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The Airy ensemble

» Consider the Airy ensemble or Airy point process characterized by
correlation functions

Pk(Xl» cee ,Xk) = det (KAi(Xi?)g))i,jzl,...,k’

where KA1 is the Airy kernel

Ai(x)Ai’(y) — Ai'(x)Ai(y)
X—y

KA(x,y) =

e distributions of individual eigenvalues are well understood
e what about distributions of quantities involving more than 1
eigenvalue, such as spacing distributions?
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The Airy ensemble

» This process appears as limiting process for

o largest eigenvalues in many random matrix ensembles as the size
goes to infinity

o lengths of first rows of random partitions of n following the
Plancherel measure

e random tilings

e non-intersecting Brownian paths

» We order the random points as

1>@>3G>...

(the largest particle exists almost surely)
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Distribution of largest values

» The distribution of the largest particle is given by the Fredholm
determinant

P (¢ < x) = det (1 — KN {(x,+oo))

» The distribution of the k-th largest particle (i is generated by the
Fredholm determinant

F(x;s) :=det <1 —(1-y9) KA |(X7+Oo)> = [E (s"+0))
> It is given by
k—
1 d/
P (e < x) Z;Jd $)ls—o
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Tracy-Widom formula’s

» The Fredholm determinants F(x;s) = det <1 —(1—s) KA ‘(X +OO)>

can be expressed in terms of solutions to the Painlevé Il equation
(Tracy-Widom '93):

Fleis) =0 (- [ e s)ac)

where q is the Ablowitz-Segur (for s # 0) or Hastings-McLeod (for
s = 0) solution of Painlevé Il characterized by

G = Xq + 24°, q(x;s) ~v1—s Ai(x), x = +o0
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Joint distributions

» What can we say about the distribution of quantities involving
more than one particle? For instance
o distribution P (¢x — {; < x) of the spacing between (i and (s, k < ¢,
e k =1,¢=2: see (Bornemann-Forrester-Witte '12, Perret-Schehr '14,
Deift-Trogdon '16)
o distribution P(¢1 + (2 + ... + {k < x) of the sum of the k largest
particles,
e joint distribution of k particles

Ciy > ...>
o distribution of truncated linear statistics (Grabsch-Majumdar-Texier
'16)
k
> (&)
j=1
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Generating function

» Distributions of quantities involving k particles (;,...,(, are
generated by Fredholm determinants with k discontinuities of the

form
k
F(x1,...,Xk;S1,...,5k) =det [ 1 — Z(l — SJ')X(XJ.,XJ;I)KA1 X(xj,%-1)
j=1
where

@ +00 =IXg > XL >Xp>...> Xk
@ Xa is the characteristic function of the set A
@ S1,...,5¢ € [0,1]
» Our goal: find a Tracy-Widom type expression for this Fredholm
determinant F(X;s) for general k, in terms of Painlevé type ODEs
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Main result

Theorem (Claeys-Doeraene, in progress)

k Yoo
F(%:8) =[] exp (—/ EUf(ﬁ;%,S_)C%)
j=1 0

and uy, ..., ux solve the system of k ODEs

k
uf (x) = (x + x;)uj(x) 4 2u;(x Zu ), J=1,...,k
i=1

with asymptotic behaviour

X) ~ \/sjt1 — s5; Ai(x + xj), x — 400

where we write s = 1.
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Coupled Painlevé Il equations

» Some remarks
e system of equations depends on xi, ..., Xk, relevant solutions depend
on sy, ..., Sk
o for k =1, the system reduces to the (shifted) Painlevé Il equation

ui’:(x+x1)u1+2ui’, Ul(X)N\/].fslAi(X+X1), X — +00

q(x;s) = u1(x — x1; ) is the Ablowitz-Segur/Hastings-McLeod
solution, and we recover the standard Tracy-Widom formula
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Coupled Painlevé Il equations

> If s;_1 <'sj, uj(x) is real-valued for real x; if s;_1 > s, uj(x) is purely
imaginary for real x
> if 51 < s <...< s, all uyj's are real, and then

Fzis) —eo (- [ +OO€||L7(£)H2d£) ,

with
uf (x) = (x + ) (x) + 2 G, J=1,... .k
with ||.|| the 2-norm of the vector & = (u1, ..., uk).
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Coupled Painlevé Il equations

» If the s;'s are increasing, the system of coupled Painlevé Il equations
is a traveling wave reduction of the defocusing vector nonlinear
Schrédinger equation

iatzaxx_xa_za"allzv C_f:(qlv"'aqk)

e for k = 2, this is called the Manakov system
o If a solution G(x, t) has the form gj(x,t) = uj(x)e~"*, then & has to
satisfy the system of coupled Painlevé Il equations
11

u (x) = (x + ) ui(x) + 20,7, j=1,....k
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Probabilistic interpretation

» We have

k

Xi,Xi_1)
F(Xl,...,Xk;Sl,...,Sk):E ||SJ-JJ1
j=1

» Joint distribution of k particles (; > ... > (:

