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Direct	
  Vlasov	
  solvers	
  in	
  the	
  warm	
  case	
  
	
  

Vlasov-­‐Poisson	
  equa1ons:	
  
f	
  :	
  phase	
  space	
  density	
  
Φ:	
  gravita2onal	
  poten2al	
  
ρ	
  :	
  projected	
  density	
  
	
  
Warm	
  case	
  (e.g.	
  relaxed	
  dark	
  maMer	
  halo,	
  stars	
  in	
  galaxies):	
  numerous	
  methods	
  mainly	
  
invented	
  for	
  plasma	
  physics,	
  mostly	
  of	
  semi-­‐Lagrangian	
  nature	
  	
  (e.g.	
  	
  Yoshikawa’s,	
  
Grandgirard’s	
  and	
  	
  Imodura’s	
  talks,	
  review	
  of	
  Besse).	
  Among	
  them:	
  
	
  

-­‐  The	
  waterbag	
  method	
  (DePackh	
  1962,	
  Robert	
  &	
  Berk	
  1967,	
  and	
  followers,	
  e.g.	
  
Colombi	
  &	
  Touma	
  2008,	
  2014)	
  

-­‐  The	
  spli8ng	
  algorithm	
  (Cheng	
  &	
  Knorr	
  1976)	
  and	
  its	
  variants	
  and	
  improvements,	
  e.g.	
  
Discon2nuous	
  Galerkin	
  methods	
  (e.g.	
  Mehrenberger’s	
  talk)	
  

-­‐  But	
  many	
  others:	
  finite	
  differences	
  (e.g.,	
  Domínguez	
  Fernández’s	
  poster),	
  finite	
  
elements,	
  lacce	
  dynamics	
  (e.g.	
  Mocz’s	
  talk),	
  Schrödinger	
  method	
  (e.g.,	
  Kopp’s	
  talk)	
  
etc	
  

	
  

Some	
  bibliographic	
  details:	
  e.g.	
  Alard	
  &	
  Colombi	
  2005,	
  Sousbie	
  &	
  Scolombi	
  2016,	
  
Besse’s	
  talks,	
  2015	
  and	
  2017:	
  http://www.vlasix.org/uploads/Main/Besse.pdf and BesseTalk.pdf	
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Classical	
  semi-­‐Lagrangian	
  code:	
  the	
  spliAng	
  algorithm	
  

Vlasov versus N-body: the Hénon sphere 3725

dark matter haloes is completely understood from physical and even
numerical points of view, despite numerous intensive convergences
studies of the N-body approach (see e.g. Moore et al. 1998; Jing
& Suto 2000, 2002; Power et al. 2003; Springel et al. 2008; Stadel
et al. 2009).

It is therefore highly desired to develop alternative numerical
methods to the traditional N-body approach so that one can under-
stand better its validity and fundamental limitations.

In the cold case, relevant to the current paradigm of cold dark mat-
ter scenario, the phase-space distribution function is supported by a
three-dimensional sheet evolving in six-dimensional phase-space,
which can be partitioned in a continuous way with an ensemble of
tetrahedra as proposed in recent works (see e.g. Shandarin, Habib &
Heitmann 2012; Hahn, Abel & Kaehler 2013). Unfortunately, the in-
creasing complexity of the structure of the system during evolution
requires more and more sampling elements, and the computational
cost becomes prohibitive after several dynamical time-scales.

In this article, we consider the warm case, in which the system
presents a non-negligible initial local velocity dispersion component
relative to gravitational potential energy. In this case, the phase-
space distribution function has to be sampled on a six-dimensional
mesh, which makes again the computational cost very high. There-
fore, we shall restrict to spherical systems, hence reducing the actual
number of dimensions of the dynamical setup to three.

There exist many methods to solve the Vlasov–Poisson equa-
tions in the warm case, mainly developed in plasma physics. One
of the most famous solvers is the splitting algorithm of Cheng
& Knorr (1976) and its numerous extensions (see e.g. Shoucri &
Gagne 1978; Sonnendrücker et al. 1999; Filbet, Sonnendrücker &
Bertrand 2001; Besse & Sonnendrücker 2003; Alard & Colombi
2005; Besse et al. 2008; Umeda 2008; Crouseilles, Mehrenberger
& Sonnendrücker 2010; Campos Pinto 2011; Rossmanith & Seal
2011; Güçlü, Christlieb & Hitchon 2014, but this list is far from
complete). This algorithm, that we shall adopt below, exploits di-
rectly the Liouville theorem: the phase-space density f (r, v, t) is
conserved along motion. Then the equations of the dynamics during
each time step are divided into ‘drift’ and ‘kick’ parts according to
Hamiltonian dynamics and are solved backwards,

f ∗(r, u) = f (r − u!t/2, u, t), Drift, (3)

f ∗∗(r, u) = f ∗(r, u + ∇rφ!t), Kick, (4)

f (r, u, t + !t) = f ∗∗(r − u!t/2, u), Drift, (5)

where ∇rφ is computed from f ∗. In practice the phase-space distri-
bution function is sampled on a mesh, and each step is performed by
using tracer particles located at mesh sites and following the equa-
tions of motion split as above. Resampling of f ∗, f ∗∗ and finally the
phase-space distribution function at the next time step is performed
by using an interpolation, e.g. based on the spline method.

