of
words u € {a,b}* s.t. the sequence of transducers 7, ... 7y,
appear in a tiling of the plane is exactly the set of factors of
the Fibonacci word (i.e., the fixed point of the morphism a —
ab,b+— a.

Theorem (Jeandel, Rao, 2015)

The 11 Wang tile set 7 is aperiodic.

Some remarks/questions :
@ The proof is based on transducers.
@ |t seems there is much more to understand.

@ Can we find a short 10 lines proof of existence and
aperiodicity ?
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Let us make a small detour




A tile set U/ of cardinality 19

Vertical colors : {A,B,C,D,E.F,G, H, I,J}
Horizontal colors : {K,L, M, N, O, P}

( )
L L 0 o) L
Up = CLG7U1:E G’UZZHLF’U:S: Bl w=|" Al
0 N P P P
Us = J F Us = | C Uz = J H Ug = H H Uy = | E
Zl _ o ’ 6 P ) p ’ 8 N ) 9 P ’
o P P K P
o = 'K',U11:DPH,U12:G Bl, tiz = FPH,UM: GK',
M K K M
uis = |F J Uig = | B | U7 = | A | g = | F D
15 p | Ue u Y7 K |0 Y8 K

The dual (why ?) transducer representation of the tile set is below

LQ cle
GIT,IIT \ DIK,FIK mF EIG,TIA
1

chm IIE,JIH uQ 1IB,JIF

ru IIC HIH
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There are 139 valid tilings of the 2 x 2 square by U.

sage: from slabbe import WangTileSolver L P L K [e) M
sage: tiles = ['GLCL', 'GLEO', 'FOHL', 'BOIO’, 'ALIO', 'F0J0', 'cNIP', |E G|G 1| |I _A[A 1| [J_F|F D
... '"HPIP', 'HPHN', 'EPIP', 'IPIK', 'HKDP', 'EPGP', 'HKFP', 'IPGK', Ol K ol K o | K
L...: 'IMFP', 'IKBM', 'IKAK', 'DMFK'] HOEIES Ul ThCelERal 1HCEIE H
sage: W = WangTileSolver(map(tuple, tiles), 2, 2) L P L P L P

sage: W.number_of_solutions() # involves Knuth's dancing links algo

Lemma

The set of states of the str. con. c. of /2 (vert. colors) is

{AF,AG, BA, BF, BG, CH, DI, EC, EH, FA, FB, FF, FG,
GF, GG, HE, HI, IC, ID, IE, IH, II, IJ, JI} .

The set of states of the str. con. c. of ¢/*2 (horiz. colors) is

{KO,KP, LK, LP, MK, MO, MP, NL, OK, OM, PL, PN, PO, PP}.
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What can go below ?

Lemma

In any tiling of Z? by the tile set I,

(i) the tile below of u, is uy, Uy Or Uy,

(ii) the tile below of us is us,

(iii) the tile below of u7 is ug,

(iv) the tile below of ug is ug,

(v) the tile below of uy is ug or uyg,
(vi) the tile below of uy3 is uyo Or Uy4,
(vii) the tile below of uys is uq4,

(viii) the tile below of uyg is usg Or Uy7.

17/51



Desubstitute tiling by / into tilings by )V under ¢

The previous lemma allows desubstitute tilings by ¢/ by ¢ in terms of
a new alphabet V = {v;}o<j<20 of cardinality 21 :

vor (u), v Z§ »overr (Ug), vz Zf s va > (U3),
V5»—>(Zi), Vg Zg covrees (ug), v Z; , VQ»—><Z§),
vis = (7)), vig =

u u u
b; ; Viz = u:; s viz = (Urg) s vig = ulg ,
uy3 Uis uig
V4 — V4 — u V4 —
e ) > 7 ups ) » 8= (ve) v u )
U18)
% = .
A

The effect of the substitution o on tiles is

o= vip = (U0 ), iy =

o)
HOF HOF JF
0, L O L O o)
0] " N
T T '_’L T T L o< T L 208 7 o
Eal~ [E G c G 15a = it >—>\B 1A "B
o o L o o o8 o o

IH
CH
o

D D
P 3 2 N K P K P
T T
B 3 :Pu" = 5 b - 5 F qu‘l — QK; - 5
I E| = |1 E I E [N e i I E 1
P P P P K K P K

K M M
M ®
L Lol L0
e T K K <5 7K == 7 K
G | G | B I|— [B | Al B I
K K M M K M
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The domino and square SFT

Lemma

\.

