Lattice Boltzmann models for rarefied flows

Robert Blaga, Sergiu Busuioc, Victor E. Ambrus

West University of Timisoara

Universitatea de Vest

Collisionless Boltzmann (Vlasov) Equation
and Modelling of Self-Gravitating Systems and Plasmas
Marseille, October 30 — November 3, 2017



Section 1

Introduction

R. Blaga, S. Busuioc, V.E.Ambrus (WU' LB models for rarefied flows



Mesoscale approach
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Rarefied flows: Knudsen number (Kn)

N . Collisionless
Boltzmann Kinetic Equation Boltzmann Equation
Euler
Equations
Navier-Stokes-Fourier Equations
No Velocity Slip Velocity Slip and Temperature Jump
and No A
Temperature Jump | 1% Order 2™ Order Kn=—
Fp
Extended Hydrodynamics Equations
0«—kn 0.001 0.01 0.1 10 100 Kn—oo
~ Hydrodynamics : : Transition Free Molecular
Regime Siip Flow Regime Regime Flow Regime

o Kn = \/r, (A = mean free path; r, = characteristic channel length).
e Hydordynamic regime (NSF): Kn — 0.

e Ballistic regime (Vlasov): Kn — oo.
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Lattice Boltzmann (LB): main ingredients

@ Discretisation of the momentum space (Gauss quadratures);
© Polynomial representation of f¥ in the BGK collision term;
@ Replacement of V,, f using a “suitable” expression;

© Numerical method for time evolution and spatial advection (RK-3 +

WENO-5);

@ Boundary conditions.

The LB method ensures the exact recovery of the conservation egs. for n, pu
and F (for thermal models).
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Section 2

Planar shocks

R. Blaga, S. Busuioc, V.E.Ambrus (WU' LB models for rarefied flows



Non-relativistic case: equation

@ Let us consider the Sod shock tube problem:

f(z t:O>: I(Leq)7 z2 <0 (nL,PL,uL):(l,l,O)
| gV 2>0 (ngr, Pr,ur) = (0.125,0.1,0)

@ The Boltzmann equation reduces to:

Pz . 1. () (ea) _ n _(p— mu)?
8tf+ mazf - ’T(f fM_B ’ M—B — (27‘(‘mT)3/2 exp 3

where the BGK relaxation time approximation was used for J[f].}

@ The p, and p, degrees of freedom can be integrated:

g _ 1 g pz g o 1 g _ g(eq)
<h) B /dpxdpy ! (pi —I—p§> ’ O (h) T Eaz (h) - s (h _ plea) |

where h(¢® = 2mTg(¢? and

(eq) __ n (pz - muz)2
g = ——€exXp | — .
V2mtmT 2mT

1P, L. Bhatnagar, E. P. Gross, M. Krook, Phys. Rev. 94, 511-525 (1954).

R. Blaga, S. Busuioc, V.E.Ambrus (WU' LB models for rarefied flows




Non-relativistic case: Discretisation

@ p. are discretised using the Gauss-Hermite quadrature method:?3

Q

/ dngps(pz): ng Ps(pz,kz)a gk =

g(pk)a

2
Where HQ(pz,k) — O, wE = Q'/[HQ+1(pz,k:)]2 al’ld w(pz) = e_pz/z/w/Q’]T-

o g,ieq) is truncated at order N < @ w.r.t. the Hermite polynomials:
( ) & £—2 (eq) (eq)
eq) __ . s —2s eq) __ eq
= Wk E Hy(pk) E 354 '(E 2S)!(mT 1)” (mu) : h, " =2mTg, .

@ The space is discretised according to z; = —0.5+ £+ (i — 0.5) (1 <1 < Z).

@ The following boundary conditions are imposed:*
g—2k = g— 1k:—90k_g;g%),
(eq)
9Z+1,k = 9zZ4+2,k = 9Z+3,k =9 R

and similarly for h; .