The splitting scheme was applied for the first time in astron-
omy in early 1980’s, to one-dimensional systems (Fujiwara 1981),
galactic discs (Watanabe et al. 1981; Nishida et al. 1981) and spher-
ical systems (Fujiwara 1983). Nevertheless, it has been almost for-
gotten since then except for a few contributions (e.g. Hozumi,
Fujiwara & Kan-Ya 1996; Hozumi, Burkert & Fujiwara 2000)
that include a recent preliminary investigation of the algorithm in
full six-dimensional phase-space (Yoshikawa, Yoshida & Umemura
2013).

As mentioned above, however, solving fully six-dimensional
phase-space problems with sufficient accuracy is still very unre-
alistic now. In this article, therefore, we focus on spherical systems,

where phase-space is only three-dimensional; the three coordinates
of interest are the radial position r, the radial velocity v and the
angular momentum j. Following earlier works performed in the
framework of one-dimensional gravity (see e.g. Mineau, Feix &
Rouet 1990), we carry out a detailed comparison between an N-body
code, GADGET (Springel, Yoshida & White 2001; Springel 2005), and
an improved version of the splitting algorithm implementation by
Fujiwara (1983), VLASOLVE.1

Our goal is to check how well the particle distribution in GADGET

traces the phase-space density obtained from VLASOLVE, and to see
how the results depend on various parameters of the simulations,
in particular the number of particles in the N-body simulations and
the spatial resolution in the Vlasov code. We would however like to
emphasize here that the purpose of this article is not to compare the
performance of the two codes from the view-point of computational
cost.

While a fairly good physical insight is obtained through visual
inspection of the resulting phase-space density plots, we also present
a more quantitative comparison. To do so, we introduce correlators
and entropic estimators based on a likelihood approach, and ask
whether the N-body simulations can be considered as local Poisson
realizations of the Vlasov code phase-space density.

Because of our restrictive choice of the geometry of the system,
it is important to simulate spherical configurations that are known
to be stable against small anisotropic perturbations induced by the
shot noise of the particles. Indeed, we shall use the public treecode
GADGET without any specific modification to enforce spherical dy-
namics. Although an alternative approach consisting in enforcing
pure radial dynamics in GADGET (see e.g. Huss, Jain & Steinmetz
1999) may facilitate comparisons with the Vlasov code, we do not
adopt this approach in order to avoid any possible subtle biases in
the analyses.

In this respect, the Hénon sphere (Hénon 1964) is particularly
suited for our purpose since it is known to preserve well its spheri-
cal nature during the course of dynamics even when being simulated
with an N-body technique and, in particular, it is not prone to radial
orbit instability (see e.g. van Albada 1982; Hozumi et al. 1996; Roy
& Perez 2004; Barnes, Lanzel & Williams 2009). In this configu-
ration, the initial phase-space distribution function is isotropic and
Gaussian distributed in velocity space and given by

fH(r, v, j ) = ρ0

(2πσ 2
v )3/2

exp
(

−1
2

v2 + j 2/r2

σ 2
v

)
,

r ≤ RH, (6)

with (4π/3)ρ0R
3
H = M , the total mass of the system. In the simu-

lations discussed in this article, we work in units where G = 1, and
the initial radius of the Hénon sphere and its total mass are chosen
to be

M = 1, RH = 2, (7)

which fixes σ v in equation (6) once the virial ratio is given.
We shall consider ‘warm’ and ‘cold’ settings, which correspond

to the initial virial ratio R = |2T /W | = 5RHσ 2
v /M of ≈0.5 and

≈0.1, respectively, where T and W are the total kinetic and potential
energy of the system. The two classes of initial conditions exhibit
distinct features, in particular concerning the metastable state to
which the system relaxes through phase mixing. The warm system
builds a core-halo structure, with the halo displaying a power-law

1 VLASOLVE can be obtained by contacting the authors.

MNRAS 450, 3724–3741 (2015)
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The	
  splicng	
  algorithm	
  of	
  Cheng	
  &	
  Knorr	
  (1976,	
  JCP	
  22,	
  330)	
  exploits	
  
Liouville	
  theorem,	
  namely	
  conserva2on	
  of	
  phase-­‐space	
  density	
  along	
  
characteris2cs:	
  	
  
-­‐	
  The	
  phase	
  space	
  distribu2on	
  func2on	
  is	
  sampled	
  on	
  a	
  grid	
  
-­‐	
  A	
  test	
  par2cle	
  is	
  associated	
  to	
  each	
  grid	
  site	
  and	
  followed	
  backwards	
  
in	
  2me	
  to	
  find	
  its	
  posi2on	
  at	
  previous	
  2me	
  step.	
  	