Let T be a tiling of Z? by the vertical domino H and the unit

square 0. The preimage of T by the substitution @ — B, O 0
is an edge to edge tiling by unit square if and only if T belongs
to the subshift of finite type defined by the following set of

forbidden patterns : {EP, EH,EE}.

TODO : two images (bad + good)
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Desubstitute tiling by / into tilings by )V under ¢

Proposition

Any tiling of Z2 by tiles of ¢/ can be desubstituted by ¢ and the

preimage is a Wang tiling of Z2 with the tile set V.

Proof idea :

@ We observe the left and right colors of the o(a) :

D,FH,J >
AB,CEG,I>

€ DEH,J
€ AB,CEG,|

AB,EG, >

e Pattern H- and pattern “H are forbidden since

{D,F,H,J}n{A B,E,G, I} = 2.

€ ABEG,I

@ Pattern Bﬂ is forbidden since {D, F,H,J} n{A,B,C,E,G, I} = @.
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A tile set V of cardinality 21

Vertical colors : {A, B, E, G, I, AF,BF,CH, EH,GF, ID, IH, IJ}
Horizontal colors : {K, L, M, O, P}.

Vo =

V: Vip =

Vis =

Voo =

-

IH

AF

T|O O|O

Vi =

Ve

Vit =

Vie =

T
(&)

O
[
(0]
L

J

BF

ID

EH

GF

IH

Vo =

Vig =

Viz =

V3 =

Vg =

Viz =

Vig =

V4 =

Vo

Vig =

Vig =

IH

CH

GF

EH

AF

ID
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TITLE

Lemma

In any tiling of Z2 by the tile set V,
(i) the tile to the left of v, is vy,
(ii) the tile to the left of v4 is vy,
(iii) the tile to the left of v» is vy,
(iv) the tile to the left of v is vg, V41 OF vyg4,
(v) the tile to the left of v4 is vqg, V43, V45 OF Vyg,
(vi) the tile to the left of vs5 is vq5 Or vy,
(vii) the tile to the left of vg is v47.
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Desubstitute tiling by V into tilings by VW under

The previous lemma allows desubstitute tilings by V under p in terms
of a new alphabet W = {w;}o<;<1g of cardinality 19 :

wo > Vzog, wy = V19§, WzHgVﬂs), WaHng),
wy = (w7 ), ws — (15 ), wg = (vi7 V), w7 = (vis va ),

U= W (vig va), wor> (Vig V5), wio > (Vi ng»W11'—>EV13 v4;,
W12'—>EV12 V5)vW13'—>EV10 va), wig = (Vi1 v3), wis = (vip V2 ),
wig— (Vg vi ), wiz— (Vg v3), wig— (v v ).

The effect of the substitution p on tiles is

M M K K M M_|_O KO K O
53— |5 =2 ALl = A I == A Bl = |A IlI B
Sk Ok K Gd” Ok~ o™ ko K| o

) ) s ’

AF
ID

KO

B B 1|1 B — Iz — Firl G Bl — |G I|l B
MO M So* %k=[To S Opuwg® ko K|lo

K K__O PO PO K (o) PL P L
QQ:EHQEE& I Bl = |1 1|1 B 9%%9555 1A= LA
KO K~|"o KO K| o P P "o KO K| o

Al

P P P PL P L
5 Q(B - ;Pg 50% 3 QL "B E EO% -
PL PO[°L pd’ e PO Plo

)
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Desubstitute tiling by V into tilings by VW under

Proposition

Any tiling of Z? by tiles of V can be desubstituted by ;. and the
preimage is a Wang tiling of Z? with the tile set W.