2X. W. Shan, X. F. Yuan, and H. D. Chen, J. Fluid. Mech. 550, 413 (2006).
3V. E. Ambrus, V. Sofonea, J. Comput. Phys. 316 (2016) 760.
4Y. Gan, A. Xu, G. Zhang, Y. Li, Phys. Rev. E 83 (2011) 056704.
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Non-relativistic: n
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57. Guo, R. Wang, K. Xu, Phys. Rev. E 91 (2015) 033313.
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Non-relativistic: u
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Solution in the collisionless regime:
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57. Guo, R. Wang, K. Xu, Phys. Rev. E 91 (2015) 033313.
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Non-relativistic: P
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Solution in the collisionless regime:

3 1 T 2 a2 2
“nT + —pu® = BLTL | 3erfe (E i) + S Bl /25T
2 2 4 t 2TL t 7TTL

57. Guo, R. Wang. K. Xu, Phys. Rev. E 91 (2015) 033313.
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Ultrarelativistic case: equation

@ The advection part is 1D:

0uf +¢o.f = - LU PEE)

(eq) (eq) _ 1 PYL
Lf — MEJL MEJ ~ ].73 exXp _T(l — 5Lf)] )

where the Anderson-Witting SRT approximation was used for J[f].
@ The momentum space is discretised using spherical coordinates:

P = psin O cos o, Py = psin B sin @, p, = pcosb,

while £ = cos 6.

@ Integrating over the ¢ degree of freedom, p and £ are discretised following the
Gauss-Laguerre and Gauss-Legendre prescriptions:

d3p 41 ') o 1 QL Q£
MS’T:/p—Ofp & :27‘(‘/0 dp e pp /1d€(€pf)p 13 :Zz.fjkpkgja

- k=1j=1
where f;, = w,gwfepkf(pk,fj), while Lo, (px) = 0 and PQE (&5) = 0.

@ The quadrature weights w,% and wf are given by:

WL — (Qr + 1)(Qr + 2)pk WP 2(1 —¢2)
F @+ LY L2’ T Qe+ DPa (€)1

@ For the planar case: ) =2 and @, = 1.

6J. L. Anderson, H. R. Witting, Physica 74, 466-488 (1974); 489-495 (1974).
"R. Blaga, V. E. Ambrus, arXiv:1612.01287 [physics.flu-dyn].
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Ultrarelativistic: n
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@ 1 /s = ratio of shear viscosity to entropy density.
@ Ballistic limit:

o nL+nr  np —nr z\?  (nL-—nr)? 1_f 2
Bk 2 2 t 4 £2

"R. Blaga, V. E. Ambrus, arXiv:1612.01287 [physics.flu-dyn].
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Ultrarelativistic: P
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R-SLB vs BAMPS: n and
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BAMPS = Boltzmann approach to multiparton scattering.®

81. Bouras, E. Molnar, H. Niemi, Z. Xu, A. El, O. Fochler, C. Greiner, D. H. Rischke,
Phys. Rev. Lett. 103 (2009) 032301.
"R. Blaga, V. E. Ambrus, arXiv:1612.01287 [physics.flu-dyn].
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R-SLB vs BAMPS: P
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BAMPS = Boltzmann approach to multiparton scattering.

81. Bouras, E. Molnar, H. Niemi, Z. Xu, A. El, O. Fochler, C. Greiner, D. H. Rischke,
Phys. Rev. Lett. 103 (2009) 032301.
SR. Blaga, V. E. Ambrus, arXiv:1612.01287 [physics.flu-dyn].
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Section 3

Spherical shocks
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Non-relativistic case: Equation

@ Let us consider the Sod shock tube problem with spherical symmetry:

f(’l"t:O): éeOI), r < rg (nL,PL,uL):(]_’l’O)
| R (ngr, Pr,ur) = (0.125,0.1,0)

