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The one-dimensional Vlasov—-Poisson system
Start with the 1+1D Vlasov—Poisson system for f
of = of Of i g 00 82<I>:1_ o
ot t o, ~ Fay =Cl) 0z 022 /_O;” J-
Decompose f - fo + f where fo(v) IS a stationary, spatially-uniform

T , o o0 o , "
distribution function satisfying [~ dv fj = 1. Equivalent to writing f as a
particular integral fo plus a complementary function f (not necessarily small).

The Vlasov—Poisson system becomes

of  of 0 B 90 PO [
vt = B (fy+ f) = Clf), BE= = @—/dvf.

The overall charge neutrality condition becomes

/OLdz /Zdvf(z,v,t) = 0.

This makes F' and P periodic functions of z € |0, L.




Relative entropy

The decomposition f = fo + f motivates introducing the spatially-integrated
relative entropy [eg Bardos et al. 1993]

RIfIfo] = / 1z / dv Flog(F/fo) — F+ fo

Expanding for small perturbations f <K fo gives a positive-definite quadratic:

Rl = [Ca= [~ o om0 (),

Taking fj = /260" gives
coII|S|on invariants

RmfoJ:%[fH/ dz/ dv (Llogn — 1)+ 0°F + fo

a combination of (1), (£), and the spatially-integrated Boltzmann entropy

Y
~ L 0 ~ ~
H[f]z/o dz/_ dv flog f.




A quadratic approximate free energy

Relative entropy is not conserved in a collisionless plasma, since fo couples to
the electric field through — F'0,, fo.

What is conserved (without coII|S|ons ) is the free energy per un|t length:

1
Wexactzz _Rf’fO / dZ’E‘Q 9

with a 1/2 because fy = 7 1/2 ~*" has dimensionless temperature 1 /2.
Using the quadratic approximation for the relative entropy leads to

W:Wf—I-WE.

1 L
d d Wr=— [ dz|E|
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will be expressed neatly later in terms of Fourier—Hermite expansion
coefficients using Parseval’s theorem (with the 1/ ).

Both pieces



Fourier-Hermite expansion
Following Armstrong (1967), Grant & Feix (1967) etc etc we expand

Ny

N, —1
f(z,v,t) Z Zajm 1]‘”"gbm()

mO]——Ng
where k; = 275 /L, andform = 0,1,2, ...
> d™ 2 Hm(?}) €
H,(v)=(—1)"e"—¢e ", ¢"'(v) = C Om(v) = —=0"(v).
) = (e e 67 = 2 6 0) =20

Each ¢,,(v) — 0as v — 4 00. The ¢, and ¢,, satisfy the biorthogonality

relations
/ dv ¢ (V)P (V) = dpym form, n > 0.

The Poisson equatlon IS —/-CQ-CP = a,;o. The quadratic free energy terms are

1

}: E:hMMQ W@:7§§:\EW1 E; = —ik;®;.

e j=—Ny



Evolution equations for the a ;,
Substituting this expansion into the VIasov—P0|sson system gives

da;, m + 1 m
djf -1k \/ ajm+11 \ o dgm—1 +\/§Ej5m1+NJ'm = Cjm,

for | 7] < Ny and m < N,. ltis closed by setting a; _; = O and a; v, = 0.
The nonlinear term Is the discrete Fourier convolution

V2 Z j'Aj=i'm—1-
'—— Ny
We consider model collision operators ij = —UVCjmyQjn for constants Cjyy,,
such as the Lenard—Bernstein (1958) with A = v, D = 1/2, and Kirkwood
(1946) with A = v — u, D = T', Fokker—Planck collision operators

O[ﬂ — (%(Af—l— av(D]E))a

that yield (
1 m>3
LB Kirkwood — Iy
Cip = M, and Cj, = mL where L —
Jm {m=3}> {m=3] \O otherwise.



Energy diagnostics
The evolution equation for a ;o implies

d Ny iCL>|f a ;1
%WE + F =0, where F =Re g ‘70\[]
j==Nogro KiV2

We find later that iaf;oajl is the free energy flux from the m = 0 to the
m = 1 Hermite mode. The electric field can only decay via a net forward flux.

More generally, the equations for dtajm imply

d
—(Wy+Wg+Wy)=C, where C=—- Z Z CJmMJmP

dt ]——Nﬁ m=0
is the free energy dissipated by collisions (non-negative when the C;y, > ().

We account for the O(fg) difference between Wy, and Wy + W using

N,,—1
— —Re/ dt Z a;'mejm

]—_Nﬁ m=0



Landau damping
Following previous work, we study Landau damping from the initial conditions

~

fv) =1+ Acoskz)e™ / /7
with A = 1/2and k = 1/2in a box of length L = 4.
We switch off the E@Uf term to obtain linear Landau damping.

Landau’s Fourier—Laplace transform solution is

N

A 1 p— 1 6 v
f(ky v) t) — —/ (f(k7 /U7.t O) lk a fO(U) )eptdp7
211 Jr p + kv p + 1kv

\ - _J/

phase mixes decays

where f(k, v, = O) IS the Fourier transform of the initial perturbation, and

(k, p) is the Fourier—Laplace transform of the electrostatic potential.

The first term phase-mixes but does not decay. The second term decays like
e~ " at the Landau damping rate .



