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Section 1

Introduction
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Mesoscale approach

Macroscopic: n, u, T

(Navier-Stokes-Fourier)
Mesoscopic: f(x,p, t)

(Boltzmann)

Microscopic: (xi,pi)

(MD)
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Rarefied flows: Knudsen number (Kn)

Kn = λ/rp (λ ≡ mean free path; rp ≡ characteristic channel length).

Hydordynamic regime (NSF): Kn→ 0.

Ballistic regime (Vlasov): Kn→∞.
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Lattice Boltzmann (LB): main ingredients

1 Discretisation of the momentum space (Gauss quadratures);

2 Polynomial representation of f (eq) in the BGK collision term;

3 Replacement of ∇pf using a “suitable” expression;

4 Numerical method for time evolution and spatial advection (RK-3 +
WENO-5);

5 Boundary conditions.

The LB method ensures the exact recovery of the conservation eqs. for n, ρu
and E (for thermal models).
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Section 2

Planar shocks
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Non-relativistic case: equation

Let us consider the Sod shock tube problem:

f(z, t = 0) =

{
f
(eq)
L , z < 0 (nL, PL, uL) = (1, 1, 0)

f
(eq)
R , z > 0 (nR, PR, uR) = (0.125, 0.1, 0)

.

The Boltzmann equation reduces to:

∂tf +
pz

m
∂zf = −

1

τ
(f − f(eq)

M−B), f
(eq)
M−B =

n

(2πmT )3/2
exp

[
−

(p−mu)2

2mT

]
,

where the BGK relaxation time approximation was used for J[f ].1

The px and py degrees of freedom can be integrated:

(
g
h

)
=

∫
dpxdpy f

(
1

p2x + p2y

)
, ∂t

(
g
h

)
+
pz

m
∂z

(
g
h

)
= −

1

τ

(
g − g(eq)

h− h(eq)

)
,

where h(eq) = 2mTg(eq) and

g
(eq)

=
n

√
2πmT

exp

[
−

(pz −muz)2

2mT

]
.

1P. L. Bhatnagar, E. P. Gross, M. Krook, Phys. Rev. 94, 511–525 (1954).
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Non-relativistic case: Discretisation

pz are discretised using the Gauss-Hermite quadrature method:2,3

∫ ∞
−∞

dpz g Ps(pz) =

Q∑
k=1

gk Ps(pz,k), gk =
wk

ω(pz)
g(pk),

where HQ(pz,k) = 0, wk = Q!/[HQ+1(pz,k)]
2 and ω(pz) = e−p

2
z/2/
√
2π.

g
(eq)
k is truncated at order N < Q w.r.t. the Hermite polynomials:

g
(eq)
k = wk

N∑
`=0

H`(pk)

b`/2c∑
s=0

1

2ss!(`− 2s)!
(mT − 1)

s
(mu)

`−2s
, h

(eq)
k = 2mTg

(eq)
k .

The space is discretised according to zi = −0.5 + 1
Z (i− 0.5) (1 ≤ i ≤ Z).

The following boundary conditions are imposed:4

g−2,k = g−1,k = g0,k =g
(eq)
k,L ,

gZ+1,k = gZ+2,k = gZ+3,k =g
(eq)
k,R ,

and similarly for hi,k.

2X. W. Shan, X. F. Yuan, and H. D. Chen, J. Fluid. Mech. 550, 413 (2006).
3V. E. Ambrus,, V. Sofonea, J. Comput. Phys. 316 (2016) 760.
4Y. Gan, A. Xu, G. Zhang, Y. Li, Phys. Rev. E 83 (2011) 056704.
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Non-relativistic: n
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n(z, t) =
nL

2
erfc

(
z

t

√
m

2TL

)
+
nR

2
erfc

(
−
z

t

√
m

2TR

)
.

5Z. Guo, R. Wang, K. Xu, Phys. Rev. E 91 (2015) 033313.
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Non-relativistic: u
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Analytic

Solution in the collisionless regime:

ρu = nL

√
mTL

2π
exp

(
−
mz2

2t2TL

)
− nR

√
mTR

2π
exp

(
−
mz2

2t2TR

)
.

