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Structure in the Universe
At present (13.7 billion year old) 
 Highly non-GaussianUniverse, 380,000 year old 

Gaussian random Field

Plank map
Temperature fluctuations of Cosmic 
Microwave Background
T=2.73 K 
(fluctuations: 
of the order of  1/100,000)

SDSS
Galaxy distribution in 
a thin slice
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 Why did inhomogeneities grow?

    - Thanks to gravitational instability of Dark Matter 
Why only Dark matter?
more mass - stronger gravity

Atoms alone could NOT develop
structures because they 
were unable to overcome 
the expansion of the universe!

That’s why we focus on the growth of structure
in Dark Matter.

NOW

13.7 billion 
 years ago



Cosmological parameters (Plank 2015)
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Linear growth of density inhomogeneities:

• linearized  equations => analytic solution
• amplitude grows but shapes do not change (Gaussian)
• density contrast:             (den - <den>)/<den>   << 1

Nonlinear evolution

• non-linear equations => approximations and numerical
• both geometry and topology evolve dramatically (non G)
• density contrast:          (den - <den>)/<den>   >> 1
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Gravitational Instability

⌦ = 1; a(t) / t2/3
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Rescaling Variables

Significantly simplifies the equations

⌦ = 1; D(t) = a(t); f = 1

=0 in linear regime

(1) continuity or conservation of mass


(2) Euler equation,


(3) Poisson 





Comoving coordinates: ri,

Zel’dovich approximation is a map: ri(q, t) = qi + D(t)si(q)

If �(q) is the linear perturbation of grav. potential then si(q) = ���/�qi

Density can be found from the conservation of mass

⇧(q, t) = ⇧̄(t)
����
�ri

�qk

����
�1

= ⇧̄
���[(1�D(t)�(q)]�1 [(1�D(t)⇥(q)]�1 [(1�D(t)⇤(q)]�1

���

�(q) ⇥ ⇥(q) and ⇥(q) ⇥ ⇤(q) are the eigen values of the deformation tensor

dik(q) =
�si

�qk
= � �2�

�qi�qk

Linear density fluctuations: ⌅⇧/⇧ = D(t)(� + ⇥ + ⇤).

The Zel’dovich approximation describes anisotropic collapse and motion.
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Zel’dovich approximation (1970)

x

x



Hidding, Shandarin, van de Weygaert 2014

Assumptions are not realistic, approximation is kinematic,

pancakes are unstable therefore no observable traces




Lagrangian Submanifold (LS) is !
N-dim surface in 2N-dim space"

The$Evalua*on$of$Density:$$$$
density$=$(q[i+1]<q[i])$/$(r[i+1]$<$r[i])$

Zel’dovich 1970

den > 0

den < 0

den > 0



N_str1

3

N_ff

1

0

Number of streams and number of flip-flops
Eulr. coord.

Lagr. coord.
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1970



1981 Efstathiou, Eastwood,     
MNRAS, 194, 503 

State of art N-body simulations

1979 Aarseth, Gott, Turnet,     
Astrophys. J. 228, 644 



Structure predicted
by “Zeldovich 
Approximation” aka
“Pancake model”

Published in 
a review paper by
Doroshkevich,
Zeldovich,
Sunyaev 1976
(only in Russian)

Caption says:
“the figure is made
by   S. Shandarin”

and also by
Doroshkevich and
Shandarin, 1978
Sov.Astron. 22(6), 653



Shandarin in  
The Origin and Evolution of Galaxies: 
Proceedings of the
NATO Advanced Study Institute 
held at Erice, Italy, May 11–23, 1981. 
VII-th Course of the ... and Gravitation 
(Nato Science Series C:) Hardcover – December 31, 1982
page 171



1981 Efstathiou, Eastwood,    MNRAS, 194, 503 

State of art N-body simulations
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Gregory & Thompson 1978 
see also Chincarini & Rood 1976



de Vaucouleurs 1981
Tully 82
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Three-dimensional DTFE reconstruction of the inner parts of the 2dF Galaxy Redshift Survey

https://commons.wikimedia.org/w/index.php?title=Dtfe&action=edit&redlink=1
https://commons.wikimedia.org/w/index.php?title=2dF_Galaxy_Redshift_Survey&action=edit&redlink=1
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Initial (uniform) state:
square particles fill 

whole space
Initial state:

particles = vertices
of tessellation.