Proof idea :
@ We observe the bottom and top colors of the u(a) :

Wo N}
6\(\’ L\ 6\(\5
NS <

1750 ’%

e Pattern e and pattern ™H are forbidden since
{L,O}n{K,M} =o.
@ Pattern o is forbidden since {L, O} N {K, M, P} = @.
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M M K LK WM
L A L A _ T — 2
Wo= @ S, w=|< S, W= BM' s W= S8 F), W= OK_’,
K MO KO KO KO
ws=|A 1| wg=|6 & wy=|A Bl wy=|B Bl uw=|6 %
W= K |’ Ko |’ Ko |’ Mo |’ kKo |’
- Ko PO Ko PO )
Wio = % % Wi = G B Wi = o2 Z Wiz = ! B Wig = a 5
po |’ ko |’ ko |’ ko |’ po |’
PL PO PO PL
wis=|' Al we=|T &, wy=|2_ 8|, wpg=|!_ 6
ko |’ PL |’ po |’ PO
But recall :
L L [) o L
Uo = CLG’U1: EOG7 Up = HLF7U3: OBl w= | Al
[¢) N P P 3
Us = JOF7u6: |P07 Uy = JPH7U8: HNH, Ug = IPE7
U= P K P K 3
Uio = 'K' , U1 = DPH7U12: GPE7U13: FPH7U14: GK'7
M K K M
Us=|F | ue=18 1| ur=1|A 1| ug=|F D
15 p o |o e w |y K | Us K

Any tiling of Z? by the tile set U/ is self-similar and aperiodic.
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The substitution
In terms of the {u;}o<<1s, the substitution o o 1 is

Uqg Uig
Up — Uy — U — (U
o <U16>’ 1 <u17 ) o ((Us ),

Uis U5 Us
Ug — , us — (U7 ) , Ug — ,
Uig Uiy U3

(0] Uz U2
, U= ,
Uy U2 Uy
uyp Uo ur Uz
Usz = , U13H(U1 Uz ), Uiar—> ;
Ujo  Us Ug Uy

ug Uz uz
U16’_)< >7 Uiz = s U18’—>(U9 U1)»

Us U uy
Proposition

g (e U3 ), Ug—

&5

U

Us — 13 ,
Uig

ur— (7 Uz ),

U11H(U14 U3)7

U15H(U1o U4)7

o o i is primitive. Its characteristic polynomial is

m(x)=x3- (x =1)* (x+1)*- (X2 —=3x +1)-

The PF eigenvalue is ¢? = ¢ + 1 = (3 +/5)/2.

(X34 x—1)3
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(0 o 1)? is prolongable

—Ta ] =
X SI= XX X
T
o | 0| <
O O|0_—|— O
i e~
— B
o Xx afo x
o w [
T
— 1 - | — — T o =
X 5= oo x X S5 xx x|
o w (6] a1 w <
CRRE [ ING) CRICREE o | w | <
- O|O — O O - O] O O|O_-|~ O] O O|0_-|~
w T |w T | w - | T |w — || -
w T [ w T | w RN — T | -
[N T n ol o | ¥x aja a ¥ xl¥ oo
el N - | = —lo| = < |u | O
T T T T
— 1= ] = P R
X SIS ala x| |x S5 x[x =
o |u | o o ["u | @
(9] w (0] w O @ uw [V} o w @
- O|O - O - O] o O_—|~ O O OO0 O|0
w | T |O T | w - || w — s =
w T ]| o T | w RN — | = | =
o o Zz o X o o o X oo o X == oo
— - o | — O lu | @ @ |uw | o
T T T T
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Back to the main road...




