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Consider a linear regression model

Y:Xﬁ+U§,

X is n x p known real matrix, 8 € RP is an unknown vector, £ € R" is a
vector with i.i.d. standard Gaussian components.

The main goal is to estimate o2.

® Efromovich S. and Low M. On optimal adaptive estimation of a quadratic
functional. The Annals of Statist. 1996. V. 24. No 3.

® |aurent B. and Massart P. Adaptive estimation of a quadratic functional by model
selection. The Annals of Statist. 2000. V. 28. No 5.
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In the ideal situation 8 =0, i.e.
Yi=0&, i=1,...,n

and the best possible estimate is defined as follows
n

~2 ¢y def H0§H27 2 a° 2
05(§) = —— =0 JF?Z(& -1).

n
i=1
Define the error of estimator 52(Y') as the expectation of

A(3?) = n|53(Y) —52(8)|.

o
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Maximum likelihood estimation

~2

gives

(YY) = arg max max
02>0 BERP

Adaptive estimation of «
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n

> log

Y = X(XTX)"1XTY|?

ap(Y) =

which leads to unbiased version

F(Y) =

n

)

Y = X(XTX) XY

n—p

@)}
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Consider Singular Value Decomposition of the matrix X T X

XTXek:/\kek, k:].,...,p7

where e, € RP, k=1,...,p, A\t > X2 >,...,> A,. Define (orthonormal)

vectors
Xek

VA

Complete the basis with e}, k =p+1,...,n.
Then for Y, = (Y, ef) the initial problem transforms into

e; = k=1,...,p.

Vk:VAkBk—’—O—g;(? k:]-a"'7p7
Vk:o—gfm k=p+1,...,n

where G = (8, e), &, are i.i.d. standard Gaussian noise.

An oracle inequality
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The equivalent problem is to estimate 2 in the model

Vk:\/AkBk‘FO'gL, k:]-a"'apv
Yy =0}, k=p+1,...,n,

where [ = (B,ey), € is standard Gaussian noise.

- Y - X(XTX)"1XTy|? 1 & o
o) < 1Y XXXV 1§ g,
n=r TP
For p ~ n the estimation fails. It is worth using Yi, k =1,....p.

Remark. For the estimation we would like to have a method, which is based on the the
initial data preferably avoiding SVD (not always possible), and transformation to the
equivalent model for the proofs.
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Thus one has to "improve” ML estimation of g
Bo(Y) = (XTX) X Y.
Define spectral regularisations of B\O(Y):
Ba(Y) = Ha(XTX)Bo(Y),
where
L(XTX) = Z He(
Hy(-) : RT — [0,1] indexed by o € RT s.t.
lim Hy,(A) =1, forall X>0;
a—0
lim Ho(\) =0, forall a>0.
A—0
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Ordered smoothers: for all a,a’ € R

Hao(A) < Hyr(A) forall A >0
or
H./ (X)) < Ha(A) for all A > 0.

® spectral cut-off: o0

Ha()) = 1{A > o},

e Tikhonov rigularization: /
Ha()\) = ﬁka' < 0504

<
£
e smoothing splines
0257
e Landweber iterations ) —cutott
- Landweber
Ho(\)=1-(1- %)‘1 , where ool L] — Tinonov
Ala <1l a= (k+1)71. 0.00 0.25 0.50 0.75 1.00

+ kernel estimators, etc.:

Engl, HW., Hanke, M., and Neubauer, A. (1996). Regularization of Inverse
Problems. Mathematics and its Applications
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Remark. For the estimation we would like to have a method, which is
based on the the initial data preferably avoiding SVD (not always
possible), and transformation to the equivalent model for the proofs.

For Tikhonov regularization there's no need of SVD:
BT(Y) = arg mﬁin{HY — XBI? + a||ﬂ||2} = (al + XTX)XTy.

One has just to find a solution to a linear system
(al + XTX)BE(Y)=XTY
and
BEY) =(al + XTX)2XTY = HT(XTX)[(XTX) X T V],

where HT()\) = a—j‘_/\

Note that for H,(A\) = 1{\ > a} SVD is needed.

10/35
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For the family {H,(:), « € R*} define a family of estimators

82(Y): HY_XBOA(Y)H2
o n— 2tr{Ha(XTX)} — tr{[Ha(XTX)2}]’

Equivalently
>l = Ha(M)PPY?
27:1[1 - Ha(/\i)]2

In unbiased version of ML estimator the denominator is n — p, thus
S [2Ha(A) — [Ha(Xi)]?] is the "effective dimension” of the predicted

Ba(Y).
Denote Ga(A) =1 — [1 — Ha(A)J2 = 2Ha(A) — [Ha (V)]

52(Y) =

timation of « An oracle inequ

ality



Noise variance estimation Adaptive estimation of An oracle inequality
[e]e]e} 000000 00000000
[e]

To select &, corresponding to the best estimate in the family
{G2(Y), a € A = [0min, ®max]}, We minimise the expectation of the error

A(57) = nlaa(Y) —72(6)],

inae A= [aminaamax]v &g(f) -
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Denote
Ga(A) =1 = [1 = Ha(W)]? = 2Ha(N) = [Ha(M)]%.

