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Introduction

Let ξ and η be Gaussian elements in a Hilbert space H with zero mean

and covariance operators Σξ and Ση respectively. For any a ∈ H , we are

interested in bounding

sup
x>0

∣∣∣IP (‖ξ − a‖ ≤ x)− IP (‖η‖ ≤ x)
∣∣∣

in terms of Σξ −Ση and ‖a‖ .
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Anticoncentration

A related problem: to bound

IP (x < ‖ξ − a‖2 < x+∆)

for small ∆ in terms of Σξ = Var(ξ) and ‖a‖ .

In this paper

IP (x < ‖ξ − a‖2 < x+∆) . C2∆,

with an explicit constant C2 = C2(Σξ,a) .

All bounds are “dimension free”.
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Motivation 1. Bootstrap validity for the MLE

Consider an independent sample Y = (Y1, . . . , Yn)> ∼ IP .

The parametric ML approach: IP = IPθ∗ ∈
(
IPθ ,θ ∈ Θ ⊆ IRp

)
� µ .

The corresponding log-likelihood function L(θ) :

L(θ)
def
= log

dIPθ

dµ
(Y ) =

n∑
i=1

`i(Yi,θ), `i(Yi,θ) = log
dPi,θ
dµi

(Yi).

The MLE θ̃ of the true parameter θ∗ is the maximizer of L(θ) :

θ̃
def
= argmax

θ∈Θ
L(θ), L(θ̃)

def
= max

θ∈Θ
L(θ).

If the parametric assumption is misspecified then

θ∗
def
= argmax

θ∈Θ
IEL(θ).
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Bootstrap validity for the MLE. cont

LR based confidence set (CS) E(z) for θ∗ is given by

E(z)
def
=
{
θ : L(θ̃)− L(θ) ≤ z

}
.

The value z should be selected to ensure given α that

IP
(
θ∗ 6∈ E(z)

)
= IP

(
L(θ̃)− L(θ∗) > z

)
≈ α.

However, choice of z depends on the unknown measure IP .

Bootstrap: apply with i.i.d. random weights w [
i , e.g. w [

i ∼ N (1, 1) :

L [(θ) =
n∑
i=1

`i(Yi,θ)w [
i .

Define the bootstrap quantile z [ by

IP [
(
θ̃ 6∈ E [(z [)

)
= IP

(
sup
θ∈Θ

L [(θ)− L [(θ̃) > z [
∣∣Y ) = α.
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Bootstrap validity for the MLE. cont

Bootstrap consistency means that for n large

IP
(
θ∗ 6∈ E(z [)

)
= IP

(
L(θ̃)− L(θ∗) > z [

)
≈ α;

see e.g. [Spokoiny and Zhilova, 2015]. The key steps are two approximations:

2L(θ̃)− 2L(θ∗)
d
≈
∥∥ξ + a

∥∥2, 2L [(θ̃
[
)− 2L [(θ̃)

d
≈
∥∥ξ [∥∥2 (1)

where ξ ∼ N (0, Σ) , ξ [
∣∣Y ∼ N (0, Σ [) with Σ given by

Σ
def
= D−1 Var

[
∇L(θ∗)

]
D−1, D2 = −∇2IEL(θ∗),

Σ [ def
= D−1

(
n∑
i=1

∇`i(Yi,θ∗)
{
∇`i(Yi,θ∗)

}>)
D−1.

The vector a in (1) is the so called modeling bias. It vanishes if the

parametric assumption IP = IPθ∗ is precisely fulfilled.
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Bootstrap validity for the MLE. cont

So, the quality of the bootstrap approximation can be measured by the

distance between two Gaussian distributions N (a, Σ) and N (0, Σ [) .

The matrix Bernstein inequality implies

‖Σ [ −Σ‖ .
√

log p

n
.

[Spokoiny and Zhilova, 2015] used the Pinsker inequality:∥∥N (a, Σ)−N (0, Σ [)
∥∥
TV
≤ 1

2

(∥∥Σ−1/2Σ [Σ−1/2 − IIp
∥∥
Fr

+
∥∥Σ−1/2a∥∥);

However, the bounds can be significantly improved if consider CS of the form

E(z) =
{
θ : L(θ̃)− L(θ) ≤ z

}
≈ 1I

{
‖ξ‖2 ≤ 2z

}
.
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Bootstrap validity for the MLE. cont

Namely, under some technical conditions∣∣∣IP(∥∥ξ + a
∥∥2 > z [

)
− α

∣∣∣ ≤ C

‖Σ‖Fr

(
‖Σ −Σ [‖1 + ‖a‖2

)
,

where ‖Σ‖Fr is the Frobenius norm of Σ .