Wang tiles from codings of Z?-actions

@ Let D be a set,

@ u,v: D — D two invertible transformations s.t. uo v =vo u,

@ /and J : two finite not necessarily disjoint sets of colors,

@ D= Ujc/Xiand D = Ujc, Y; be two partitions of D.
This gives the left and bottom colors :

¢: D — | b: D — J
X — iifxeX, X — jitxeY,.
and the rightand top colorsr : D — [, t: D — J as :
r=f¢ou and t=bov,

that is, the right color of an element x € D is the left color of u(x).
The Wang tile coding :
c: D — IxdxlIxd
x = (r(x), t(x), £(x), b(x)).
Let 7 = ¢(D) be the associated Wang tile set.
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Wang tilings from codings of Z2-actions

Lemma

Let

f: D — TZ
X — f:(mn)— c(u"vx).
For every x € D, f is a Wang tiling of the plane.
Moreover the Z2-action of u and v on D is conjugate through f
to Z2-translations of the tilings.

Therefore, unique ergodicity of the Z2-action on D will imply uniform
patch frequencies in the tilings generated by f.
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Codings of Z2-actions : Boring Example 1
Let o = 1£Y5. On the torus R2/Z2, we consider the translations

u(x) =x+(p,0) and v(x)=x+(0,¢p)
right r(x) top t(x) left £(x) bottom b(x)
B C D
B C
A A D
A ¢ D

c(x) = (r(x), (x), £(x), b(x)) For every x € R?/Z?, fy : Z? — S is a Wang

19
16 [

9 b 12

8 |4
5

17

13

18

0 7 2

10
11
3

tiling of the plane.

Boring because ¢(R?/Z?) admits periodic

tilings : ugp = |A

ugy =

A

C

D

A

C

C

A

» Uy

, etc.
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Codings of Z2-actions : Example 2
Let o = 1£Y5. On the torus R2/Z2, we consider the translations
u(x) =x+(p,0) and v(x)=x+(0,¢)
and the codings :

right r(x) top t(x) left £(x) bottom b(x)
P N
F H o K Ho ol F L ;
c N [
6 yE | L o E e/ o K
K
B o B M
c(x) = (r(x), t(x), £(x), b(x))
8
2/€ /. 13 /s We have ¢(R?/Z2) = U. ]
0 6 7/ L L o
— — |E G —
ViAo [ A U= [° %= "% o= " ],
etc.
3 10 16
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Codings of Z2-actions : Example 2
Let o = 1£Y5. On the torus R2/Z2, we consider the translations
u(x) =x+(p,0) and v(x)=x+(0,¢)
and the codings :

right r(x) top t(x) left £(x) bottom b(x)
P N
F H /b (@] K M H 7/p F L o
C N C
G A E | L b E G A o K
B O K B M
c(x) = (r(x), t(x), £(x), b(x))
) 871 13
A/ 18 For every x € R?/Z2, f : 7% — U
0 6 7/ is a Wang tiling of the plane.
1 14
4 9 7
3 | /10| /16

32/51



In last slide of Michaél Rao’s talk, Spring, 2017

Michaél wrote an observation that is not in their preprint :

“Open question 2 : "proof from the book" ? If we look at
densities of 1 on each line on an infinite tiling, one tranducer
add ¢ — 1 and the other add o — 2.”

His remark made me think about codings of rotations :

Michaél accepted to give me a 2583 x 986 patch of &'s and b's for
which | am very thankful.
... and | never look back.
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Wrapping lines of Jeandel Rao patch on circles

78"'“ y - dsalls %li"aq‘é
R - . ! §%
-1 s b 168 168164016
2 i £ o 3 = i
3 —idls 100 o B
N 4 _ _ _ 11 SEF S5 50
o 7o | 7o |70 gLl
=5 B b — 154 15415 150
-6 [P N W 3 )
- @ odcadlo o 10410 101 o
-8 BENE wd | U Sex Sen 00 5
: { ! Hgtl
-9 oA dogoedidogoepd | dognen Lpen i d g e d || dg
. 5 ™ o
So |BRLFITT RS T T
4 aut i 2% )
— 1110 S S0 SN Y A A
REEARN ANE2N: a ] e
A ol —1le 1o 5S¢ o _ 1Rl
128 12810810
041 odw I k1 & 12 = 10 0
b 154 15415 o
20 020 = 1) L4
A ENEN N ﬁ’f od 10404 02 N 5
66 i B
e 10 154 15 Si¥ SLSLY Bl 15
ctudvi 22 o8 B E¥hguy ik L0 EEU £ Y CRVEN GV W B
udyini 4‘%'-1” S Se ]
Dfa%h ind P 10, 10 wodiod 10d 10 .
= 10 = 2l b sd LT
pibeigio 160 ° 7
oF b 104 10 10, N P
NNNRNNNNA 1E: 1 I R R
5 10 15 20 25
3 33 444455555606 666 7 7 17828888 909
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Codings of Z2-actions : Example 3
Let o = 1£Y5. Consider the lattice I = ((¢,0), (1, + 3))z-

