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What is the Maxwell Boltzmann Equation 7 |

In Q@ ¢ RY x RY Assumption: Interactions between Electrons and
lons only due to electro magnetic forces with external given Magnetic

Field B.

atf+ +v- fo+ + (E + v X B)V‘,f+ = T]+C+(f+) ,

St_Of- +v-Vif- —(E4+vxB)V,f.=n_C_(f).

fr(t,x,v) = fr(t,x,v —2(v-mn(x)) Specular reflection if 9Q # ()

—NAp= | fi(x,v,t)dv — / f (x,v,t)dv,d5p = 0,0n 0.
Ry

v

The two kernels C satisfies the standard hypothesis: Conservation

of mass momentum and energy and H theorem: Boltzmann, BGK,
Fokker Planck ...Other collision operator.???
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What is the Maxwell Boltzmann Equation 7 [l

With a Korn type hypothesis on Q:

F v )~ (@) AL —6(x,0)

= (f) = HD9(xD) /|V| (x, v, ) dx ﬁ?t)/ﬂ<f_>dX:mOd

— N2A¢ + PO — (£} 9rp =0 o0n 00,
Otfr +v - Vify = Vio -V =0 C(F).

B(t) is the inverse of the temperature. What beta?
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Want | can do, what | want to do

Try to justify the scaling. From a mathematical poin tof view..Because
they work!

Prove a convergence theorem under an extra regularity assumption
Give a complete treatement of the so called reduced ions problem.

As final remarks
Give a Arnold type stability result for the asymptotic solutions.
Combine with the quasineutral limit.
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Convergence to the lons problem

Consider in a domain Q which satisfies the Korn hypothesis, the
problem

Oty +v-Viff =V -V, fi =0
StEOE 4 v - VifS + Vige - Vo £ = n_(e)C_(£<),
~ XAd = () — (F)

With if 9Q # ) the following boundary conditions

fi(t,x,v) = fi(t,x,v —2(v - n))n(x) Specular reflection
— NApe = (fE) — (fS)  Dn¢° =0 Neumann boundary condition
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Theorem

Assume that for e — 0 one has liminf(St€)~1n. = oo, and
lim sup lime_0 ne < +00 while for t € (0, T) the distributions
f£(x, v, t) remains uniformly bounded in a convenient class
(specified below) then:

(2, £5) = (XD g OCF 0050 v, 1)

— NA¢ + e5<f o5t) = (£, (t)) Bz = 0 on AR,
8tf+ +v- fo+ - VX(ZS . va+ = T]+C+(f+) .

and B(t) is uniquely determined by the conservation of energy:

2
/M (i (t +m—°d+ /\V o(x, t)2dx = & .
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Proof of the “soft theorem" Conservation of Mass

Assume that two kernels C satisfies the standard hypothesis: Con-
servation of mass momentum and energy and H theorem then for
smooth solutions one has with well prepared initial data:

(Co(fi)) = 0 = i/ﬂ(fi>(x, Fdx = 0
:>/ (x, t)dx = /Q<f+>(x, t)dx = My

And the elliptic problem (with Neumann or periodic boundary data)

~00 = () = (£) Ondn =0, [ o(x)dc =

is well posed.
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Proof of the “soft theorem" Conservation of Energy

Use <Ci(fi)|v| ) = 0 and obtain formally
d v|? 1
S+ )+ S99 O ) =0
|V\2 < 2 _
(o + 1)+ 190t 0o = 6o
For the lons problem with the Boltzmann Maxwell Relation

B) )4 s ~otx.0)

mod 1 ‘V|2
ot [ Isttx e =g [ 1ifd
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Proof of the “soft theorem" Stationnary solution

Theorem
Under a Korn Hypothesis any local Maxwellian

f-(x,v) = p(X)(Bé?)Ze—B(x)('””;X”Z

solution of the equation:
{E, .} =v -V + V-V, =0

is of the following form:

v|2
f(x,v) = (%)%efﬁ(%ﬂzﬁ(ﬂ)
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For any smooth vector u : Q +— R? with v - n = 0 one has

Vu+Vut

Iz = K Vulliz o (1)

is generally valid.
It holds for the flat torus T9 and in dimension 2 and 3 if Q has no
axis of symmetry.