Condition A: I G (\) <1

1+ = ZG Ak]Zu M2 Y2
Condition B 3K Va >0

zn: Ga(N) < Kzn: G2(\)

13/35
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A(Ga) =nloa(¥) = 52(¢)]
‘ 14 Z Ga (M) ] Zj — Ha (A5
1+ = Z Ga(M)| D Ga(M)(1 = €0)
+o°= Z Ga () Z (& -1
1+ ; Ga()\k)] Zn:[l — Ha (M) 2EV NP

i=1

+20

14 /35
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A(Ga) =nloa(¥) = 52(¢)]

‘ 14 Z Ga (M) ] Zj — Ha (A5

141 Z 60| 30 61— gy VR G
+o°= Z Ga () Z (& -1

1+ ; Ga()\k)] Zn:[l — Ha (M) 2EV NP

i=1

+20
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A(F2) =nfgE(V) - 3(€)
\ 1+ ZG (Ak) ] S o[1= HaQO)* N
i=1
~ mG2()\;
1+~ ZG (M) a(/\k)(l—gf)/ V2, GE()
k=1
~ n~1/2 Z:’: Ga (M)
+U*ZG )\k 25{2 )/ 1
i=1

1+ 1 Z Ga(kk)} >i- Ha(A,-)]Qg,fﬁB,‘.
k=1

+20

i=1
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A(5) =n|7a(Y) - 7a(¢)|

1+ % z”: Ga()\k):| zn:[l - Ha()\i)]2)\i5;2

i=1

~
~

+0°

n ~ /T GE(N
GaM)(1 — D) — 2 GalX)

1 n
1+ = E Ga (>\k)
n k=1 k=1

n n ~n 12 27:1 Ga()‘f)

17 /35
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A(5) =n|7a(Y) - 7a(¢)|

1+ % z”: Ga()\k):| zn:[l - Ha()\i)]2)\i5;2

i=1

~
~

+0°

n ~ /T GE(N
GaM)(1 — D) — 2 GalX)

1 n
1+ = E Ga (>\k)
n k=1 k=1

n n ~n 12 27:1 Ga()‘f)

141y Gaw)} e HQ(A,)]%WB,-H
k=1 i=1

small compared to

the first term



Noise variance estimation Adaptive estimation of c An oracle inequality
[e]e]e} ®00000 00000000
[e]

A(5) =n|7a(Y) - 7a(¢)|

z‘ 1+ % Z Ga()\k)] Z[l - Ha()\i)]2)\i5;2
k=1 i=1
\ , ~ ST G
+o? |1+ % Z Ga (k) Go(Ae)(1 — §L2)‘/_ VL GO
k=1 k=1

21 .2 / ~n 2300 Ga(N)
k=1 i=1

n p
k=1 i=1

small compared to
the first term
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AGE) ~

141 > Ga(Ak)]

i=1

To minimize EA(&%) we need to

@ construct a deterministic bound for the process

n

k=1

(@) =) Ga(M)(1-&2), acR’,

k=1

namely one needs to find a minimal deterministic function V(«) s.t.

An oracle inequality

00000000

ST HaOD)]) N + 0% Ga(Me)(1 — €02).

E sup [[C(a)] = V()] < CE[|¢(amax)| — V(amax)], < Cv/EC (amax);

a<omax

@ estimate \;5? and o2 .
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Theorem 1 (Deterministic bound)

For each € € (0,1]

E sup [|¢(0)] — Ve(0)], < Ce'v/Dlmar).

where n
D(a) =)  Gi(\),
k=1
D(a) Q D(a) V2
Ve(e) = (1+¢) 2D(a){|0g Doy 20Fe) o8 LZ o8 D(amax)] } ’
o 4
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n n

ST = HaW)]PNB + 07 Ga(M)(1 = €0)]-

i=1 k=1

AG) ~

147 3 Ga(Ak)]

@ Applying Theorem 1, for any a(Y)

n

1+ %Z Ga(/\k)] {2[1 - H&()\i)]2/\i3i2 +0° Vﬁ(&)}

i=1

EA(G3) <E

+Co? D(aimax)

which leads to

n

1+ %Z Ga()\k):| {Z[l — HO‘(A")]Z)VB,'Z +O’2V5(Oz)}.

i=1

a(p) = arg min
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a(B) = argn m|n

14 = ZG Ak]{i[l Ha(A)]*NiB2 + 0% V(o )}

=1 i=1
@ Substitute

° )\;B? with \7,-2 — o2

[ ] 0'2 Wlth YﬁXBI;Q(Y) |2 - %E

Thus

a(Y) = arg Orpelg




Noise variance estimation Adaptive estimation of An oracle inequality
e]e]e} 00000e 00000000
[e]

