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Convex combinations of i.i.d.

Let k1, Ko, ... be i.i.d. Cauchy random variables and
7 = (71,72, ...) be a probability distribution on Z7, i.e.,

o
>0, > &=L
i=1
Then
o0
P{Z Tk < x} = P{Iil < x},
i=1
or, equivalently,
o0
_ P
Z’/T,‘/i,‘ = K1.
i=1

In particular,

n
1 P
—E Ri = R1
n <

i=1



Information entropy
H(7) = =) #log(#)
i=1

measures the average amount of information produced by a
random source.

Are there i.i.d. random variables (; such that
~_ P,
ZTF,‘C,‘ = H(7T) + C17
i=1

Or, in particular,

1 n
- > G = log(n) + G-
i=1



Let
K

Ek = Ze57

s=1

where e are i.i.d. standard exponential random variables
P{e; < x} =1—exp(—x), xe€R".
Then © /4 .
¢= Z(Ek - ;) +7

where v = 0.577215 ... is the Euler constant.
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Figure: Distribution functions of ¢ (solid line) and 1/e; (dashed
line).



e mass concentration
P{¢ >26.01} =0.05 and P{¢ < —1.02} = 0.05.

e heavy tail
1
P{(>x} <= x— 0.
bs

Theorem

ZWCI— +C1



Suppose we observe
Yi=0;x1(r=i)+0&, =12 ...,

where
o & areiid. N(0,1);

e 7 € ZT' is a random variable with a known distribution
P{T = I} = 77',';

e 0 =(A,...)7 € R®is an unknown vector.



The goal is to test

the simple hypothesis

HO . =0
vs. the compound alternative
H1 . 0 7é 0.

Assumption. Let 7(x) be a continuous probability density on
R* with a bounded entropy

H(m) = — /000 log[7(x)]7(x) dx.

=)/ E2)

where n is large.

Then



MAP test

This test accepts H; if

where

M(Y) = max max{ﬂ' exp {—M * ﬁl }

keZ+ Oy 202 202
2
_ =-n Yk
=max Ty exp| 5=
keZ+ 20

and t¥ is a solution to

=n fl% M
P{kme% [wk exp( ’ t, o



Bayes test
This test accepts H; if

B(Y)>tB

o)
where

- gl Ot )

keZ+

_n Yi
= Z e eXp m

keZ+*

and tB is defined by

52 /B
Z T exp >t, = oa.
kez+



A limit theorem

Theorem
As n— oo

where




Proof

Consider for simplicity the case where 7] =1/n.
I. Notice that as nx — oo

Hence




Il. Let U;, i =1,...,n, beiid. random variables uniformly
distributed on [0,1] and Uy < ... < Un) be their
nondecreasing permutation.

By Pyke's theorem

P
Yo = Epi1

Therefore, as n — oo

Eii1
n

P
U(,,_k) ~1-—

and thus when k < n

2
1 eXp(f(nk)) 14 gt (Ek+1) P14 o(1) Iog1/2< n )
n 2 n \/EEk+]_ ﬁEk+1




%;ep(%ﬁ) Zexp( 1fled > b)
+;;exp<—f>1{|sk| < ho},

where h, is defined by

1 AN n . log(M,) log[log(m)] _
hn eXp( 2 ) ~ \V21M, log(n)’ . log(n) >




We have (low of large numbers)

_Zexp<fk)1{\sk|<h} \f” +(m)

and

1 « €2
;Zexp(—)l{\fk] >h,,}
k=1
:%Zex (g(nk)1{|§nk)|>h}Poz 1+O(1)
k=0

Eii1v/mlog(n/Ex1)

where

1 1
T = mln{ < +o(1) }
Ek+1\/ﬂ'|0g n/Ek+1 ™ Iog(n M



Critical values

As n — oo
v ti+o(1)
“ TH(E")
te 1
tf =ln + o O( )

/TH(@)

where t* and t° are the quantiles of order o of ;! and ¢
respectively

tr =1—exp(—1/a) = 1/a, as a — 0,
P{(=t}=a
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Figure: ax quantiles of ¢ (solid line) and 1/e; (dashed line).



Small signal detection

Let 1
p7 = log —
7

PV/mH(E")

Define the critical sets:
oM(r) :{9 02 < 2022 + log(t") — 1]; 0, = 0, k # T},

08(7) :{9 102 < 20%(p2 —1); Ok =0,k # 7'}.

Theorem

lim inf PS{M(Y)gty

n—00 Se@M(r)

lim inf PS{B(Y)gtf

n—00 S€@B(r)




Large signal detection

Define
RM(6) = — log Po{ M(Y) < |7},
RE(0) = — log PQ{B(Y) < tB T}.
Theorem
As n— oo

RY(0) = R7(0) + O(a)

uniformly in 0 ¢ (14 €)@M(7), € > 0,



We observe
Y;

where

[ ] T:{T].?
T,'EZ+

L 9:(917

A general model

:QiXI{/ET}—i-O'f;, =12 ...,

..., Ts} is the multi-index with i.i.d. components

P{Tk = I} :77',';

...)T € R* is an unknown vector.



The MAP test
MAP test accepts H; if

Y2
Ms(Y) = maxl_[7rkexp(2 2) > ).

ket
Let
Y2
Zy —7rkexp(202>7 k=12 ...,
and Z(1) > Z), ... be nondecreasing permutation of

Z, k=1,2,.... Then

S
Y)=1] 2w
k=1

and tM 's is defined by

S
Po{ [ 2w = tl's} =
le—1



Bayes test

This test accepts H; if

ZHwkexp< ) > 18,
T ket
where t5 is a solution to

P{ZHﬁkexp(é—i) > tﬁs} = a.

T ket



Bayes test complexity

Numerical complexities of the MAP and the Bayes tests are
similar since, for example,

:%{sz] ——sz.



A limit theorem

Theorem
As n— oo

S
[rHEI2Ms(Y) 2 (1+ o(1)] ] Ei

@) RHE) SR [Bs(Y) — us(7)] 2 (14 o(1))C,

where
ps(77) = (%)S[wHﬁ")]S/z 3- %]



Small signal detection with the MAP test

Let
len* _

oM(r) = { oo S Z + log(t} 5) S;Hk:O,kgéT},

ket
where
> 1

1
P — >ther=a, log ———.
{H E, — a’s} pi = log - Ta/mH(7")

Notice ) S
log(t* <) ~ log — — Slog —.
g(ta.s) ~ log — &

Theorem

} 11—«
Ty = )

lim inf Pg{Ms(Y)<tc’:’5 >

n—o00 )cOM(7)




Small signal detection with the Bayes test

Let

2
@B(T):{e;%gpi—l, ker; 9k=0’k¢7}'

Theorem

lim inf PG{BS(Y)<tBS

n—00 HcOB(T) -

im inf Pg{Bl(Y) < tf’l‘T} 1l

n—00 gcOB(r)
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Figure: Undetectable signals.
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