Amplitude of the first electric field Fourier mode |E |
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Oscillations due to beats between two counter-propagating modes w = Fwp + 7y



Evolution of energy diagnostics
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Evolution of energy diagnostics (single mode)
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Initial conditions that project onto only one Landau damped mode give monotonic decay.



Phase space plots
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Fluxes in Hermite space
The quadratic approximate free energy Wf IS a sum of |ajm|2.
Writing @, = (isgnk;)"a;, gives an equation with real coefficients

da :,, 5 .
i) (ym 072 @0 = 2 ) =0,

for 1 > 2 in the linearised collisionless system [Zocco & Schekochihin 2011].

If f(z, v, 0)is evenin z and v, the &jm are initially real, and remain real.
The spectral free energy density thus obeys the discrete conservation law

1das,,
2 dt

5 (Fj,m+1/2 — Fj,m—l/Z) = 0,

with flux

Ljm—1/2 = WW A jmGjm—1 = kj\/mi/Q Im (ajmajam—l) -

We set I'; _ /5 = 0 for consistency with a; 1 = 0.



Characteristics in Hermite space

If @, varies slowly in 1, in the sense that @ ;,,, = @; 41, we can
approximate the discrete flux

Fj,m—1/2 e ‘kj’\/ m/2 &jm&j,m—l

by the slowly varying flux
SV ~2
[ = kil /m/2a

Treating 1 as a continuous variable leads to the conservation law
~ SV
lﬁajm I o1y,

2 Ot om

which may be rewritten as
10
(— £ Ik )(\/ mi,) = 0.

The free energy density propagates along characteristics labelled by m:

Vi = i+ VIt

= (),




Eigenmodes based on “continuous 771” approximation
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ajul? = (c/V2m) exp (—san(3) (m/ma) " = (m/m)"* ")

where the growth rate cutoff 111, and collisional cutoff 1m,. are

m, =1/(8y%), m.=N"(n+1/2)/"1/(V2v)
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A forward propagating “phase-mixing” mode
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Backwards propagating “anti-phase-mixing” modes
The previous result approximates the semi-discrete system

17 ~2
3t @i+ (Djmirj2 = Djno1/2) = 0,
under the assumption that @, = @;,+1, by the PDE
19 ~2 SV
Numerical analysis of the semi-discrete “finite difference scheme” shows that it

has a second set of “parasitic” solutions with @, = —a; ;1.
Writing @, = (—1)"a;,, transforms () into

da ;,, ) A
) (o + 1072 s~ /2 1) =0

Assuming @, is slowly varying (while G, ~ (—1)™) leads to
19 ~2 SV
Free energy propagates backwards (towards low 1) along characteristics

Vi = i — 2kt




Hermite flux diagnostics

We introduce the decomposition [Schekochihin et al. 14, Kanekar et al. '15]

&;—m — % (d]m T dj7m+1) ) &]_m — (_1)m% (a]m &jaerl) :

These modes evolve according to
i, + S5, +E., + N =0.
The streaming term is
S;'I:m — T %‘k]’ ((5m+2 + 5m+1)&;_im+1 — (Smt1 + Sm) me 1)
— %‘kj’(_1>m((5m+2 — Sm—kl)&;’ferl o (3m+1 _ Sm)&fm—l)v

where S;,, = 1/ /2. The second line is O(1/m) smaller than the first line.

We compare the Hermite flux 1 jm tO F -, using the normalized flux

T @+ (1)

FSV

The approximation [ ;,,, ~ is thus valid when \a ml > a;,



Dissipation and collision operators

We absorb any cascade of free energy to the highest resolved Fourier modes
using the Hou—Li (2007) spectral filter

CXP (_36(‘kj’/kma><>36)

applied to the a;,,, coefficients every timestep. This filter is highly selective in
/fj but produces no noticable reflections and has no tunable parameters.

To absorb free energy at the highest resolved Hermite modes we used either a
Hermite version of the Hou—Li filter

exp (—36(m/(N,, — 1))
or an iterated Lenard—Bernstein collision operator

hyper o
Cim = V(M/Npy) @
The latter with v = 0 was effective for computing the correct growth and

decay rates in a linear gyrokinetic model, even with /V,,, = 10, over a large

range of I/ values.
However, it is harder to establish convergence with increasing /V,,,.



Plateau in hypercollision operator parameters
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Propagation of Hermite modes |a;,, |
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Convergence to an eigenfunction after rescaling amplitude
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Quasi-steady amplitudes of Hermite modes |a jm|
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Time-averaged normalised Hermite flux
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A similar story in drift (gyro)kinetics

Orf +v)0)(f +Pfy) +ur - Vi f=C[f]+ TG forcing
CP:ZTe/TZ-/ f, and uL:%pZéXVL@
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Normalised flux TN in drift (gyro)kinetics
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Conclusions
Phase-space diagnostics based on a Fourier—Hermite spectral expansion of f :

Formation of fine scales in velocity space (Landau damping) appears as free
energy propagating towards larger Hermite modes along straight characteristics.

The system also supports backwards propagating “anti-phase-mixing” modes.

Recurrence occurs when the fine-scale cut-off generates these modes by
reflection. Can be avoided with a “hypercollision operator” or Hermite filter.

Nonlinearity produces almost perfect statistical reflection of phase-mixing
modes into anti-phase-mixing modes, leaving no net flux to fine scales in
velocity space, and no Landau damping.

Holds both for Vlasov—Poisson and drift gyrokinetics with different nonlinearities.
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