@ Spherical coordinates: r,9, ¢ and ps,pgy, P

129

mr?2

Ot f +

1
Or (1) + T-0e[(1 = €)1 = ——(f — FiVp),

where p” = pcos9, p19 = psin 6 cos ¢ and p? = psin @ sin @, while & = cos 6.
@ f can be expanded w.r.t. &:

> 2 1
=3 S; Fo Py ().
s=0

@ Thus, 9:[(1 — £2)f] can be written as:

5 1
del(1 — €%)f] =/1d€’iC(£,£’)f(£’),

where
o0

ke e) =3 LD P (©Peae) - Poa€)]

s=1
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Non-relativistic case: Discretisation

@ p, £ and ¢ are discretised using the Gauss-Laguerre, Gauss-Legendre and Mysovskikh
quadratures:

oo T 27
/d3pf pip;pz :/ dp p* / do sin@/ de fp£+8+r(sin 9)“_8(008 0)" (cos go)e(sin ©)°
0 0 0

Qp Q¢ Qo

=355 fige T T (5in 6;) T (cos ;)7 (cos i) (sin ;) °.

k=1j=1:=1

The discrete magnitudes py are obtained by solving Lgéz)(pi) = 0.
The elevations £; are obtained by solving PQE (&) = 0.

i =2m(1 —1)/Qep.
The discrete populations f;;x are:

T 2 7
fije = Q—wﬁepkwk f(Px, &5, 0i)-
©

@ The derivative O¢[(1 — £)?f] — {0¢[(1 — £)? flYiie = Z ,_1 : ,f i’ k> Where

IC(é gzs(s-l—l) Ps(&5)[Ps+1(§;7) — Ps—1(§;7)]--

V. E. Ambrus, V. Sofonea, Phys. Rev. E 86 (2012) 016708.
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Ultrarelativistic case: equation

@ The relativistic Boltzmann equation reads:

§

72

Ouf + 50, (%) + 0[(1 = €) ] = = (1= BLe)lf — A .

@ The derivative w.r.t. ¢ is computed in exactly the same way as in the
non-relativistic case.

@ The momentum space is discretised in the same way as for the planar
shock (including @), = 1).
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Non-relativistic: Inviscid limit: Primary shock
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Non-relativistic: Inviscid limit: Reverse shock
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Non-relativistic: Inviscid limit: Secondary shock
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Ultra-relativistic: Inviscid Llimi
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10T, P. Downes, P. Duffy, S. S. Komissarov, Mon. Not. R. Astron. Soc. 332 (2002)
144-154.
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Non-relativistic: Collisionless limit: solution

L
r— lr‘d emax
p
(rp.6.1) = jgeq)’ 0 < Omax and p_ < p < py 0. — arcsin TTd T >Tq
T };q), otherwise. ’ T r<rg’

while p4 = % (rcos6 £ \/'rfl —r2sin?60) (p_— = 0 when r < ryg).

Solution (C:I:,L/R = pi/1/2mTL/R)Z

n=ng+ /emax d6 sin 0 {3—2 [(c_,Le“fz—,L - ?erfc_,ﬁ —(+ ¢ —>} —[L < R]} ,
0 T

etc.
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Non-relativistic: Ballistic limit
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Ultra-relativistic: Collisionless limi

) f(?“—?“d>t)
Q f(?“d—T>t)
o f(r+ry<t)

fr (causality: no L particles reached r);

fr (causality: no R particles reached 7);

fr (all L particles have flown away);

11C. Greiner, D.-H. Rischke, Phys. Rev. C 54 (1996) 1360-1365.
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Ultra-relativistic: Collisionless limit: Solution

<

Vi
N 7N N

rd T —Td T rg—T

Whenr >rgandr—rg <t<r+rg:

2,.,2 2
r<“+tc—r
f(r,t;0, ) = Ji, 0<9 <.9m, 0,, = { arecos ——%, r—ra <t<r+rg,
f2,  otherwise, 0, otherwise.
When r < rq and rqg — r < t:
T, rd — 1T > t,
fo, Om <0 <m, P2 142 2
: _ _ 2
fr 66, ¢) {fl, otherwise. ’ Om arccos ——.—=, rq—r <t <rqg+mr,
07 t > Tad + 7.
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Ultra-relativistic: Ballistic limit
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Section 4

