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Structure Formation

Our universe at z ∼ 1000:

Extremely homogeneous

Small Density perturbations
δ � 1

Mathematically Simple
WMAP (2015)

Our universe today (z = 0):

Very inhomogeneous δ � 1

Cosmic Web, Haloes, Galaxies

Very Complex

2DFGRS (2017)



40 Mpc Projection



20 kpc Slice



20 kpc Slice

How Complex is the Dark Matter Sheet?
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The Dark Matter Sheet in Phase Space

Shandarin et al. (2012), Abel et al. (2012), Hahn & Angulo
(2016), Sousbie & Colombi (2016)
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The Dark Matter Sheet in Phase Space

Shandarin et al. (2012), Abel et al. (2012), Hahn & Angulo
(2016), Sousbie & Colombi (2016)
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Discretize ⇒

z ∼ 100

⇓ Evolve

z = 0

⇐ ?
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Discretize ⇒

z ∼ 100

⇓ Evolve

z = 0

⇐ Interpolate (in Phase Space)
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The Dark Matter Sheet in Phasespace

Why is this useful?

Recover continuum (N →∞) from finite number of particles

Avoid Fragmentation in Warm Dark Matter Simulations
(Oliver Hahn’s talk)

Full phase space information

(Pretty pictures!)
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How complex is the dark matter sheet?

(a) Where can we recover the continuum limit N →∞ by
interpolation?

(b) What to do where we can’t?
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Single-Stream Regions
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dark matter particles

caustics

1-stream region

3-stream region

Single-Stream regions contain particles with |det d~xd~q | < 0
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Single-Stream Regions

Stücker, Busch & White (2017)
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Single-Stream Regions are simple

Can be well reconstructed with moderate number of particles

They make up ∼ 75% of the volume

Can reasonably well be described by simple models, like e.g.
the Zeldovich Approximation or a triaxial collapse model

The median density of the Universe, Stücker, Busch & White
(2017)
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What are the Limitations of the Interpolation?

The Interpolation breaks down when the Sheet becomes too
complex
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What are the Limitations of the Interpolation?

The Interpolation breaks down when the Sheet becomes too
complex
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What are the Limitations of the Interpolation?

The Interpolation breaks down when the Sheet becomes too
complex
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What are the Limitations of the Interpolation?

The Interpolation breaks down when the Sheet becomes too
complex

0.0 0.2 0.4 0.6 0.8 1.0

x

0.2

0.1

0.0

0.1

0.2

v

Flow Tracers

Sheet

Interpolated Sheet



The Dark Matter Sheet Single-Stream Regions Complexity Hybrid Simulations

How can we test for this?

Well reconstructed Poorly reconstructed

All
particles
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How to quantify this?

Compare derivatives d~x/d~q of the interpolated sheet with the real
ones
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The Geodesic Deviation Equation

How does a small displacement in initial phase space evolve?

x

v

~ξ0

x

v

~ξ(t)

~ξ(t) :=

(
∆~x
∆~v

)
=: D(t)~ξ0

Vogelsberger et al. (2008), Vogelsberger & White (2011)
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The Geodesic Deviation Equation

(
∆~x(t)
∆~v(t)

)
= D(t)

(
∆~x0
∆~v0

)
D =

(
Dxq Dvp

Dvq Dvp

)
Evolution equations of the distortion tensor

Ḋxq = a−2Dvq

Ḋvq = a−1TDxq

Tij = − ∂2φ

∂xi∂xj

Vogelsberger et al. (2008), Vogelsberger & White (2011)
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Stream Densities in Lagrangian Space

ρs =

∣∣∣∣det d~xd~q
∣∣∣∣−1

~x : Eulerian space position
~q: Lagrangian coordinates
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Stream-Number in Halos
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1428 M. Vogelsberger and S. D. M. White

or diluted is almost independent of its final distance from the halo
centre.

The thin dashed and dotted lines in Fig. 7 show the 0.5, 2.5, 10,
90, 97.5 and 99.5 per cent points of the stream-density distribution
as a function of the distance from the centre of our Aq-A-3 and Aq-
A-4 simulations. This distribution is very broad, spanning almost 12
orders of magnitude near the halo centre. Despite this, within 0.5r200

even the upper 0.5 per cent tail of stream densities lies below the
mean density of the halo which is shown as a solid black curve for
comparison. At 8 kpc, the equivalent of the solar radius, fewer than 1
per cent of all dark matter particles are part of a fine-grained stream
with density exceeding 1 per cent of the local mean halo density.
This is a first indication that fine-grained streams are unlikely to
influence direct detection experiments strongly.

The total number of streams at a typical point in a radial shell can
be estimated from the stream-density distribution as the ratio of the
mean halo density in the shell to the harmonic mean of the stream
densities of the particles it contains. This number is dominated by
the extended low-density tail of the stream-density distribution; a
very large number of very low density streams is predicted in the
inner regions. A more relevant measure for dark matter detection
can be obtained from the median stream density of the particles.
Half of all events in a dark matter detector will come from streams
with densities exceeding this value and so will come from a number
of streams somewhat less than half the ratio of the mean halo density
to this median value.