In particular, the “small modeling bias” condition “ ‖Σ−1/2a‖ is small” from

[Spokoiny and Zhilova, 2015] is relaxed to “ ‖a‖2/‖Σ‖Fr is small”.

Also, the Frobenius norm
∥∥Σ−1/2Σ [Σ−1/2 − IIp

∥∥
Fr

can be much larger

than the normalized nuclear norm
∥∥Σ −Σ [

∥∥
1

/
‖Σ‖Fr if the eigenvalues of

Σ and Σ [ rapidly decrease.
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Motivation 2: prior impact in linear Gaussian modeling

Consider a linear regression model

Yi = Ψ>i θ + εi

For homogeneous Gaussian errors εi ∼ N (0, σ2) , the log-likelihood reads

L(θ) = − 1

2σ2

n∑
i=1

(Yi − Ψ>i θ)2 +R = − 1

2σ2
∥∥Y − Ψ>θ∥∥2 +R,

A Gaussian prior Π = ΠG = N
(
0, G−2

)
results in the posterior

ϑG
∣∣Y ∝ exp

(
L(θ)− 1

2
‖Gθ‖2

)
∝ exp

(
− 1

2σ2
∥∥Y − Ψ>θ∥∥2 − 1

2
‖Gθ‖2

)
.
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Prior impact in linear Gaussian modeling. cont

Represent LG(θ)
def
= L(θ)− 1

2‖Gθ‖
2 in the form

LG(θ) = LG(θ̆G)− 1

2

∥∥DG(θ − θ̆G)
∥∥2,

where

θ̆G
def
=
(
ΨΨ> + σ2G2

)−2
ΨY ,

D2
G

def
= σ−2ΨΨ> +G2.

In particular, it implies that the posterior distribution IP (ϑG
∣∣Y ) of ϑG

given Y is N (θ̆G, D
−2
G ) .

Posterior contraction property means concentration of the posterior on

EG(r) =
{
θ : ‖W (θ − θ̆G)‖ ≤ r

}
,

where W is a given linear mapping from IRp .
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Prior impact in linear Gaussian modeling. cont

An elliptic credible set:

EG(r) =
{
θ : ‖W (θ − θ̆G)‖ ≤ r

}
,

The desirable credibility property manifests the prescribed conditional

probability of ϑG ∈ E(rG) given Y with rG defined for a given α by

IP
(∥∥W (ϑG − θ̆G)∥∥ ≥ rG

∣∣Y ) = α.

Under the posterior measure ϑG ∼ N (θ̆G, D
−2
G )

∣∣Y , this bound reads as

IP
(
‖ξG‖ ≥ rG

)
= α

with a zero mean normal vector ξG ∼ N (0, ΣG) for ΣG = WD−2G W> .

Prior impact: how the credible probability depends on the prior covariance G .
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Prior impact in linear Gaussian modeling. cont

Consider another prior Π1 = N (0, G−21 ) with the covariance matrix G−21 .

The corresponding posterior ϑG1 is again normal but now with parameters

θ̆G1 =
(
ΨΨ> + σ2G2

1

)−2
ΨY and D2

G1
= σ−2ΨΨ> +G2

1 , and

IP
(∥∥W (ϑG1 − θ̆G

)∥∥ ≥ rG
∣∣Y ) = IP

(∥∥ξG1
− a

∥∥ ≥ rG

)
with ξG1

∼ N (0, ΣG1) for ΣG1 = WD−2G1
W> and

a
def
= W

(
θ̆G − θ̆G1

)
.

Therefore,∣∣∣IP(∥∥W (ϑG1 − θ̆G
)∥∥ ≥ rG

∣∣Y )− α∣∣∣
≤ sup

r>0

∣∣∣IP(∥∥ξG1
− a

∥∥ ≥ r
)
− IP

(∥∥ξG∥∥ ≥ r
)∣∣∣ .
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Motivation 3. Nonparametric Bayes approach

Consider the Gaussian Bayes model for Y ∈ IRn , θ ∈ IRp ,

Y
∣∣θ ∝ expL(θ), L(θ) = ‖Y − Ψ>θ‖2/(2σ2),

ϑ ∝ N (0, G−2)

Nonparametric Bayes: the true DGP is Y = Ψ>θ∗ + ε , ε ∼ N (0, σ2IIn) .

Fix the radius r = rG to ensure

IP
(∥∥W (ϑG − θ̆G)∥∥ ≥ rG

∣∣Y ) = IP
(
‖ξ‖ > rG

)
= α

with ξ ∼ N (0, ΣG) , and ΣG = WD−2G W> .

Can one can use the credible set EG(r) as a frequentist confidence set for

the true parameter θ∗ ? The frequentist coverage probability of θ∗ is given by

IP
(
θ∗ ∈ EG(r)

)
= IP

(
‖W (θ∗ − θ̆G)‖ ≤ rG

)
.