Cf. Proposition 13. of Desvillettes and Villani. Invent. Math. 159
(2005) and Desvillettes and Villani ESAIM: Control, Optimisation
and Calculus of Variations June 2002, Vol. 8.
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Proof |1

f_ is a Maxwellian

2w
= pr(x)—gv)ﬁ X u-(v—u(x
Ve = £ (D5 = S 4 800 Vu- (v~ ()
v = u(x)P V8
2 B
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Proof lll Identification of the Terms of Order

3,2,1,0 in (v — u).

Order 3 (v —u)|lv—u? =V,8=0,

Order2 (v—u)Vyu-(v—u) = W = 0 With Korn inequality
= Vu=0,

Order 1 (v —u) = = (25 — B(Ve+ BAw)) =0

Order 0 u- Vi log p(x) =0.

With V3 =0 and u =0 (u constant and tangent to the boundary)

only remain the equations:

Vlog(p(x) = H(6(x) = £ (x,v) = (L) Fe AT o)

with ¢ changed into ¢ + (log constante)/
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Determination of 3 through energy conservation

Theorem

Let Q C RY be a bounded domain and & > 0. Fix a nonnegative
ion density I(x) € L%(Q) with finite mass my. Then, there exists a
unique solution (3, ¢) to the following elliptic problem:

— A¢+ e = I(x), g(ﬁl =0 (2)

together with the mass and energy constraints

mod

/ IVao(x, t)Pdx = €

Below Sentis direct proof. Idea The energy is an increasing function
of the temperature.
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For each fixed 8 > 0, the elliptic problem has a unique solution
#° € H?(Q) with total mass mg and “energy"

£(8) = ’"°d / V.6 (x, £) P

and derivative solution of

8
_e—ﬁ¢ﬁAaﬁ¢B + BOsd’ = —¢P 9939 _o
on g
Hence
mod mad

IpE(B) = —L +/ V¢’V 950  dx = *702 /QqSBAXaBg[)BdX

B A
= _(";)20' +/ e_ﬁ¢5(Ax36¢ﬁ)2dX =+ B|VX8,3¢B\2dx) <0

Q
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End of determination of 3

For the existence
1 One has £(B) > (mod)B72 = limg_0 E(B) =
2 From the elliptic equation for ¢?,

L 1vetPax= [ (1670 "o o

106 (x) — 8% 0P dx — L 867 548 dx.
N O R

x>0=>e>x=

/ (I()6"(x) — €% )dx < |[1]],2]16° 112 — BlI6° |22 <
{##>0}

x<0=xe"<el=

< 55l

Qe

1/ eﬁ¢ﬁﬁ¢5dx < Qe
B Jiep<oy

Therefore limg_,o, £(8) = 0 and existence of 3 follows.



Uniform regularity assumptions: URA

In the ions equation there is no non linear relaxation term the solution
remain f¢ remain bounded in any LP(Q x RY) . The energy remains
bounded. Therefore the only hypothesis needed is the convergence
of this energy

2 2
For almost every t € (0, T) lim /(ij(t»dx — / (Mﬁr(t))dx
e—0 Jo 2 Q 2

For the electrons because the role of the collision operator is essential

the situation is more subtle and one has to assume the convergence

of ¢ almost everywhere, and the uniform integrability ( a strong
assumption?):

fe < Ce olVI”
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End of proof of the soft theorem

With n_(€) > 0 and bounded, lim(S5t¢)~1n¢ — oo start from

Oeff + v - Viff —Vipe -V, fi =0 (3a)

StEOfE + v VifS + Ve - Vo fE =n°C_(f)  (3b)

— NAg° = (fi(t)) — (fS) (3¢)

the corresponding standard estimates and the Uniform regularity as-
sumption.