In Fig. 8, we show the results of such calculations for our res-
imulations of Aq-A at various resolutions. The solid lines show the
total number of streams at each radius estimated from the harmonic
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Figure 8. The number of streams in Aq-A as a function of the radius, as
estimated from the fine-grained stream densities of individual simulation
particles. As in Fig. 7, the Aq-A-5 results disagree with those from the two
higher resolution simulations, but Aq-A-3 and Aq-A-4 agree reasonably
well. Stream numbers are estimated by dividing the mean density at each
radius by an estimate of the characteristic local density of individual streams.
For this estimate, we use both the harmonic mean (solid lines) and the
median (dashed lines) stream density for particles in each radial shell. The
harmonic mean is very sensitive to the low-density tail of the stream-density
distribution, but the agreement between Aq-A-3 and Aq-A-4 remains good
except at the smallest radii.

mean stream density, whereas the dashed lines show the number
of ‘massive’ streams estimated from the median individual stream
density. The two estimates differ dramatically, particularly in the
inner halo, reflecting the very broad distribution of stream densities
at each radius and in particular the presence of simulation parti-
cles with very low stream densities. As in Fig. 7, convergence is
somewhat poorer than for the caustic-count statistics we looked at
above, but the results for Aq-A-3 and Aq-A-4 nevertheless agree
remarkably well. This is particularly notable for the solid lines,
given the sensitivity of the harmonic mean to the low-density tail
of the distribution. From Fig. 8, we estimate the total number of
streams at halocentric radii near that of the Sun to be around 1014

and the number of ‘massive’ streams to be about 106. Clearly, CDM
haloes are predicted to be very well mixed in their inner regions and
the velocity distribution near the Sun should appear very smooth.
The very large number of streams predicted near the Sun’s position
can be understood from the analysis in Vogelsberger et al. (2008),
which shows that stream density should fall inversely as the number
of caustic passages in a one-dimensional system, but as the cube
of this number for regular orbits in a three-dimensional system and
even faster for chaotic orbits. Given that typical particles near the
Sun have passed a few hundred caustics, typical stream densities
are predicted to be ∼10−7ρb. The local mass overdensity at the
solar position is ∼105, so one predicts ∼1012 fine-grained streams
passing through our vicinity. Additional scatter is introduced by the
fact that a significant fraction of the particles are ‘pre-processed’ in
smaller mass systems before they fall into the main halo.

We show the distribution of stream densities in a different form
in Fig. 9. For a series of spherical shells with mean radii increasing
by factors of 2, we have made histograms of the fine-grained stream
densities of Aq-A-3 particles, normalizing them to unity so that their
shapes can be compared. Beyond 30 kpc, these histograms are all
quite similar and resemble slightly skewed lognormal distributions.
At the bottom of our plot, three orders of magnitude below peak,

-10 -5 0 5
log(ρs/ρb)
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f(ρ
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7kpc<r<13kpc

15kpc<r<25kpc
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Figure 9. Histograms of the fine-grained stream density at z = 0 for Aq-
A-3 particles in set of spherical shells. The labels with the colour of each
histogram give the radial range of the corresponding shell, while the vertical
dotted lines correspond to the mean halo density within that shell. All
histograms are normalized to integrate to unity.

C⃝ 2011 The Authors, MNRAS 413, 1419–1438
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS

Vogelsberger & White (2011)
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How can we use the Dark Matter Sheet in Simulations?

Sheet N-Body

Haloes too complex OK
∼ Everywhere else almost perfect fragments

→ Combine Sheet- and N-Body simulations

Use sheet in the beginning everywhere

Trace GDE for all particles

Switch to N-Body where the derivatives disagree
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Combined Sheet + N-Body + GDE Simulations

0 5 10 15 20

x[Mpc]

0

5

10

15

20

y
[M

p
c]

Total

0 5 10 15 20

x[Mpc]

Sheet

0 5 10 15 20

x[Mpc]

N-Body

2.0 1.6 1.2 0.8 0.4 0.0 0.4 0.8 1.2 1.6 2.0

logρ/
〈
ρ
〉

(preliminary)



The Dark Matter Sheet Single-Stream Regions Complexity Hybrid Simulations

Combined Sheet + N-Body + GDE Simulations
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Combined Sheet + N-Body + GDE Simulations
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Combined Sheet + N-Body + GDE Simulations
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Sheet N-Body
Haloes too complex OK

∼ Everywhere else almost perfect fragments
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Discreteness Effects & Artificial Haloes

Wang & White (2007)

How to get rid of discreteness effects?
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Discretization vs. Continuum

Use this density estimate in simulations to get rid of artificial
fragmentation.
(Angulo et al., 2013; Hahn & Angulo, 2016; Sousbie & Colombi,
2016)
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Streams and Caustics
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Caustics and Velocity Dispersion
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The Geodesic Deviation Equation

The distortion tensor is the Jacobian d~ξ/d~ξ0 (in 6D phase space)
where ξ = (~x , ~v)

Vogelsberger et al. (2008)

Its evolution is given by the tidal forces (Geodesic deviation
equation)
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Power Spectrum
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Warmth and Substructure
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Structure Classification
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Artificial Haloes
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Liouvilles Theoreme in an expanding universe

Figure from Myers et al. (2015)
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Caustic Counts and Substructures

Shandarin & Medvedev (2014)
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