P (¢ < x1,.00, G < Xk)
ajl-l-m-i-jk

1
= - - . —F(x1,...,Xk;S1,...,S
Zjl!---Jk! Osit ... 0s)k (. o ) .

s=0

where the sum is taken over all ji, ..., jk such that

n<it, jit+p<i, ..., gt Fj<ig
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Example 1: gap probability

» The probability of having no particles in a finite interval (x2, x1) is

given by

F(xt,%:1,0) = exp ( / +°o£|ul(§>|2d£) exp (— / +Oo£|u2(»s)|2d§>

with

and

k
UJ"/(X) = (x + xj)uj(x) + 2uj(x) Z u,-(x)2, j=1,2
i=1

u12(x)? ~ FAI(x + x12)3, x — +oo
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Example 2: thinning

» Thinned Airy ensemble is the process obtained by removing each
particle independently with probability s € (0,1) (Bohigas-de
Carvalho-Pato '09, Bothner-Buckingham '17)

e interpret remaining particles as observed, removed as unobserved
o interpolates between Airy (s = 0) and Poisson process (s — 1)

» Distribution of the largest particle (1, conditioned on the position
of the largest observed particle £; being less than y can be
expressed in terms of F(x,y;0,s)
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Example 2: thinning

» Distribution of the largest particle (7, conditioned on the position
of the largest observed particle & being less than y can be
expressed in terms of F(x,y;0,s): if y < x,

F .
P(G < x|é1 <y) = m

_ FTwl(ys) exp <— /O - EU1(§)2d€> exp (— /0 +OO§U2(€)2d§>

with

u1(€)? ~ sAi(¢ + x)?, £ = 400
w(€)? ~ (1= s)Ai(¢ +y)?, £ = +00
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Example 3: first spacing

» Distribution of the first spacing (; — (o:

P(¢1—C >o0)= /]R v(¢+ 0, O)FTY(¢0)d¢
where

—8?
v(xi,x2) = /Rﬁ D520 (U3(& x1,%2; 0, 32) + U3 (& x1, x2; 0, 52)) d¢

52:0

o different expressions in terms of Hastings-McLeod solution to Painlevé
Il equation and associated v-functions (fundamental solutions to the
Lax pair for Painlevé Il), obtained by Bornemann-Forrester-Witte '12,
Perret-Schehr '14

o related to limit distribution of first halting time for the Toda algorithm
applied to random matrices (Deift-Trogdon '16)
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Example 4: sum of k largest particles

» Distribution of the sum (3 + ...+ (i: for k = 2,

P(G+ G <o) = /R V(o — ¢ QFT™Y(;0)d¢

o limit distribution of sum of k first components of a random partition
w.r.t. Plancherel measure

o limit distribution of maximal sum of lengths of k disjoint increasing
subsequences of a random permutation (Baik-Deift-Johansson '99,
Borodin-Okounkov-Olshanski ‘00, Okounkov '00, Johansson '01)
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Sketch of proof

» Step 1: approximate the Airy ensemble by the GUE for large size n
o Fredholm determinant as limit of Hankel determinants

F(%;8) = lim ——nXs)

where
n—1

Ho(w) = det ( / f”kW(é)dé‘)

and the weights are given by

Jk=0

Wn,)?,f(é.) = Sje7%§27 § € (2 =+ Xjn72/3a 2+ Xj—1n72/3) ) .j = 1a ceey k+1

Xg = +00, Xk41 = —00, Skr1 =1
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Sketch of proof

» Step 2: differential identities for H,(w, 3 5) with respect to
Aj=2+ xjn_2/3

I In Hn(Wn,I,f)
J
—03\2Kp-1
= (5= si-1)e” 2 = (Pa(N)Pa-1()) = Pa(N))Pn-1(N))
n
in terms of orthogonal polynomials p, with respect to w, 7 s and
leading coefficients k
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Sketch of proof

» Step 3: Riemann-Hilbert analysis to obtain large n asymptotics for
orthogonal polynomials

e requires local approximation in the vicinity of the edge 2, where all
discontinuities \; lie

o local approximation requires a model Riemann-Hilbert problem
(generalization of Xu-Zhao '11)

e Lax pair associated to RH problem — compatibility conditions lead to
system of coupled Painlevé Il equations

e asymptotics for p,()\;) involve u;(0; X, 5)
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Sketch of proof

» Step 4: Substitute asymptotics for orthogonal polynomials in the
differential identity and integrate the differential identity
e starting point of integration A\; = Ay = ... = A\x = 400 (explicit
formula for Hankel determinant: Selberg integral)
o first decrease Ay, then A\,_1, and so on
e this explains appearance of integrals

+o0 +oo
/ (6%, 8)dE+ .+ / €3 (E; %, 5)de
0 0
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Outlook

» Various asymptotic regimes
o large gap asymptotics for F(X; 5) where some of the x;'s tend to —oo
» Other point processes

o Bessel —» systems of coupled Painlevé Il equations?
e sine — systems of coupled Painlevé V equations?
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