
Chaos and the Vlasov Equation

Edmund Bertschinger, MIT

Collisionless Boltzmann (Vlasov) equation and modeling of self-
gravitating systems and plasmas, October 30 – November 3, 2017

October 30, 2017CIRM

Presenter
Presentation Notes
Chaos is generally understood to require nonlinearity in the equations of motion. For this reason, the linear Schr\''odinger equation does not lead to chaos in the usual sense. What about the Vlasov equation? Although the Vlasov-Poisson system is nonlinear, with a fixed potential the Vlasov equation is linear. I discuss the manifestation of chaos in two-dimensional systems described by the linear Vlasov equation. The results raise questions about the relative importance of deterministic chaos and statistical averaging as drivers of relaxation and ergodic behavior.



What makes the Vlasov-Poisson system hard?
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What makes the Vlasov-Poisson system interesting?

One person’s list:

1. Coupled integro-differential equations
2. Nonlinearity
3. Chaos
4. Long-ranged interactions
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This talk simplifies the system 

1. Vlasov only, no Poisson
2. External static potential
3. Hence, linear

Is it still interesting?
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Conclusions

1. The Vlasov equation with a fixed potential V(x) is linear.
2. Chaos manifests itself in the Green’s function, just as in quantum 

mechanics.
3. For non-integrable systems, linear Vlasov is both hard and 

interesting.
4. Regular and chaotic orbits both give rise to phase mixing and 

collisionless relaxation; chaos enhances the rate of relaxation.
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One-particle phase space: w = (q,p) (vectors bold)

Time-independent Hamiltonian: H(w)=T(w)+V(q)

Phase space density: f(w,t)

Poisson bracket: {f,g} defined as usual

Time evolution of g(w):  

Vlasov equation:

If H is independent of f, Vlasov is a linear PDE

Vlasov equation for a fixed potential
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Greens’ function solution of initial-value problem

where 𝐷𝐷0 𝒘𝒘 = 𝐷𝐷 𝒘𝒘, 0
is the initial condition

𝐺𝐺 𝒘𝒘,𝒘𝒘0, 𝑑𝑑 = δ(𝒘𝒘− �𝒘𝒘(𝒘𝒘0, 𝑑𝑑)) 𝜕𝜕�𝒘𝒘
𝜕𝜕𝒘𝒘0

where �𝒘𝒘(𝒘𝒘0, 𝑑𝑑) is the solution of Hamilton’s equations 𝑑𝑑𝒘𝒘
𝑑𝑑𝑡𝑡

= {𝒘𝒘,𝐻𝐻}
with initial conditions 𝒘𝒘 = 𝒘𝒘0.

Simple interpretation: move mass elements from 𝒘𝒘0 to 𝒘𝒘, conserving mass.
In practice, Lagrangian methods preferred over Green’s function formalism. 
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𝐷𝐷 𝒘𝒘, 𝑑𝑑 = �𝑑𝑑𝒘𝒘0 𝐺𝐺 𝒘𝒘,𝒘𝒘0, 𝑑𝑑 𝐷𝐷0 𝒘𝒘0
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Example: 2d Simple 
Harmonic Oscillator

Colors are Lagrangian labels, i.e. 
they track particles. Initial 
velocities are inward radial, cold.
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Example: Hénon-
Heiles, regular
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𝑉𝑉 𝑥𝑥,𝑦𝑦 =
1
2
𝑥𝑥2 + 𝑦𝑦2 + 𝑥𝑥2𝑦𝑦 −

1
3
𝑦𝑦3

𝐸𝐸 = 0.10
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Example: Hénon-
Heiles, chaotic
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𝑉𝑉 𝑥𝑥,𝑦𝑦 =
1
2
𝑥𝑥2 + 𝑦𝑦2 + 𝑥𝑥2𝑦𝑦 −

1
3
𝑦𝑦3

𝐸𝐸 = 0.16
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Example: anti-Hénon-
Heiles, integrable
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𝑉𝑉 𝑥𝑥,𝑦𝑦 =
1
2
𝑥𝑥2 + 𝑦𝑦2 + 𝑥𝑥2𝑦𝑦 +

1
3
𝑦𝑦3

𝐸𝐸 = 1/12

Aizawa and Saito 1972
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Hénon-Heiles Hamiltonian

𝐻𝐻 = 1
2
𝑝𝑝𝑥𝑥2 + 𝑝𝑝𝑦𝑦2 + 1

2
𝑥𝑥2 + 𝑦𝑦2 +𝑥𝑥2𝑦𝑦 − 1

3
𝑦𝑦3

wikipedia

Orbits bounded for E ≤ 1
6

y-axis is inverted compared to animations
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Anti-Hénon-Heiles Hamiltonian

𝐻𝐻 = 1
2
𝑝𝑝𝑥𝑥2 + 𝑝𝑝𝑦𝑦2 + 1

2
𝑥𝑥2 + 𝑦𝑦2 +𝑥𝑥2𝑦𝑦 + 1

3
𝑦𝑦3

−

+

Orbits bounded for E ≤ 1
12

y-axis is inverted compared to animations

− minimum
+ maximum

Aizawa and Saito 1972
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Trajectories (x,y)
ICs: 𝑥𝑥, 𝑦𝑦, 𝑝𝑝𝑥𝑥 = 0.1
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y-axis is inverted 
compared to 
animations
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In all except the upper right panel, the orbits do not fill the energy surface.



Surfaces of section
𝑥𝑥 = 0, 𝑝𝑝𝑥𝑥 > 0
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Now fill out the initial energy hypersurface
(initial velocity field is taken to be radial, cold)
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Example: 2d Simple 
Harmonic Oscillator
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Example: Hénon-
Heiles, regular
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𝑉𝑉 𝑥𝑥,𝑦𝑦 =
1
2
𝑥𝑥2 + 𝑦𝑦2 + 𝑥𝑥2𝑦𝑦 −

1
3
𝑦𝑦3

𝐸𝐸 = 0.10
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Example: Hénon-
Heiles, chaotic
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𝑉𝑉 𝑥𝑥,𝑦𝑦 =
1
2
𝑥𝑥2 + 𝑦𝑦2 + 𝑥𝑥2𝑦𝑦 −

1
3
𝑦𝑦3

𝐸𝐸 = 0.16
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Example: anti-Hénon-
Heiles, integrable
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𝑉𝑉 𝑥𝑥,𝑦𝑦 =
1
2
𝑥𝑥2 + 𝑦𝑦2 + 𝑥𝑥2𝑦𝑦 +

1
3
𝑦𝑦3

𝐸𝐸 = 0.083

Aizawa and Saito 1972
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What do the simulations show?

1. Cold, nonperiodic systems develop caustics
2. Both regular and chaotic systems develop 

strong phase-mixing
3. Chaotic systems mix more extensively than 

regular ones
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Integrable (anti-HH) Chaotic (HH)
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Conclusions

1. The Vlasov equation with a fixed potential V(x) is linear.
2. Chaos manifests itself in the Green’s function, just as in quantum 

mechanics.
3. For non-integrable systems, linear Vlasov is both hard and 

interesting.
4. Regular and chaotic orbits both give rise to phase mixing and 

collisionless relaxation; chaos enhances the rate of relaxation.
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This talk simplified the system 

1. Vlasov only, no Poisson
2. External static potential
3. Hence, linear

Is it still interesting?
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