5Z. Guo, R. Wang, K. Xu, Phys. Rev. E 91 (2015) 033313.
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Non-relativistic: P
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3

2
nT +

1

2
ρu

2
=
nLTL

4

[
3erfc

(
z

t

√
m

2TL

)
+
z

t

√
2m

πTL
e
−mz2/2t2TL

]

+
nRTR

4

[
3erfc

(
−
z

t

√
m

2TR

)
−
z

t

√
2m

πTR
e
−mz2/2t2TR

]
.

5Z. Guo, R. Wang, K. Xu, Phys. Rev. E 91 (2015) 033313.
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Ultrarelativistic case: equation

The advection part is 1D:

∂tf + ξ∂zf = −
γL(1− βLξ)

τ
[f − f(eq)

M−J], f
(eq)
M−J =

n

8πT 3
exp

[
−
pγL

T
(1− βLξ)

]
,

where the Anderson-Witting SRT approximation was used for J[f ].6

The momentum space is discretised using spherical coordinates:

px = p sin θ cosϕ, py = p sin θ sinϕ, pz = p cos θ,

while ξ = cos θ.

Integrating over the ϕ degree of freedom, p and ξ are discretised following the
Gauss-Laguerre and Gauss-Legendre prescriptions:7

Ms,r =

∫
d3p

p0
f p

s+1
ξ
r
= 2π

∫ ∞
0

dp e
−p
p
2
∫ 1

−1

dξ(e
p
f)p

s
ξ
r
=

QL∑
k=1

Qξ∑
j=1

fjkp
s
kξ
r
j ,

where fjk = wLkw
P
j e

pkf(pk, ξj), while LQL (pk) = 0 and PQξ (ξj) = 0.

The quadrature weights wLk and wPj are given by:

w
L
k =

(QL + 1)(QL + 2)pk

[(QL + 1)L
(2)
QL+1(pk)]

2
, w

P
j =

2(1− ξ2j )
[(Qξ + 1)PQξ+1(ξj)]2

.

For the planar case: QL = 2 and Qϕ = 1.
6J. L. Anderson, H. R. Witting, Physica 74, 466–488 (1974); 489–495 (1974).
7R. Blaga, V. E. Ambrus,, arXiv:1612.01287 [physics.flu-dyn].
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Ultrarelativistic: n
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7R. Blaga, V. E. Ambrus,, arXiv:1612.01287 [physics.flu-dyn].
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Ultrarelativistic: P

(b)

0

0.25

0.50

0.75

1.00

−0.4 −0.2 0 0.2 0.4

z

P

     η/s = 10
−2

 η/s = 10
−3

η/s = 10
−4

inviscid  

(c)

0.00

0.25

0.50

0.75

1.00

−0.4 −0.2 0.0 0.2 0.4

z

P
  Qξ = 6    
  Qξ = 20  
  Qξ = 200

ballistic 

Ballistic limit:
T

00
=

3

2
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3
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z
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,

T
0z

=
3

4
(PL − PR)

(
1−

z2

t2

)
,

T
zz

=
1

2
(PL + PR)−

1

2
(PL − PR)

(
z

t

)3

,

7R. Blaga, V. E. Ambrus,, arXiv:1612.01287 [physics.flu-dyn].
R. Blaga, S. Busuioc, V.E.Ambrus, (WUT) LB models for rarefied flows 14 / 44



R-SLB vs BAMPS: n and β
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8I. Bouras, E. Molnár, H. Niemi, Z. Xu, A. El, O. Fochler, C. Greiner, D. H. Rischke,
Phys. Rev. Lett. 103 (2009) 032301.

7R. Blaga, V. E. Ambrus,, arXiv:1612.01287 [physics.flu-dyn].
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R-SLB vs BAMPS: P
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8I. Bouras, E. Molnár, H. Niemi, Z. Xu, A. El, O. Fochler, C. Greiner, D. H. Rischke,
Phys. Rev. Lett. 103 (2009) 032301.