(¢,0)

On the torus R? /T, we consider the translations

u: R2T — R2T and v R?/T — R2/T

(x,y) = (x+1,y) (x,y) = (x,y+1).
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Codings of Z2-actions : Example 3
A fundamental domain of R?/T is
D =1[0,¢[x[0,¢+3[.

After renormalisation of transformations u and v on the torus R? /72,
we observe that each translation vect. is not rationally independent :

(303) (s )
0 ¢+3 0 —fHo+4 )
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Codings of Z2-actions : Example 3

Transformations u and v are one-to-one piecewise translations of
pieces on the fundamental domain D.

A

A

p+3
B, |Bs
p+27
p+141
5 Aq Ao U(AZ)U(A1 B; V(B1)
14
(Bs)v(Bz)
0 : : —t :
0o 11 0 11 11 11
® @ ® ®
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Codings of Z2-actions : Example 3
The left, right bottom and top color codings satisfying r =£¢o u
andt=bov.
left color right color  bottom color top color
0+ 3 T—t—4 A
0/0 0

0 0

p+2

e+1
2




Codings of Z2-actions : Example 3

We deduce the tile codingc: D — T.

v+ 31 -
0 0 m
‘1 ]
+2 P
o D
3 .
w+ 1
24 B
(p_
A v
;
i
v L
0 1 1 2

\.

We have
c(R2/N)=T

where T is the Jeandel-Rao
tile set.

For every x € R?/T,
6(: ZZZ — 7—

is a Jeandel-Rao Wang ti-
ling of the plane.

J
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Frequency of patterns

Corollary

Since Lebesgue measure is the only invariant mesure on
R2/r which is invariant under both translations v and v, we have
unique ergodicity of the tiling space

{k | x € D}

from which we deduce existence of pattern frequencies.

5/(12¢ + 14) ~ 0.1496

m:
,,.,,: 1/(2¢ + 6) ~ 0.1083
m:

(
(
1/(5¢ + 4) ~ 0.0827
(
(

LAk 1/(8¢ + 2) ~ 0.0669
.:

1/(18¢ + 10) ~ 0.0256
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Are these codings a complete description ?

If Q is the Wang subshift of all Wang tilings made of the
Jeandel-Rao tile set 7, do we have

(h[xeDj=Q 7
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Are these codings a complete description ?

If Q is the Wang subshift of all Wang tilings made of the
Jeandel-Rao tile set 7, do we have

(h[xeDj=Q 7

Short answer :
@ In September 2017, | believe yes...
@ In October 2017, | believe no...
@ In November 2017, | believe yes...
@ In December 2017, | will finish the proof that yes.

| Same question for .
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September : Induction of v on [0, ¢[x[0, 1]

p+3

4
p+2

3
p+1

2
12

p—1

A

v(C) | vA(D)
V(A) | v3(B)
B(C) (D)
V2(A) | vA(B)
v3(C) | v3(D)
A | v
Ve | vo)
A | B 1V5(D) v(C)
N “;;v“(B) viA)
0 1 1
1
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October : Induced coding on [0, p[x[0, 1]

0 0 0 0 [0, Y 0 0 0 0, ! U » »
0 0 » 0
0 0
V' VN VN
!’ 4 4
0 ) 0 VoS () 0
A Y AR I

w'+>3 | 0 ; f ;