Cylindrical shocks
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Non-relativistic case: Equation

@ Let us consider the Sod shock tube problem with cylindrical symmetry:

f(R,t=0) = £V, R<Rq (nL,Pr,ur) = (1,1,0)
| 5", R> R (ngr, Pr,ur) = (0.125,0.1,0)

@ Cylindrical coordinates: R, ¢, z and PRr>Pgs Pzt

ouf + - aR(fR)—_a (f81n¢>___(f £y,
mR

A~

where pR = p.1 cos ¢ and p¢ = py siny
@ f can be expanded w.r.t. ¢:

f=_ 1 Ag + = Z [Aj cos(jp) + Bjsin(je)] .

27 —
@ Thus, 9, (fsin ) can be written as:

27

0. (fsing) = [ de k(e ) (&)

0

where

2K (p, ') = cos p + Z {(m + 1) cos[me’ — (m + 1)¢] — (m — 1) cos[mp’ — (m — 1)¢]} .

m=1

@ The p:; degree of freedom can be integrated out:
g:/ dpzfa h:/ dpzfpz-
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Non-relativistic case: Discretisation

@ p, and ¢ are discretised using the Gauss-Laguerre and Mysovskikh!'? quadrature methods:

e'e) e'e) oo 27
dpy gp.p. = dp, p. de gp5 " (cos p)® (sin )"
_ Y 0

Q| Qo
=> "> gk p T} (cos ;) (sinp;)".

k=1j=1

@ The discrete magnitudes p, , are obtained by solving L¢g, (pi,k) = 0, while
vj =2m(j —1)/Q,. The discrete populations g, are:

2
™ 2 L P

— Pk : =
Qsoe Wy, g(pJ_,k:aSOJ)a Wy, [(QJ_ n 1)LQJ_(p123)]2

@ The derivative O, (f siny) — [0, (f sin )]k = Z ,_1 . ,f i/ k> Where

9jk =

Qg /2] |Qp/2]—1
K9, =—=—93 > mnecoslng; —(n—Lpy]l— >  ncoslng; —(n+1)¢]
7 Q(p n=1 n=1
o} gj(.ZQ) = g’—:FkEjk is implemented using;:

N, [Nol o\ Nep—2s .

Wi ¢ ) _mu 1 pP-u
= DS A o) Lepd), By = wg Z > (%)

@ £=0 r=0 T

121. P. Mysovskikh, Soviet Math. Dokl. 36 (1988) 229-322.

V. E. Ambrus, V. Sofonea, Phys. Rev. E 86 (2012) 016708.

R. Blaga, S. Busuioc, V.E.Ambrus (WU' LB models for rarefied flows




Ultrarelativistic case: equation

o Since fyi¥; depends on p = \/ p2 + p2 + p? (instead of p?), it is not
convenient to switch to p .

@ The relativistic Boltzmann equation reads:

sin 6 cos sin ¢ -
o f + " Or(fR) — . g (f sin )
o —,7711(1 — SiDQCOS SOBL)[f - ﬁQ_)J].

@ The derivative w.r.t. ¢ is computed in exactly the same way as in the
non-relativistic case.

@ The momentum space is discretised in the same way as for the planar
shock (now @, > 1!).
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Ultra-relativistic: Inviscid limit: Primary shock
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Ultra-relativistic: Inviscid limit: Reverse shock
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Ultra-relativistic: Inviscid limit: Secondary shock
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Non-relativistic: Collisionless limit: solution

(eq)
91, 5 1Yl < ¥Ymax and p— <py1 <p
g(RapJ_a QO,t) — { %eq) | | ,ma +
gr , Otherwise.