  
-­‐	
  f	
  is	
  interpolated	
  from	
  previous	
  2me	
  step	
  at	
  the	
  root	
  of	
  the	
  
characteris2c	
  using	
  e.g.	
  spline	
  interpola2on	
  
-­‐	
  This	
  is	
  performed	
  in	
  a	
  split	
  fashion:	
  

First	
  applica2ons	
  in	
  astrophysics:	
  Fujiwara	
  (1981),	
  Nshida	
  et	
  al.	
  (1981),	
  Watanabe	
  et	
  al.	
  (1981)	
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Improvement	
  over	
  the	
  spliAng	
  algorithm:	
  the	
  ``metric’’	
  approach	
  

•  A	
  set	
  of	
  metric	
  elements	
  is	
  used	
  to	
  follow	
  locally	
  the	
  flow	
  and	
  its	
  deforma2on	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

Colombi	
  &	
  Alard	
  2017,	
  J.	
  Plasma	
  Phys.	
  83,	
  705830302	
  
See	
  also	
  Campos	
  Pinto	
  &	
  Charles,	
  HAL-­‐01385676	
  

Lagrangian'space' Eulerian'space'

P"
Q"

•  Finding	
  the	
  root	
  of	
  the	
  characteris2cs:	
  2nd	
  order	
  Lagrangian	
  perturba1on	
  theory	
  

Metric	
  element:	
  	
  
ini2al	
  configura2on	
  

Metric	
  element:	
  	
  
present	
  configura2on	
  

Qm	
  

Pm	
  

Ini2al	
  posi2on	
  Q	
  proposed	
  
by	
  red	
  metric	
  element	
  

Ini2al	
  posi2on	
  Q	
  
proposed	
  by	
  
interpola2on	
  over	
  4	
  
candidates	
  

Deforma2on	
  tensor:	
   Hessian	
  of	
  the	
  displacement:	
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Lagrangian	
  regions	
  of	
  influence:	
  
Percola1on	
  algorithm	
  

A	
  percola2on	
  algorithm	
  is	
  implemented	
  to	
  compute	
  accurately	
  the	
  Lagrangian	
  region	
  of	
  
influence	
  of	
  each	
  metric	
  element.	
  



www.vlasix.org!

Improvement	
  over	
  the	
  spliAng	
  algorithm:	
  the	
  ``metric’’	
  approach	
  
	
  

•  One	
  can	
  find	
  the	
  ini2al	
  (Lagrangian)	
  posi2on	
  Q(P)	
  of	
  any	
  test	
  par2cle	
  P	
  by	
  expanding	
  at	
  
second	
  order	
  the	
  geometry	
  of	
  the	
  mo2on	
  in	
  the	
  vicinity	
  of	
  the	
  closest	
  metric	
  element	
  

	
  

•  Reconstruc2on	
  of	
  the	
  phase-­‐space	
  distribu2on	
  func2on	
  at	
  each	
  2me	
  step	
  is	
  performed	
  using	
  
Liouville	
  theorem,	
  by	
  interpola2on	
  of	
  f	
  on	
  ini2al	
  posi2on	
  Q(P),	
  similarly	
  as	
  in	
  the	
  splicng	
  
method,	
  however	
  a	
  lower	
  2nd	
  order	
  interpola2on	
  is	
  used:	
  

	
  
	
  
	
  
•  When	
  deforma2on	
  of	
  the	
  metric	
  elements	
  is	
  too	
  high,	
  new	
  isotropic	
  elements	
  are	
  set	
  along	
  

with	
  new	
  ini2al	
  condi2ons	
  corresponding	
  to	
  the	
  current	
  state:	
  cubic	
  B-­‐splines	
  are	
  used	
  at	
  the	
  
moment	
  of	
  resampling	
  and	
  Q(P)	
  is	
  computed	
  more	
  accurately	
  using	
  interpola2on	
  between	
  
neighbouring	
  metric	
  elements.	
  

