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Convex combinations of i.i.d.
Let κ1, κ2, . . . be i.i.d. Cauchy random variables and
π̄ = (π̄1, π̄2, . . .) be a probability distribution on Z+, i.e.,

π̄i ≥ 0,
∞∑
i=1

π̄i = 1.

Then

P
{ ∞∑

i=1

π̄iκi ≤ x

}
= P

{
κ1 ≤ x

}
,

or, equivalently,
∞∑
i=1

π̄iκi
P
= κ1.

In particular,
1
n

n∑
i=1

κi
P
= κ1



Information entropy

H(π̄) = −
∞∑
i=1

π̄i log(π̄i)

measures the average amount of information produced by a
random source.

Are there i.i.d. random variables ζi such that

∞∑
i=1

π̄iζi
P
= H(π̄) + ζ1?

Or, in particular,

1
n

n∑
i=1

ζi
P
= log(n) + ζ1.



Let

Ek =
k∑

s=1

es ,

where es are i.i.d. standard exponential random variables

P{es ≤ x} = 1− exp(−x), x ∈ R+.

Then

ζ =
∞∑
k=1

(
1
Ek
− 1

k

)
+ γ,

where γ = 0.577215 . . . is the Euler constant.



Figure: Distribution functions of ζ (solid line) and 1/e1 (dashed
line).



• mass concentration

P{ζ > 26.01} = 0.05 and P{ζ < −1.02} = 0.05.

• heavy tail

P{ζ ≥ x} � 1
x
, x →∞.

Theorem
∞∑
i=1

π̄iζi
P
= H(π̄) + ζ1.



Suppose we observe

Yi = θi × 1(τ = i) + σξi , i = 1, 2, . . . ,

where
• ξi are i.i.d. N (0, 1);
• τ ∈ Z+ is a random variable with a known distribution

P
{
τ = i

}
= π̄i ;

• θ = (θ1, . . .)
> ∈ R∞ is an unknown vector.



The goal is to test

the simple hypothesis
H0 : θ = 0
vs. the compound alternative
H1 : θ 6= 0.

Assumption. Let π(x) be a continuous probability density on
R+ with a bounded entropy

H(π) = −
∫ ∞

0
log[π̄(x)]π̄(x) dx .

Then

π̄i = π̄n
i = π

(
i

n

)/ ∞∑
k=1

π

(
k

n

)
,

where n is large.



MAP test
This test accepts H1 if

M(Y ) ≥ tMα ,

where

M(Y ) = max
k∈Z+

max
θk

{
π̄n
k exp

[
−(Yk − θk)2

2σ2 +
Y 2
k

2σ2

]}
= max

k∈Z+
π̄n
k exp

(
Y 2
k

2σ2

)
and tMα is a solution to

P
{

max
k∈Z+

[
π̄n
k exp

(
ξ2
k

2

)]
≥ tMα

}
= α.



Bayes test
This test accepts H1 if

B(Y ) ≥ tBα ,

where

B(Y ) =
∑
k∈Z+

π̄n
k max

θk

{
exp

[
−(Yk − θk)2

2σ2 +
Y 2
k

2σ2

]}
=
∑
k∈Z+

π̄n
k exp

(
Y 2
k

2σ2

)
and tBα is defined by

P
{∑

k∈Z+

π̄n
k exp

(
ξ2
k

2

)
≥ tBα

}
= α.



A limit theorem
Theorem
As n→∞√

πH(π̄n) max
k∈Z+

[
π̄n
k exp

(
ξ2
k

2

)]
P
= (1 + o(1))

1
e1
,√

πH(π̄n)

[∑
k∈Z+

π̄n
k exp

(
ξ2
k

2

)
− µ(π̄n)

]
P
= (1 + o(1))ζ.

where

µ(π̄n) =
2
π

√
πH(π̄n)−

log
√
πH(π̄n)√

πH(π̄n)
,

ζ =
∞∑
k=1

(
1
Ek
− 1

k

)
+ γ, Ek =

k∑
s=1

es .



Proof

Consider for simplicity the case where π̄n
k = 1/n.

I. Notice that as nx →∞

qn(x)
def
= P

{
1
n

exp

(
ξ2
i

2

)
≥ x

}
=

1 + o(1)

nx
√
π log(nx)

.

Hence

q−1
n (x) =

1 + o(1)

nx
√
π

[
log

(
1

x
√
π

)]−1/2

, x →∞.



II. Let Ui , i = 1, . . . , n, be i.i.d. random variables uniformly
distributed on [0, 1] and U(1) ≤ . . . ≤ U(n) be their
nondecreasing permutation.
By Pyke’s theorem

U(k)
P
=

Ek

En+1
.

Therefore, as n→∞

U(n−k)
P
≈ 1− Ek+1

n

and thus when k � n

1
n

exp

(
ξ2

(n−k)

2

)
P
≈ q−1

n

(
Ek+1

n

)
P
=

1 + o(1)√
πEk+1

log−1/2
(

n√
πEk+1

)
.



III. Next

1
n

n∑
k=1

exp

(
ξ2
k

2

)
=

1
n

n∑
k=1

exp

(
ξ2
k

2

)
1
{
|ξk | > hn

}
+
1
n

n∑
k=1

exp

(
ξ2
k

2

)
1
{
|ξk | ≤ hn

}
,

where hn is defined by

1
hn

exp

(
h2
n

2

)
=

n√
2πMn log(n)

, lim
n→∞

log(Mn) log[log(n)]

log(n)
= 0.