»+ 2 (

o+14

o/ v/ o) &« @ fo /0] a | a/a o e/ o

0

1< (’lﬂ 0 0 0 [ 0 [ nn
E 020 |0g0 [000 (820 [820 (000 000 (000 [0g0 (040 000 |000 [000 [028 |0
0 0 0 (820 (820 (820 0 b 0
L . i »»» @ 4
0 - 4
0 1 1 %2 AlAalAalala alalao AlAala
— 2hidbhidhid bid hid 0
¥ 0 0 0 0 0

1
which yield 13 of 1 x 4 sticks +15 of 1 x 5 sticks = 28 sticks # 317 ??
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The transducer that we get from the induction of v on [0, ¢[x [0, 1[is :

FoFo

In F(D), patterns 21330 2% 23310 2, 21103 and 2030 2% 2310

have frequency zero... (why ?).

0[0
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A surrounding of 2030 2% 2310

Lemma

No tiling of the plane with Jeandel-Rao tile set contains :

a
p

Recall

7~ P O O R O DU

Proof :

L3
4 22022 pdb ]
PPN Pkl o
b 2 KN
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1

A surrounding of 21330 2% 23310 2%, 21103

of radius 21
DB 4D D dB 4b

POV
lalalelalalalslalsalal
PP 4}{}4}

DL AL L
L e O VAAA
GRPRRDUIRD-{ APRPRPRD-( ) PROPRRDR. > PRPRD
QPP DD 4> >¢ }{}}

DI
A LLLZZL A LZZ L L L LA DL LLLZZL

44X A
D achadlbadudbudladldbid 0D Dudladladadbadlbadbadudbud 0 0 iabadbadudladudbd

PRV 01 4b b4 PRPRPRD-11) 4b D11 4b > BRBDR > bbb
Db ® Db ® DdP- ®
® D L L A D QL L A D
budbd budbd

P PO
DOPLDPD D DDBDDBDDLD DD Db bidb
» » * * DA *
DS B SSS TN Saa ISR OB Sasas I aes

’e
PR D b Dabdbahdl

GRPRPRDUIRD:{APRPRPRD-( 1) BRI IRBUPRD > SPRDABRD-{ 1. b «PRPRBA-
Bib bbb 8 P Db 82

an
QDDA PR PD DAL PP AR DD 4D
® ® 8 ®

PIELZL P4 4 D P LLL
L s O L AAAAAA PRPRER|

an PoN VOO
PRPRPRPPRRPAPAIRD ) SRIVPBRPR 4""""""""} RARRPD
Db PAib4p- QPP P O

Db O
® »

YOOE VOOV IE L IVIOVIOVE VPOV E LY
000 Dbt bt Dl

rod
4> PP <>4nnn> 0> 4bdb APABRD 11 b0 PARPD.
i ® FRTe 24 Db

D A a5 DD 22 ®

POV VTV OAS PO PP PP

®
RARARARRARARARARARARD. A RARARARARAR
DLV DEIBLBD DI Ol Db DL DL Bl
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A surrounding of 21330 2% 23310 2%, 21103

Rao’s proof :

i

During a visit of Rao at LaBRI, Bordeaux :

Proposition (Michaél Rao, Nov. 2017)

No tiling of the plane with Jeandel-Rao
0[0
—

tile set contains the pattern 21330
23310 2% 21103.

Image credit : Le Bagger 288,

http://i.imgur.com/YH9xX. jpg
Another proof :
sage: from slabbe import WangTileSolver
sage: tiles = [(2300, 0, 2030, 0), (2300, 1, 2033, 0), (2310, 1, 2033, 0), (2030, 1, 2103, 0), (2130, 1, 2103, 1),
1 (2033, 1, 2113, @), (2133, 1, 2113, 1), (2113, 1, 2130, 1), (2330, 0, 2130, @), (2330, 1, 2133, @),
....: (2130, 0, 2300, 0), (2103, 1, 2310, 0), (2113, 1, 2330, 0), (23100, 0, 20330, ), (21300, 0, 21030, 1),
....: (21310, @, 21030, 1), (21300, 1, 21033, 1), (21310, 1, 21033, 1), (21030, 1, 21103, 1), (21033, 1, 21113, 1),
....: (20330, 0, 21130, @), (21330, 0, 21130, 1), (21130, @, 21300, 1), (21103, 1, 21310, 1), (21113, 1, 21330, 1),
....: (23300, 0, 21330, 0), (23310, 0, 21330, @), (21030, 0, 23100, @), (21130, 0, 23300, 0), (21103, 1, 23310, 0)]
sage: center = (35,4)
sage: right = {center:21103}; left = {center:23310}; top = {center:1}; bottom = {center:0}
sage: W = WangTileSolver(tiles, width=71, height=9, preassigned=[right,top,left,bottom])
sage: p,x = W.milp(); p
Boolean Program (maximization, 19170 variables, 1841 constraints)
sage: tiling = W.solve(solver='Gurobi') # < 20 min. on a normal 2017 desktop computer with 8 cpus