	
  

•  Because	
  re-­‐samplings	
  of	
  the	
  phase-­‐space	
  distribu2on	
  func2on	
  are	
  much	
  more	
  seldom,	
  the	
  
metric	
  scheme	
  is	
  much	
  less	
  diffusive	
  than	
  the	
  standard	
  spliAng	
  algorithm	
  

(in,jn)%

Q=(qx,qv)%

(in,jn'1)%

(in,jn+1)%

(in+1,jn)%(in'1,jn)%

(ic,jc)%

(ic,jc+1)% (ic+1,jc+1)%

(ic+1,jc)%
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•  Drik	
  step	
  Δt/2	
  

Evolu1on	
  of	
  metric	
  elements:	
  2nd	
  order	
  driL-­‐kick-­‐driL	
  

•  Calcula2on	
  of	
  phase-­‐space	
  density	
  at	
  t+Δt/2,	
  hence	
  accelera2on	
  a(t+Δt/2)	
  

	
  
•  Kick	
  step	
  Δt	
  

•  Drik	
  step	
  Δt/2	
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Metric	
  versus	
  waterbag	
  
Example:	
  phase-­‐space	
  of	
  a	
  1D	
  simula1on	
  with	
  Gaussian	
  ini1al	
  condi1ons	
  

metric	
  

waterbag	
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Metric	
  versus	
  spliAng	
  (and	
  waterbag)	
  
Example:	
  phase-­‐space	
  of	
  a	
  1D	
  simula1on	
  with	
  Gaussian	
  ini1al	
  condi1ons	
  

The	
  metric	
  scheme	
  allows	
  one	
  to	
  improve	
  actual	
  spa2al	
  resolu2on	
  by	
  a	
  factor	
  2	
  or	
  more	
  for	
  a	
  
computa2onal	
  cost	
  of	
  the	
  same	
  order	
  

“exact”	
  solu2on	
  	
  	
  (Colombi	
  &	
  Touma	
  2014)	
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Performances	
  in	
  1D:	
  metric	
  versus	
  spliAng	
  

•  Δ:	
  spa2al	
  resolu2on	
  
•  Δm:	
  inter-­‐element	
  of	
  metric	
  

distance	
  
•  ns:	
  number	
  of	
  2me	
  step	
  

between	
  full	
  resamplings	
  
•  tCPU:	
  total	
  CPU	
  2me	
  spent	
  in	
  

units	
  	
  of	
  simula2on	
  I

tCPU	
  ~	
  Δ-­‐2D	
  	
  	
  	
  D:	
  dimension	
  of	
  space	
  

Metric	
  code	
  slightly	
  more	
  costly	
  than	
  
splicng	
  algorithm	
  for	
  D=1	
  	
  

Increasing	
  metric	
  element	
  density	
  slightly	
  
increases	
  computa2onal	
  cost	
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Conclusions	
  

	
  
Energy	
  conserva1on:	
  metric	
  algorithm	
  does	
  slightly	
  worse	
  than	
  splicng	
  scheme	
  but	
  can	
  
conserve	
  energy	
  at	
  a	
  very	
  good	
  level	
  (e.g.	
  below	
  the	
  10-­‐5	
  level)	
  if	
  metric	
  element	
  density	
  is	
  
sufficiently	
  high	
  (e.g.	
  distance	
  between	
  metric	
  elements	
  of	
  the	
  order	
  of	
  2.5	
  grid	
  element	
  size)	
  
	
  
Informa1on	
  (entropy)	
  conserva1on:	
  metric	
  algorithm	
  does	
  as	
  well	
  as	
  splicng	
  scheme	
  but	
  by	
  
using	
  twice	
  or	
  even	
  4	
  2mes	
  less	
  resolu2on	
  
	
  
Computa1onal	
  cost:	
  splicng	
  along	
  dimensions	
  is	
  not	
  possible	
  in	
  the	
  metric	
  algorithm,	
  which	
  
makes	
  resampling	
  phase	
  much	
  more	
  costly	
  than	
  in	
  the	
  splicng	
  scheme	
  (in	
  6D,	
  a	
  factor	
  171	
  for	
  
cubic	
  B-­‐splines)	
  but	
  this	
  is	
  more	
  than	
  compensated	
  by	
  the	
  gain	
  in	
  effec2ve	
  resolu2on.	
  In	
  6D,	
  the	
  
metric	
  method	
  is	
  expected	
  to	
  be	
  much	
  less	
  costly	
  than	
  the	
  splicng	
  method	
  with	
  similar	
  level	
  of	
  
diffusion.	
  
	
  
Extension	
  to	
  higher	
  number	
  of	
  dimensions	
  and	
  parallel	
  programming:	
  extension	
  to	
  6D	
  is	
  
straighqorward	
  and	
  the	
  metric	
  method	
  not	
  more	
  complex	
  to	
  parallelize	
  than	
  the	
  standard	
  
splicng	
  scheme	
  (e.g.	
  Crouseilles	
  et	
  al.	
  2009)	
  even	
  with	
  the	
  percola2on	
  algorithm	
  part.	
  
	
  
Issues:	
  improvements	
  exploi2ng	
  splicng	
  for	
  efficiency	
  cannot	
  be	
  trivially	
  implemented	
  (e.g.	
  
Discon2nuous	
  Galerkin	
  methods).	
  	
  
	
  
	
  