[ Eenae = [ (@)= m: (42)

0< fi(x,v,t) = sup fi(x,v,0) (4b)

VP e ’ |2f5 Vi [Pdx = & 4
[ (e + [ IVeofa—g (49
which imply in particular the uniform bound.

1), 0 az2, 10:0° (D), 0 02 < Co
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Then one deduces that (f6 fj,(;SE) converge (in a weak sense ) to
(2, ., ¢) and that (£, #) are solution of the system:

Oefy + vV =V (Vid Fy) =0 (5)
—N2Ag, = (L) — (F2) (6)

Multiply (3b ) by log ¢ and integrate over Q x RY x (0, T) to obtain:

0< — / / (f9) log ) dxdt

(7)
<> (/Q<f€ log £°)(x, O)dx—/ﬂm log £) (x, T)dx) — 0

Then with the uniform regularity hypothesis and the H theorem 7
is a local Maxwellian M, , ¢ .
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Letting € — 0 in the equation
StCOE + v VifS + Vige -V f< =n"C_(f°) (8)
one obtains:
V- VM, 0+ Vxode- VM, 0
= EI|_r1rg) V-Vef 4+ Vo, -V, fo (9)
= E|i_r1rg)(?7€_C_(f_E) — St 0:f°) =0.
Under the uniform regularity hypothesis the last term of (9) con-
verges to 0 (at least in a weak sense) and this implies that

s = (@”)ge—ﬁ(t)(”f—qs(x,t))’ (10)
™
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Eventually taking the limit in the energy conservation equation:
VI !V\z ’ ¢
(5o + (e [[VaoPax=t (1)
one reaches the reduced lons system:

/|Vx¢xt|dx— /"”

e 12
— )\2A¢ 1 B (F%) (12)
St 0:f + v - Vify —Vid -V, fy =0.

mod

Claude Bardos About Maxwell Boltzmann Relation.



About Unconditionnal Statements |

The biggest issue is the “stability " of the solution of the electron

equation:
StEOfE + v Vife + Ve - Vo f€ = n_(e)C_(f°) (13)

The simultaneous presence of a Boltzmann type collision term that
will relax to equilibrium and of large time asymptotic with the relation

lim St ~*n_(e) = oo

seems compulsory and in agreement with the physical scalings.
Even for the genuine Boltzmann equation (no ¢ ) there is no general
results and perturbations near an absolute maxwellian, because they
involve the large time behaviour would handle only the trivial case
¢ =0.

Moreover in the above derivation the conservation of energy is a
crucial factor.
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About Unconditionnal Statements Il

At the present stage two type of results are available.

The existence and uniqueness result for the reduced ions system.
At variance with the oldest simple construction of weak solution of
Vlasov equation here the compulsory conservation of energy requires
a construction preserving some regularity.

An Arnold stability both for the reduced ions problem and for the
full system result because it is robust under weak limit (like the
standard weak strong stability of compressible or incompressible Euler
equation).
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Well posedness of the reduced ions problem

Theorem (Existence of weak solutions)

Assume that initial data fy_ € L' N L°°, compactly supported in v.
There exists a time T > 0 so that weak solutions (f;., ¢, 3) to the
ion problem so that f, remains compactly supported in v and
satisfies the estimates:

froe CO, T 11N L=®Q xRY),  pyeC0,T;LNL9Q)),

the electric field E = —V¢ € C(0, T; L*°(Q2)), and B € L>°([0, T]).
The solution can be extended globally in time for d = 1,2, 3.