The aim is to show that the the latter is close to 1− α .
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Nonparametric Bayes approach. cont

Existing results cover only very special cases; see e.g.

� [Johnstone, 2010],

� [Bontemps, 2011],

� [Panov and Spokoiny, 2015],

� [Castillo, 2012],

� [Castillo and Nickl, 2013]

� [Belitser, 2017]

and references therein.

Most of the mentioned results are about asymptotic consistency without rate.
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Nonparametric Bayes approach. cont

For the posterior mean θ̆G =
(
ΨΨ> + σ2G2

)−1
ΨY , it holds

IE
[
W
(
θ∗ − θ̆G

)]
= W

(
II −ΠG

)
θ∗

def
= a

with ΠG =
(
ΨΨ> + σ2G2

)−1
ΨΨ> . Further,

Σ
def
= Var

{
W
(
θ∗ − θ̆G

)}
= W

(
σ−2ΨΨ> +G2

)−1
σ−2ΨΨ>

(
σ−2ΨΨ> +G2

)−1
W>.

Hence, the vector W
(
θ∗ − θ̆G

)
is under IP normal with mean

a = W
(
II −ΠG

)
θ∗ and variance Σ . Therefore, for ξ ∼ N (0, Σ)

IP
(
θ∗ ∈ EG(r)

)
= IP

(∥∥a+ ξ
∥∥ ≤ r

)
.
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Nonparametric Bayes approach. cont

So, it remains to compare two probabilities

IP
(∥∥a+ ξ

∥∥ ≤ r
)

vs IP
(∥∥ξG∥∥ ≤ r

)
, r > 0.

Obviously Σ ≤ ΣG for

Σ = W
(
σ−2ΨΨ> +G2

)−1
σ−2ΨΨ>

(
σ−2ΨΨ> +G2

)−1
W>

ΣG = W
(
σ−2ΨΨ> +G2

)−1
W>

yielding ∥∥ΣG −Σ∥∥1 = trΣG − trΣ .

Our bound:∣∣IP (θ∗ 6∈ EG(rG)
)
− α

∣∣ ≤ C
(
trΣG − trΣ + ‖a‖2

)
‖ΣG‖Fr

.
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Different covariance operators

We denote by Λm,ξ the partial Frobenius norm of Σξ defined by

Λ2
m,ξ

def
=

∞∑
k=m

λ2k(Σξ), m = 1, 2.

Theorem

Let ξ and η be Gaussian elements in H with zero mean and covariance

operators Σξ and Ση respectively. For any a ∈ H

sup
x>0
|IP (‖ξ − a‖ ≤ x)− IP (‖η − a‖ ≤ x)| . C0‖Σξ −Ση‖1,

C0
def
=

1√
Λ1,ξΛ2,ξ

(
1 +
‖a‖2

Λ2,ξ

)
+

1√
Λ1,ηΛ2,η

(
1 +
‖a‖2

Λ2,η

)
.
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Different means

Theorem

Let ξ be the Gaussian element in H with zero mean and covariance

operator Σ . For any a ∈ H

sup
x>0
|IP (‖ξ − a‖ ≤ x)− IP (‖ξ‖ ≤ x)| . ‖a‖2√

Λ1,ξ Λ2,ξ

with

Λ2
m,ξ

def
=

∞∑
k=m

λ2k(Σξ), m = 1, 2.

The Pinsker bound yields

sup
x>0
|IP (‖ξ − a‖ ≤ x)− IP (‖ξ‖ ≤ x)| . ‖Σ−1/2a‖.
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General bound

Corollary

Under conditions of Theorem 1 we have

sup
x>0
|IP (‖ξ − a‖ ≤ x)− IP (‖η‖ ≤ x)| . C1‖Σξ −Ση‖1 +

‖a‖2√
Λ1,ξ Λ2,ξ

,

where C1
def
=

1√
Λ1,ξ Λ2,ξ

+
1√

Λ1,η Λ2,η

.

The Pinsker bound yields

sup
x>0
|IP (‖η − a‖ ≤ x)− IP (‖ξ‖ ≤ x)|

. ‖Σ−1/2ξ ΣηΣ
−1/2
ξ − IIp‖Fr + ‖Σ−1/2ξ a‖.
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∆ -band of the squared norm of a Gaussian element

Theorem

Let ξ be a Gaussian element in H with zero mean and covariance operator

Σ . Then for arbitrary ∆ > 0 and any λ > λ1

IP (x < ‖ξ‖2 < x+∆) . C2∆,

where

C2
def
= sup

x
pξ(x) ≤ 1√

Λ1,ξ Λ2,ξ

and pξ stands for the density of ‖ξ‖2 . In particular,

sup
x>0

IP (x < ‖ξ‖2 < x+∆) .
∆√

Λ1,ξ Λ2,ξ

.
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Proof of Theorem 1

Fix any s : 0 ≤ s ≤ 1 . Let Z(s) be a Gaussian random element in H with

zero mean and covariance operator V (s) :

V (s)
def
= sΣξ + (1− s)Ση.