The data-driven smoothing parameter selection procedure:
. Ve(a)
a(Y) ~ F2(Y) |1+ = ¢
a(Y) argggg{%( )[ +— H

The corresponding estimator:

_2tr{Ha(X'X)} tr{[Ha(XTX)]z}} 71'

F2(Y) =1 |Y = XBa(V)| [1 n

n

24 /35
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Denote

Re(o ) % {1 N ve<a>} {27:1 1= HOINEE (a)}

n

2kl = Ha(M)P?

def . dﬁfU D(ctmax)
rae(B) = min Re(a, B),  pa,e(B) Tl

Theorem 2

Under conditions A,B and aumin, Gtmax S.t. lim D(“n'“'" =0, D(amax) > 5

n—oo

for each v € (0,¢/(1+¢)), and all n > n,

Oa) >

eaat) <01 log™* [ ()] [ Coao) ] /}

v $/D(Ctmax) (e =7 —ne

An oracle inequality

00000000
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Denote
aot [, Ve(@)] [ i1 - HaQOIPNB
e 2 [ 0L e @
def . def 02/ D(tmax)
rae(B) = min Re(a, B), pagB) = Tl
small
Theorem 2

Under conditions A,B and aimin, Gtmax S.t. lim M =0, D(amax) > 5

n—oo

for each v € (0,¢/(1+¢)), and all n > n,

oy _rac(B) [ g P [ (B)] T Cpac(d) 1V
EA(7a) < v {1+ ¢/D(Ctmax) +{(6—7—7€)} }

26 /35
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Remark

For the selection of best smoothing parameter for the unknown g3
estimation:

arg Orpelg {Z[l — Ho(DDPAiB2 + o2 Zl Hg(/\,-)}

i=1

and for the unknown o2 estimation:

argmln {Z[l MN)PAB? 4 0?Vi(a )}

For the small a (the models with the high effective dimension)

)< 3 H )

27 /35
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Let us apply the Theorem 2 to minimax adaptive estimation of the noise
variance given the noisy observations of a smooth non-linear regression
function

Y,':f(X,')—f—O'f,', i:l,...,n,

where ¢ is standard Gaussian, X; € [0, 1], f(x),x € [0, 1] is a function

from the class )
Wy = {f : / [FM ()] < L};
0

Consider the smoothing spline method

n

a(-,y):argm;n{;z:[v_f +a/ [F(™) (x) ]2dx}

i=1

Denote

A WVY) = E|2(Y) —
(02, W) frgsvfmn |c°(Y) = n"to

where 52(Y) is some estimator of the noise variance.
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In Demmler-Reinsch basis {¢x }k=1,....n
1y b m)
2600 =das [ o007 () = v
i=1 0
with eigenvalues
Asymptotically
vp = (L4 o(1))(mk)>™.

a

Y, = f,
k k-l-ﬁ

&, k=1,...,n,
where

f = %Z F(XDou(X)) Y= %Z Yigr(Xi)-
i=1 i=1

Thus we transformed the regression model into the sequence space model
with

o 1 =
0= ﬁ7 Ak = 17,,(,, Bk = \/Zflo

29 /35
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And the spline estimate is defined as

1

fa(x,Y) E ho (V) Yidk(x), where hy(z) = ———, z>0.
1+az
k=1
1004 5
0.751
=
2 050+
~
0.251
0.00-
0.0 25 50 75 10.0 125

30/35
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The bounding function

Vi(a) = (1 + €+ o(1))a~1/Gm

The maximal bias on the class Wj" = {fk SRR < L}

_ n\12
sup Z[l — ho(V?F2 = Lmax% < La.

fews i

An oracle inequality

00080000
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Thus for any f € WJ" for n — oo

2\ 4m/(4m+1) L 2m/(4m+1)
rac(f) = 7 LY/ #mF1) Hog —,27 .
n o

Thus

L\ ~1/(4m+1) L —2m/(4m+1)
pae(f) = (” ) [Iog( ”)] 0.

02 02
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Denote

W(a) = 3 [2ha(v2) — ().

k=1
The noise variance estimator is

Z[Y Rl V[ - 9]

where

a = arg (gpeig‘{é:[yi —fa(X, V)P {1 - @} ) [1 * @} }

From Theorem 2 the upper bound on the maximal error in the class WY is
) asymp C(m)Lﬁ 0-2 4:121 Ln 437%
0% n

where v < €/(1 + ¢).
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Remark
The bound is not optimal

=R asympc L% 2 #’11 L 4,27,%
ey () )]

probably up to %
® Efromovich S. and Low M. On optimal adaptive estimation of a quadratic
functional. The Annals of Statist. 1996. V. 24. No 3.

® |laurent B. and Massart P. Adaptive estimation of a quadratic functional by model
selection. The Annals of Statist. 2000. V. 28. No 5.

Problem of quadratic functional }; 52 estimation in the model

Yi=§+o0&, i=1,...,n
where &; are iid. AN(0,1).
In our case as an estimate of the quadratic functional one might use
S Y2 ngE(Y).



Thank you for your attention!
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