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Summary  
•  Minkowski’s ? function and measure: definition 

and relevance in dynamics
•  Moebius Iterated Function Systems
•  Regularity in logarithmic potential theory
•  Proof of regularity of Minkowski’s ? measure and 

its consequences
•  A further regularity conjecture
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If x is a quadratic irrational number, then y is rational, but not purely 
dyadic. If x is rational, then y is purely dyadic. And these statements are 
completely reversible.



Zur Geometrie der Zahlen 



Hyperbolic polygonal billiards 

S(x) = ?(x) = Minkowski’s ? Function 
                      (Salem 1943) 



Farey Map 

?(x)  = Minkowski’s ? Function 
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µ = Minkowski’s ? measure 

? = ? 



Moebius Map 

?(x)  = Minkowski’s ? Function 

µ = Minkowski’s ? measure 



Moebius Iterated Functions Systems 

Theorem: Minkowski’s question mark measure is the balanced measure of the 
Moebius IFS above

G.M. & D. Bessis, PRL 66 2939-2942 (1991) 



Properties Minkowski’s ? measure 

µ is singular continuous w.r.t. Lebesgue (Denjoy 1938)  
µ is Holder continuous with exponent log(2)/(2 log γ) 
(Salem 1943)  

µ is Raichmann: its Fourier transform vanishes at 
infinity (Yakubovic 2013, Persson Jordan-Sahlsten 2013)  

(Kinney 1960)  
µ can be studied via the thermodynamical formalism 
(Gutzwiller-Mandelbrot 1988; Artuso et al. 1989;   
Kessebohmer-Stratmann 2007) 
 

µ is regular in logarithmic potential theory         
(arXiv:1610.09165)  



Logarithmic Potential Theory 

 

  



Regularity in potential theory 

Stahl – Totik λ* Criterion for A = [0,1] 

Theorem: Minkowski’s question mark measure satisfies S-T λ* criterion, 
hence it is USST regular..

Ullman-Saff-Stahl-Totik 
Nevai 
Szegö 

arXiv:1610.09165 



Proof of Theorem 

 
 



Proof of Main Theorem ctd. 



Proposition: For any α > 0 the cardinality of Ln(α) is 
superiorly bounded, independent of n 



Proof of Proposition 



Regularity (potential theoretic) collides with singularity (Lebesgue) 



Regularity vs. singularity 

arXiv:1603.05815 



Christoffel functions 

Proof: arXiv:1603.05815 (to appear in J. Approx. Theory)   





Jacobi Matrix: the double helix of measures 

Jacobi Matrix 

Uniqueness 

USST Regularity 

Nevai class 



Nevai  regularity ! 

Conjecture: Minkowski’s question mark measure is Nevai regular..



Conclusions. Regularity: where does it come from ? 

Conjecture: Minkowski’s question mark measure is Nevai regular..

Theorem: Minkowski’s question mark measure is USST regular..

? 
X 

The end



Conclusions  
•  Minkowski’s ? measure is UST regular 
•  Compelling numerical evidence suggests that it 

belongs to the Nevai class 
•  Asymptotic expansion of Christoffel weights reveal the 

hierarchical structure of Minkowski’s measure and its 
encoding in the Jacobi matrix

•  detail available at http://arxiv.org/abs/1603.05815



Computing the Jacobi Matrix 

η is the Lebesgue measure  

Measure level 

Jacobi matrix level 

The algorithm  

gauge convergence ! 



Hausdorff dimension of ? measure 



Hausdorff dimension of ? measure 



UST regularity ! 



Moebius IFS 

0 1 

1/2 

1/3 2/3 



Quick review of Iterated Functions Systems 

µ is an invariant measure  

X cpct metric space  
φi  continuous, contractive 

πi  map probabilities 

T : C(X)  -->  C(X) 

T* : M(X)  -->  M(X) 



Slippery devil’s staircase 