Denote by λ1(s) ≥ λ2(s) ≥ . . . the eigenvalues of V (s) and introduce the

operator G(t, s)
def
= (II − 2itV (s))−1 . Then

f(t, s,a) = IE exp{it‖Z(s)− a‖2}

= exp

{
it

(
‖a‖2 + 〈G(t, s)a,a〉 − 1

2it
tr log

(
II − 2itV (s)

))}
,

where for an operator A and the identity operator II we use notation

log(II +A) = A

∫ 1

0
(II + yA)−1dy.
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Proof of Theorem 1. cont

For a continues d.f. F (x) with c.f. f(t)

F (x) =
1

2
+

i

2π
lim
T→∞

V.P.

∫
|t|≤T

e−itxf(t)
dt

t
.

Let us fix an arbitrary x > 0 . Then

IP (‖ξ − a‖2 < x)− IP (‖η − a‖2 < x)

=
i

2π
lim
T→∞

V.P.

∫
|t|≤T

f(t, 1,a)− f(t, 0,a)

t
e−itx dt.

By the Newton-Leibnitz formula

f(t, 1,a)− f(t, 0,a) =

∫ 1

0

∂f(t, s,a)

∂s
ds.
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Proof of Theorem 1. cont

Further

∂f(t, s,a)/∂s

t
= f(t, s,a)×[

i tr
{

(Σξ −Ση)G(t, s)
}
− t〈G(t, s)(Σξ −Ση)G(t, s)a,a〉

]
.

Changing the order of integration yields

IP (‖ξ − a‖2 < x)− IP (‖η − a‖2 < x)

= − 1

2π

∫ 1

0

∫ ∞
−∞

[
tr {(Σξ −Ση)G(t, s)}

+it〈G(t, s)(Σξ −Ση)G(t, s)a,a〉
]
f(t, s,a)e−itx dt ds.
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Proof of Theorem 1. cont

Let us fix s and consider the following quantity

1

2π

∫ ∞
−∞

µj(t, s)f(t, s,a)e−itx dt,

where µj(t, s)
def
= (1− 2itλj(s))

−1 are the eigenvalues of G(t, s) . Let

also Zj(s) be a random variable with exponential distribution

Exp(0, 1/(2λj(s))) , which is independent of Zk, k ≥ 1 . Then

IEeitZj(s) = µj(t, s).

Moreover, µj(t, s)f(t, s,a) is the characteristic function of

Zj(s) + ‖Z(s)− a‖2 . Let pj(x, s, a) be a density function corresponding

to µj(t, s)f(t, s,a) . Then

1

2π

∫ ∞
−∞

µj(t, s)f(t, s,a)e−itx dt = pj(x, s, a).
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Proof of Theorem 1. cont

Denote by P (x, s, a) a diagonal operator with pj(x, s, a) on the main

diagonal. It follows

1

2π

∫ ∞
−∞

tr {(Σξ −Ση)G(t, s)} f(t, s,a)e−itx dt

= tr
{

(Σξ −Ση)U>P (x, s, a)U
}
≤ ‖Σξ −Ση‖1‖P (x, s, a)‖

= ‖Σξ −Ση‖1 max
j
pj(x, s, a).

pj(x, s, a) is the density for the c.f. µj(t, s)f(t, s,a) . Hence,

pj(x, s, a) ≤ g(x, s,a)

where g(x, s,a) is the density of ‖ξ(s)− a‖2 .
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Extensions to non-Gaussian case

Require an approximation for the probability of a ball in the form

sup
x≥0

∣∣IP (∥∥S∥∥2 ≤ x)− IP (∥∥S̃∥∥2 ≤ x)∣∣,
where S̃ ∼ N (0, Σ) .

[Bentkus, 2003]: in the i.i.d. case

sup
A∈C

∣∣IP (S ∈ A)− IP (S̃ ∈ A)∣∣ .√p3/n
Here C is the class of all convex sets in IRp .

Our guess:

sup
x≥0

∣∣IP (∥∥S∥∥2 ≤ x)− IP (∥∥S̃∥∥2 ≤ x)∣∣ . tr3/2(Σ)

n
.
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Confidence sets for spectral projectors

[Koltchinskii and Lounici, 2015] studied a quality of estimation of the spectral

projector of the sample covariance.

[Naumov et al., 2017]: a bootstrap procedure for building a confidence set for

the target projector;

[Silin and Sp, 2017]: nonparametric Bayes approach for the spectral projector
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