We have (low of large numbers)

1
n

n∑
k=1

exp

(
ξ2
k

2

)
1
{
|ξk | ≤ hn

} P
=

√
2
π
hn + o

(
1√

log(n)

)
.

and

1
n

n∑
k=1

exp

(
ξ2
k

2

)
1
{
|ξk | > hn

}
=

1
n

n∑
k=0

exp

(
ξ2

(n−k)

2

)
1
{
|ξ(n−k)| > hn

} P0=
τ∑

k=0

1 + o(1)

Ek+1
√
π log(n/Ek+1)

where

τ = min

{
k :

1
Ek+1

√
π log(n/Ek+1)

≤ 1 + o(1)√
π log(n)Mn

}



Critical values

As n→∞

tMα =
t∗α + o(1)√
πH(π̄n)

,

tBα =µn +
t◦α + o(1)√
πH(π̄n)

,

where t∗α and t◦α are the quantiles of order α of e−1
1 and ζ

respectively

t∗α = 1− exp(−1/α) ≈ 1/α, as α→ 0,
P{ζ ≥ t◦α} = α.



Figure: α× quantiles of ζ (solid line) and 1/e1 (dashed line).



Small signal detection
Let

ρ2
i = log

1
π̄n
i

√
πH(π̄n)

.

Define the critical sets:

ΘM(τ) =
{
θ : θ2

τ ≤ 2σ2[ρ2
τ + log(tMα )− 1

]
; θk = 0, k 6= τ

}
,

ΘB(τ) =
{
θ : θ2

τ ≤ 2σ2(ρ2
τ − 1); θk = 0, k 6= τ

}
.

Theorem

lim
n→∞

inf
S∈ΘM(τ)

PS

{
M(Y ) ≤ tMα

∣∣∣τ} =
1− α
2

,

lim
n→∞

inf
S∈ΘB(τ)

PS

{
B(Y ) ≤ tBα

∣∣∣τ} =
1− α
2

.



Large signal detection

Define

RM
τ (θ) =− log Pθ

{
M(Y ) ≤ tMα

∣∣∣τ},
RB
τ (θ) =− log Pθ

{
B(Y ) ≤ tBα

∣∣∣τ}.
Theorem
As n→∞

RM
τ (θ) = RB

τ (θ) + O(α)

uniformly in θ /∈ (1 + ε)ΘM(τ), ε > 0,



A general model

We observe

Yi = θi × 1{i ∈ τ}+ σξi , i = 1, 2, . . . ,

where
• τ = {τ1, . . . , τS} is the multi-index with i.i.d. components
τi ∈ Z+

P
{
τk = i

}
= π̄i ;

• θ = (θ1, . . .)
> ∈ R∞ is an unknown vector.



The MAP test
MAP test accepts H1 if

MS(Y ) = max
τ

∏
k∈τ

π̄n
k exp

(
Y 2
k

2σ2

)
≥ tMα,S .

Let

Zk = π̄n
k exp

(
Y 2
k

2σ2

)
, k = 1, 2, . . . ,

and Z(1) ≥ Z(2), . . . be nondecreasing permutation of
Zk , k = 1, 2, . . .. Then

MS(Y ) =
S∏

k=1

Z(k).

and tMα,S is defined by

P0

{ S∏
k=1

Z(k) ≥ tMα,S

}
= α.



Bayes test

This test accepts H1 if

BS(Y ) =
∑
τ

∏
k∈τ

π̄n
k exp

(
Y 2
k

2σ2

)
≥ tBα,S ,

where tBα,S is a solution to

P
{∑

τ

∏
k∈τ

π̄k exp

(
ξ2
k

2

)
≥ tBα,S

}
= α.



Bayes test complexity

Numerical complexities of the MAP and the Bayes tests are
similar since, for example,

B2(Y ) =
1
2

[ ∞∑
k=1

Zk

]2

− 1
2

∞∑
k=1

Z 2
k .



A limit theorem

Theorem
As n→∞

[πH(π̄n)]S/2MS(Y )
P0= (1 + o(1))

S∏
k=1

1
Ek
,(

2
π

)1−S

[πH(π̄n)]1−S/2
[
BS(Y )− µS(π̄n)

] P0= (1 + o(1))ζ,

where

µS(π̄n) =

(
2
π

)S

[πH(π̄n)]S/2
[
1
S
−

log
√
πH(π̄n)

2H(π̄n)

]
.



Small signal detection with the MAP test
Let

ΘM(τ) =

{
θ :
‖θ‖2

2σ2 ≤
∑
k∈τ

ρ2
k + log(t∗α,S)− S ; θk = 0, k /∈ τ

}
,

where

P
{ S∏

k=1

1
Ek
≥ t∗α,S

}
= α, ρ2

k = log
1

π̄n
k

√
πH(π̄n)

.

Notice
log(t∗α,S) ≈ log

1
α
− S log

S

e
.

Theorem

lim
n→∞

inf
θ∈ΘM(τ)

Pθ

{
MS(Y ) ≤ tMα,S

∣∣∣τ} =
1− α
2

.



Small signal detection with the Bayes test

Let

ΘB(τ) =

{
θ :

θ2
k

2σ2 ≤ ρ2
k − 1, k ∈ τ ; θk = 0, k /∈ τ

}
.

Theorem

lim
n→∞

inf
θ∈ΘB(τ)

Pθ

{
BS(Y ) ≤ tBα,S

∣∣∣τ} =
1− α
2S

,

lim
n→∞

inf
θ∈ΘB(τ)

Pθ

{
B1(Y ) ≤ tB,1α

∣∣∣τ} =
1− α
2S

.



Figure: Undetectable signals.
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