The non trivial part is the fact that the solutions remains of compact
support in v . A priori estimates are given then the rest of the proof
involves a classical iteration
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1 Boundedness of 3(t)
d//|v|2f+x v, t) dvdX:/qZ)V- vfi) dXZ—/¢8t fi)

th/ VI dx = /¢A¢f /¢6tp+ —/ POre’? =

2
ro [, r)>+\v¢>|2 B =~ [ o0 =3 [ sone™

7_1 _1)eB% 30 86
Bat/(ﬂqﬁ 1)e”? dx /ﬂ(be dx

mod

V|2 2
52 —5-0:(t) +/( fr(x,v,t)) + V|~ dx) =0

2dt
Ot(myd log S(t) / Boe’? dx) =01l
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Il More Estimates on the elliptic problem 1

The Vlasov dynamic preserves the L* norm of fi(x, v, t) and with

mod v|? 1 2dx =
B(t)+/S22<f+>dX+2/§2|vx¢(X’ t)’ dX—go

mod

one has sup|lpi(-,t)|| a2 < Cand B(t) > ——
>0 &o

L7 (Q)
Multiplying by e(P~D8(1)¢ (—Agp + e8¢ = (f,(t))) one obtains:
(p-1)3(0) P VOV i [ 0%
Q Q

p—1
< (s ) o170 2
=1<p<oo || < (il 1) |er

d—1

1 d-1
+ellipticicity| E = V| oo < CII(F (5 ) I NIFC )] %
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[l The Liouville Dynamic for lons. A standard a-priori

estimate for Vlasov equation.

The solution i (x, v, t) of the ions equation is the pushforward of
f+(x,v,0) by the flow given by the equations

X(s)=V(s) V(s)=-Vxd(X(s))

and the specular reflexion when ever X(s) meets 92. Hence one has

IIV(t)I—IV(O)Ilé/ sup [Vo(x, s)|ds
0 xeQ (14)

<c/ 1) s Z ds

Then with |v| > Ko = f(x, v,0) = 0 one has

fi(x,v,0)=0 for |v|>Ky= fi(x,v,t)=0=
t
[Fe (5 ) llee < Go(Ko +/0 V(. 5) 1 ds)?



Gronwall type a priori estimate:

Hence for X(t) = (H<f+('7t)>”Loo)% (for d = 2) a linear and for
(d > 2) a non linear Gronwall estimate:

14 (o )l <

<mm+£umummm*$ (15)
t dflss
=>X§C0+Co/OX (s)d!

Moreover for d = 3 the estimate can be made global following the
proof of Schaeffer for the classical Vlasov equation or of Pallard in
a periodic box. Pallard, Christophe A refined existence criterion for
the relativistic Vlasov-Maxwell system. Commun. Math. Sci. 13
(2015), no. 2, 347—354.
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A Priori Estimate from Averaging Lemma

atf+ +v- VXer == *VV(EIL:F)
Eel>*and fellnL™,

1Fill32(0. 7023y < WFllese 1o, mieriaxmayy < Il o1l 2o,y
and

|Efs (200, T:02(2xR3)) < NE oo |l 2(0, 7:02(2xR3))-

/ o (£, %, V)p(v) dv € HY4((0, T) x Q)

together with the uniform bound

| [ memrae] oo o< CllEI o @y

for any test function ¢(v) in C°(R3).
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Construction of a solution by iteration |

e Start from (B,, ¢,) solution of the elliptic problem

—Ad, + bt — (fa(x, v, t)) = pn(t)

/ e dx = my
Q

d 2
'"0 / V|2 dx = E — /Q<‘V2’fn(x, v, t))dx = Ep(t)

@ Then construct f, 11 by solving the linearized Vlasov equation
8tfn+1 +v- v><7fn—i-1 - v><¢n : vvfn—i—l =0

with the same initial data f,41(x, v,0) = fo+(x, v) and now
with density and energy (pn+1(t), Enti(t)).

Claude Bardos About Maxwell Boltzmann Relation.



