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Outline 

•  Externally excited ion waves. 
– Calculation of terms and moments of the 

kinetic equation. 
•  Incoherent detection and identification of 

waves. 
– Use of the phase-space cross-correlation 

matrix. 
•  Electron wave-particle interaction with 

Alfven waves. 



Electrostatic waves at ion frequencies 
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Quasi-neutral  λ>>λd 

Low frequency  ω<<ωpi 
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Small amplitude 



Fluid Dispersion relation 
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Kinetic Dispersion Relation 
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(For  the case of a maxwellian f(v)) 

𝐺(𝑓(𝑣))↓𝑢 →𝑛↓0   𝑍( 𝑢/𝑣↓𝑡  ) 
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Generalized Hilbert Transform 

Morrison G transform  βαε += i
Appropriate dielectric function ε



From the CVK spectrum (G-transform) 
at a single spatial location. 

From a FFT of the plasma 
perturbed density. 



𝑁=𝑓( 𝜔/𝑘 ) 𝜆↑3 (𝛿v) 

Number of resonant particles: 

𝛿v~2𝐶↓𝑠 ∗𝜖↓𝐼 ( 𝜔/𝑘 ) 

So this approach is 
problematic for Te>>Ti 



Energy density: 
 
𝑊↓𝐾𝑂 = 1/2  ∬↑▒(−𝑚𝑣/𝜕𝑓↓0 ⁄𝜕𝑣  )|𝛿𝑓|↑2  𝑑𝑧𝑑𝑣 

𝜕/𝜕𝑡 𝑊↓𝐾𝑂 = 𝑒/2  ∬↑▒𝜕/𝜕𝑣 (𝑣/𝜕𝑓↓0 ⁄𝜕𝑣  )𝐸|𝛿𝑓|↑2  𝑑𝑧𝑑𝑣 

Second order perturbations 

𝑓↓2   (𝜔=0)=𝑓(𝜔=0,  𝑤𝑖𝑡ℎ  𝑤𝑎𝑣𝑒𝑠)− 𝑓↓0  

𝑓↓2   (2𝜔) 









− 𝑒/𝑚 𝐸𝜕𝑓/𝜕𝑣   



Phase-space correlation function : C 

C (𝑥↓1  , 𝑥↓1  , 𝑣↓1  , 𝑣↓2  ;𝜏)  =𝐶(𝑥↓1  , 𝑥↓1  , 𝑣↓2  , 𝑣↓1  ;−𝜏) 

C (𝑥↓1  , 𝑥↓1  , 𝑣↓1  , 𝑣↓2  ;𝜔)  = 𝐶(𝑥↓1  , 𝑥↓1  , 𝑣↓2  , 𝑣↓1  ;𝜔)↑∗    

For a set of velocities ϖ=ϖi the matrix C(ω, ϖi,ϖj) is 
Hermitian  



















−𝑖𝜔𝑓+𝑣𝜕𝑓/𝜕𝑧 + 𝑖𝜔/(𝑘↓𝑥 𝛿)↑2  [(𝑉↓𝐴 𝜕/𝜕𝑧 /𝜔 )↑2 +1]∫↑▒𝑣𝑓𝑑𝑣1/𝑛↓0  𝜕𝑓↓0 /𝜕𝑣  =0 

This gives the dispersion relation for the perturbed electron current: 

𝜖=1+(𝑉↓𝐴↑2 − 𝑢↑2 )/𝑣↓𝑡↑2  1/𝑘↓𝑥↑2 𝛿↑2  (1+𝜁𝑍(𝜍)) 
𝑢= 𝜔/𝑘  

𝜍= 𝑢/√2 𝑣↓𝑡   

Alfven wave-particle interaction with electrons. 



The LAPD generates a linear magnetized plasma.

•  Length:	  16.6	  m	  
•  Diameter:	  50	  cm	  
•  Dura5on:	  10	  ms	  
•  Repe55on	  rate:	  1	  Hz	  

•  ne	  =	  1012	  	  cm-‐3	  

•  Te	  =	  2	  eV	  
•  vA	  =	  3.4	  x	  108	  cm/s	  
•  β	  =	  3.4	  x	  10-‐5<	  me/mi	  
•  vte/vA	  =	  0.18	  •  Fill	  gas:	  H2	  

•  B0	  =	  1800	  G	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (can	  produce	  
iner5al	  Alfvén	  waves)	  
	  



LAPD setup for generating Alfvén waves 
and measure          .

Whistler	  probes	  (W1,	  
W2)	  record	  	  	  	  	  	  	  	  	  	  	  .	  

ASW	  antenna	  launches	  
Alfvén	  waves.	  

Note:	  In	  the	  LAPD,	  	  	  
	  	  	  	  	  is	  the	  parallel	  
direc5on.	  
ẑ



        cannot be measured directly.
•   
•  Calculate       using Faraday’s law.                                                         
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Whistler mode damping is measured 
with two dipole antennas.

Whistler	  Wave	  

Func5on	  
Generator	  

VCO	  

	  	  Received	  	  
amplitude	  AR	  

Transmi]ed	  
	  amplitude	  AT	  

Output	  

Mixer	  

AR = AT e
�(kwzi)z



       Measured background       

•  Asymmetry from cathode source
Background Distribution ge0
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Amplitude of modeled and 
measured oscillations agree. 

ge1 Amplitude
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            is more Alfvénic during 
experiments with the inductive antenna.

Electrostatic antenna
•  Density-like oscillations

Inductive antenna
•  Current-like oscillations

�ge(vz)



          harmonics suggest nonlinear 
wave-particle interaction.

Electrostatic antenna
•  No harmonics above noise

Inductive antenna
•  Harmonics above noise
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Conclusions

•  Velocity sensitive diagnostics allow direct 
substitution of data into the Vlasov equation.

•  This validation is a strict test of physical 
processe as well as of systematic effects in 
the diagnostic.

•  The many electromechanical degrees of 
freedom of the Vlasov equation can be 
observed experimentally.
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