If R > Rg:
@ Ymax = arcsin(Rg/R);

@ p.=2(R+ \/R% _ RZsin? );

L
If R< Rg: 4
Pmax
o Pmax — T,
@ p_ =0. p

Solution (C:l:,L/R = pi/«/QmTL/R):

Ymax n _ 2 _ 2
n:nR+/ d¢{_L (e L, <+,L)_
0

T

Ymax _ 2 _ 2 T
pu = / d(p COS {n_L [p_e C_,L — pte€ C‘|‘,L —+ 777772/ L (erfCC_,L — eI'fCC_|_,L)] — (L < R)}
0 T

3 1 3 ¥Ymax T 3 _ A2 3 .2
“nT 4 —pu’ = —nRTR+/ dcp{nL = K—+<3 L)e =L (—+Ci L>e C+’L} —(LHR)}
2 2 2 0 T 2 ’ 2 ,

R. Blaga, S. Busuioc, V.E.Ambrus (WU' LB models for rarefied flows



Non-relativistic: Ballistic limit

1 | | t=0.00 i
=0.05 m
0.9 | =0.10 o -
t=0.15
08 |- t=0.20 v )
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Ultra-relativistic: Collisionless limit: solution (R > Ry)

|

f Y
- =< I . I
e S Rq,, R— Rq Jtsiné,
d 7N h f
// 9// \I I /—'-\\ I
| Sl Y | /& NI
@) : A = l // Vil @ \\l
"R AN

a\/
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Ultra-relativistic: Collisionless limit: solution (R > Ry)

(f1, 0€ (6m,00) U (m — dpr, ™ — 8,,,) and
f(R> Ra,t;0,0) = » € (0,0m) U (21 — pm, 2),
| f2, otherwise,
where
5 {arcsiant&l IR— Ry| <t §rp — {arcsinRthRd R4+ Ry <t
" /2 otherwise. /2 otherwise

R?+t?sin? 0—R?,

|R—Rd‘ < tsinf < R+ Ry,

arcCos
0,

|
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2Rt sin 0 ?

otherwise.
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Ultra-relativistic: Collisionless limit: solution (R < Ry)

R;+ R R;— R

/// 5 /\\\\
.7 — AN
N / N
/ \\ / \
/ N ! \
K t ~ Onm | \
| \(‘II \\
[ N |
. ) f2 0€ (bm,m—0m) and ¢ € (Pm, 2T — ©m),
f(R,t;0,0) = .
fi1  otherwise,
arcsin |2l IR — Rgq| <t
Om = ¢ :
/2 otherwise.
T, Rg; — R > tsin#,
_ R2+t2 sin2% 6— R? ,
¥m = § arccos SEisin o d Rgq— R<tsind < Rgq+ R,
0, Rgs+ R < tsin#.
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Ultra-relativistic: Ballistic limit

1.1 | | | |
t=0 ——
t=0.01 —— |
t=0.02
t=0.03 —— |
t=0.04 ——
t=0.05 ——
t=0.06
t=0.07 ——
t=0.08 —— -~
t=0.09 ——
t=0.1 ——
o t=0.11
t=0.12 —— -
0.2 | ]
0.1 |
0 | | | |
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Ultra-relativistic: Ballistic limit
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Conclusion

LB can be applied to study flows from the inviscid to the ballistic regime.

The discretisation of the momentum space using Gauss quadratures
ensures the exact recovery of the moments of f.

Flows in the inviscid regime require small velocity sets (Q ~ 6).
For the ballistic regime, () ~ 100.

Flows in arbitrary coordinate systems can be studied using the vielbein
formalism.

Aligning the momentum space directions along the coordinate unit
vectors allows the flow symmetries to be preserved.

The examples shown are 1. However, the scheme is directly extendible
to more complex geometries.

In the inviscid regime, the rich phenomenology of cylindrical and
spherical shocks was successfully captured.

In the ballistic regime, the LB method was successtfully validated against
the analytic result.
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