Mass is uniformly
distributed

within triangles

Particles in evolved
state

Evolved tessellation

2D
A

B
C

A’
B’

C’

Flip-Flop

Flip-Flop on particles:  change of  sign of det [@xi/@qk]

a = 1
2
~AB ⇥ ~AC

a0 = � 1
2

~A0B0 ⇥ ~A0C 0



Flip-Flop field in Lagrangian space in 1024^2 simulation !



a=1 
‘beginning’ of 

non-liner stage

a=2.3

a=3.4

a=59

flip-flop
field

density
field



100 and 150 150 and 240

240 and 270 270 and 300

100 and 150 150 and 240

240 and 270 270 and 300



z =33.4 z =30.8 z =28.4 z =26.2

z =50 z =42.6 z =39.3 z =36.2



z=24

z=0

ff=

ff=

“Phase space” (kpc, km/s)

z=24

z=0



z =0

“Phase space” at z=0

Lagrangian Space

100 and 150

100 and 150

150 and 240

100 and 240

240 and 270

100 and 270 100 and 300

270 and 300



flip-flop

potential

density

log10 (1� ⇠)on vertical



nff (t+�t) = nff (t) +�nff (�t)

scale factor

Each curve corresponds to Delta( n_ff(Delta t))=(1, 2,…,12)

Vertical: mean(n_ff) in top; std(n_ff)) in bottom in
fraction on the right ;  

The rich get richer 
and 

the poor get poorer

⇢(r) / r�n

t / rn/2

< nff >

�ff
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Phase space

Density

x = q - t sin q

Dashed lines show previous stage 
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nstr at z = 0

⇢CIC at z = 0

Density (gray, filled)  
V.S.  

number of streams (red line)

Phase space

Lagrangian submanifold 
q(x)   or    x(q) 

q(x) is multi valued (one-to-many) 
x(q) is single valued (one-to-one)



DENSITY 
  FIELD 

MULTI-STREAM 
      FIELD 

Shandarin, Habib, Heitmann 2011 subm. 9 Nov.

Abel, Hahn, Kaehler 2011 subm. 16 Nov.

Fields are computed on a uniform 3D diagnostic grid in configuration space
by projecting tetrahedra from 6D to 3D.

The refinement of 3D diagnostic grid is increasing from left to right (1, 4, 16)
The distribution of particles remains the same in all  plots. 



All halos are embedded in filaments
Ramachandra, Shandarin, MNRAS, 467, 1748, 2017
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TEST DATA: SIMULATION AND DATA SET 

Each of the participants applied their web identification methods to the same 

Gadget-2 (Springel 2005) dark matter only N- body simulation, 

with a box size of 200 h−1Mpc  and 5123 particles. 

The ΛCDM cosmological parameters are taken from Planck (Planck Collaboration et al. 2014):

 h = 0.68,   ΩM = 0.31,  ΩΛ = 0.69,  ns = 0.96, and  σ8 = 0.82. 

Haloes in the simulation are identified using a standard FOF algorithm (Davis et al. 1985), 

with a linking length of b = 0.2 and a minimum of 20 particles per halo.





N. R. 
S. Sh. 

MSWA= 

MultiStream 
Web 

Analysis
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Caustics in Zeldovich Approximation

Hidding, Shandarin, van de Weygaert 2014

Caustics in 2D Caustics in 3D

Red - Lam_1

Blue - Lam_2

Green - Lam_1

Red - Lam_2


Lam_3 caustics are inside 

Lam_2 Surfaces



Arnold 1982



Caustics in 3D N-body simulations: 
triangle interface between neighboring tetrahedra 

V_1 >0 and V_2 <0



Summary

DM Web 

New fields: number of streams and flip-flop fields, and caustic surfaces reveal 
new properties of the cosmic web. All are easy to compute from standard 
cosmological simulations, however require the tessellation of the initial state.

 

The dark matter web is defined as the part of the universe where the number 
of streams greater than one. It spans throughout the entire volume of the 
universe occupying about 10% of the volume.


The void regions occupy the rest 90% of the volume. The largest percolating void 
occupy about 99% of all the single-streaming regions. (A sponge topology)


The number of flip-flops as a function of Lagrangian coordinate stores 

information about the merging history of DM halos.


The volume and mass fractions in voids measured by MSWA=Multi Stream Web 
Analysis are the largest (0.90 and 0.56 respectively) of all measured by other 
methods in the comparison project.


 