Construction of a solution by iteration |

Modulo extraction of a subsequence (f,(x, v, t), pn(x, t), E(t), 5(t)
and ¢n(x, t) weakly converge and satisfy all the above a priori esti-
mates!!!

With the averaging lemma and the fact that support of f,(x, v, t)
remains bounded in velocity space the functions p,(x, t) and E,(t)
converge almost every where .

With the uniqueness of the solution of the elliptic problem

(p(x, 1), () = (B(t), 6(x, 1))

same is true for the sequence (5,(t), dn(x, t))!!
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Uniqueness of the solution for the reduced ions problem

We same type of estimates one has the following

Theorem (Uniqueness)

Let T > 0. There exists at most one weak solution (fy, ¢, 3) to the
ion problem with v-compactly supported initial data fo_ so that

sup sup [V ill 2y + / IV (s, =y ds < co.  (16)
te[0,T] xeQ

Remark

The estimate fOT [V(s,)|lL(q) ds < 0o. has been established
above under the only hypothe5/s that initial data be of compact
support in v space.

The hypothesis supco 7] SUPxcq | Vv il 2(re) < 00 would be
trivial in the absence of boundary effect but up to now not so clear
in the presence of specular reflection!
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Arnold type stability results

With the a-priory estimates one can get global in time non lin-
ear stability results. Such results seem useful because the estimate
persist are remain valid for weak limits of solutions.

In many cases the Boltzmann Maxwell relation is used with a pre-
scribed time independent 7. Hence it is convenient to validate this
choice.
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Arnold Stability for the Electrons.

For the stability of the electrons with a given constant ion density
and specular reflexion boundary condition

Oef + v Vyf + Vi - Vo f = C_(f)

~ DG (F(8) = 1(x) (17)

near a stationary Boltzmann-Maxwell solution , with the relative en-
tropy

H(F|F) = //ms [flog (’;) . f+?} (x, v) dxdv,

one has:
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Theorem

Let (f,®) be any stationary solution :

flx,v) = (%)d/%*ﬂ('”f 00 _Ag+ P =(F)  (18)

and (f, ¢) be any weak solution of the system (17) then:

SO+ 5 [ 196~ 73 b = 0(1 "
with  D(f) ::—/Q<C+(f)|ogf>dx
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Proof.

%'H(ﬂ?) + D(f)=— /Q<(1 + log £)0:f(x, v, t)) dx
g

— [+ 5 o)~ B

v?

5~ ))0:f(x,v,t)) dx

_ |v]? =

_ 5/Qat< v, ) = B0 (x, v, 1) o
:ﬁ/m(vxqb—wp) - (vF) dx
:ﬁ/ﬂ(qﬁ—¢)8t<f> dx:—ﬁdt/ﬂyw_wyz i

d. ,
= SOUAN + [ V0= VoP 8 +D(F) <0
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Starting from

(. £0) = (A3 0UF =00 £, (s v, )
YIS

— A2(e)Ag + P — (f (t)) D¢ =0 on IR,
Oefp + v Vi — Vo -V, f, =0.

2 d
/‘V2’<f+(t dx +"l+ /|v (x, t)|2dx = & .
Q

One may consider the formal quasi neutral limit A\?(¢) — 0. That
would give:
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eP0e0et) — (£ (1)),

1
Oify +v -V, fy — V| — log(f -V, fiL=0.
ti4+ + (ﬁ(t) g<+>) +

2 mod
/Q\ Y2 of (o)) ae +%+262 /yv log(£..) 2dx = & .

For this limit the problem may be ill posed. Well posed with a simple
bump, in 1d a Penrose criteria and uniformly with respect to € by a
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Basic reference:
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Less sophisticated

Bardos, Claude; Besse, Nicolas Hamiltonian structure, fluid represen-
tation and stability for the Vlasov-Dirac-Benney equation. Hamilto-
nian partial differential equations and applications, 1—30, Fields Inst.
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