MIPSolverException: Gurobi: The problem is infeasible
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On going work : A series of inductions

13 19 / |14 15844 12/ | 19 14 /|7
10 15 20 5
17| /2 7 1 | f16| /32 16 9 2/0
18/ 8
VA AT ETAVAIAYA 4 s 7/
1 /18 16 /8 13 21 /19 13 6/3
7 0
8 1 6 1
1
9 22117, 4/3 9 5/ 6 10 8 4/
8/7 2| //8/10 3/0 7 7| /1
A 0 ara
8 8
5/ 12 1 13 13
1 18 3 2 18 10 4 2
9 17 13| /66 /o gl 18 13 7 2/ 0 il 18
5 6
4 ?/ 20 7/ 5 0 6 7/ 20 6 0 6 7/
18
0 19 /17 10 4 1 14 19 /17, 11 5 1 14
3/ 6 6, 7 2 4/ 9 7, 8 3 4/ 9 7,
i 1 16
2 | )1 /15 14| // 8 3 | /10| // 16 ny/&] 1 3 | /10| // 16

The coding of the Z2-action of u and v on D = R?/I" (Jeandel
Rao) is conjugate to the coding of the Z2-action of u and v on
R?/7? (the self-similar one).
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On going work : A series of inductions

Conjecture (or Theorem to be written soon)

The Jeandel-Rao tilings dynamical system by 7 can be desub-
stituted uniquely into the self-similar tilings dynamical system
by U (a sequence of 7 substitutions).

Corollary (to be deduced soon)

If Q is the Wang subshift of all Wang tilings made of the
Jeandel-Rao tile set T, then

(i [xeD}=Q.
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The Open Questions

@ Find the 10 line proof for the aperiodicity of Jeandel-Rao tilings.

@ How does it compare to other aperiodic tilings ?

@ Can we generalize Jeandel-Rao tilings to other Pisot humbers ?

@ | think the fundamental domain can be identified with the
window of a cut-and-project set with dimension 2 + 2.

@ What are the structure of the other aperiodic tile sets of
cardinality 11 found by Jeandel-Rao ?

@ Does there exists an aperiodic self-similar Wang tile set of
cardinality less than 19 ?

@ Understand all of this in terms of shape-symmetric multidim.
sequences (Maes, 1999) and S-automatic sequences using

Theorem (Charlier, Karki, Rigo, 2010)

Let d > 1. The d-dimensional infinite word x is S-automatic for
some abstract numeration system S = (L, %, <) where ¢ € L if
and only if x is the image by a coding of a shape-symmetric
d-dimensional infinite word.
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http://www.crm.umontreal.ca/2017/Pavages17/horaire_e.html

Sharing my Sage code

| wrote three Python modules while working on this project :

sage: from slabbe import WangTileSet, WangTileSolver
sage: from slabbe import Substitution2d
sage: from slabbe import PolyhedronPartition

The code is open-source and is available in the develop branch of
https://github.com/seblabbe/slabbe

It will be part of the next release of the optional Sage package
slabbe-0.3. Currently, one can install the previous version (0.2) :

sage -pip install slabbe
Lastly, many thanks to the new IATeXcommand | just learned about :

\resizebox{\linewidth}{!}{
% overfull horizontal lines of pictures or equations
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