6R. Blaga, V. E. Ambrus,, arXiv:1612.01287 [physics.flu-dyn].
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Section 3

Spherical shocks
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Non-relativistic case: Equation

Let us consider the Sod shock tube problem with spherical symmetry:

f(r, t = 0) =

{
f
(eq)
L , r < rd (nL, PL, uL) = (1, 1, 0)

f
(eq)
R , r > rd (nR, PR, uR) = (0.125, 0.1, 0)

.

Spherical coordinates: r, ϑ, φ and pr̂, pϑ̂, pφ̂:

∂tf +
pξ

mr2
∂r(fr

2
) +

p

mr
∂ξ[(1− ξ2)f ] = −

1

τ
(f − f(eq)

M−B),

where pr̂ = p cos θ, pϑ̂ = p sin θ cosϕ and pφ̂ = p sin θ sinϕ, while ξ = cos θ.

f can be expanded w.r.t. ξ:

f =
∞∑
s=0

2s+ 1

2
FsPs(ξ).

Thus, ∂ξ[(1− ξ2)f ] can be written as:

∂ξ[(1− ξ2)f ] =
∫ 1

−1

dξ
′ K(ξ, ξ′)f(ξ′),

where

K(ξ, ξ′) =
∞∑
s=1

s(s+ 1)

2
Ps(ξ)[Ps+1(ξ

′
)− Ps−1(ξ

′
)].
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Non-relativistic case: Discretisation

p, ξ and ϕ are discretised using the Gauss-Laguerre, Gauss-Legendre and Mysovskikh
quadratures:9∫

d
3
pf p

`
xp
s
yp
r
z =

∫ ∞
0

dp p
2
∫ π

0

dθ sin θ

∫ 2π

0

dϕ fp
`+s+r

(sin θ)
`+s

(cos θ)
r
(cosϕ)

`
(sinϕ)

s

=

Qp∑
k=1

Qξ∑
j=1

Qϕ∑
i=1

fijk p
`+s+r
k (sin θj)

`+s
(cos θj)

r
(cosϕi)

`
(sinϕi)

s
.

The discrete magnitudes pk are obtained by solving L
(1/2)
QL

(p2k) = 0.

The elevations ξj are obtained by solving PQξ (ξj) = 0.

ϕi = 2π(i− 1)/Qϕ.

The discrete populations fijk are:

fijk =
π

Qϕ
w
ξ
j e
p2kw

L
k f(pk, ξj , ϕi).

The derivative ∂ξ[(1− ξ)2f ]→ {∂ξ[(1− ξ)2f ]}ijk =
∑Qξ

j′=1
Kξ
j,j′fi,j′,k, where

Kξ
j,j′ = w

ξ
j

Qξ∑
s=1

s(s+ 1)

2
Ps(ξj)[Ps+1(ξj′ )− Ps−1(ξj′ )]..

9V. E. Ambrus,, V. Sofonea, Phys. Rev. E 86 (2012) 016708.
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Ultrarelativistic case: equation

The relativistic Boltzmann equation reads:

∂tf +
ξ

r2
∂r(fr

2) + ∂ξ[(1− ξ2)f ] = −γL
τ

(1− βLξ)[f − f (eq)

M−J].

The derivative w.r.t. ξ is computed in exactly the same way as in the
non-relativistic case.

The momentum space is discretised in the same way as for the planar
shock (including Qϕ = 1).
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Non-relativistic: Inviscid limit: Primary shock
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Non-relativistic: Inviscid limit: Reverse shock
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Non-relativistic: Inviscid limit: Secondary shock
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Ultra-relativistic: Inviscid limit10
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10T. P. Downes, P. Duffy, S. S. Komissarov, Mon. Not. R. Astron. Soc. 332 (2002)
144–154.
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Non-relativistic: Collisionless limit: solution

p

rd

rd r − rd θmax

x

y

(nL, PL, uL)

f(r, p, θ, t) =

{
f
(eq)
L , θ < θmax and p− < p < p+

f
(eq)
R , otherwise.

, θmax =

{
arcsin

rd
r r > rd

π r < rd
,

while p± = m
t (r cos θ ±

√
r2d − r2 sin2 θ) (p− = 0 when r < rd).

Solution (ζ±,L/R ≡ p±/
√

2mTL/R):

n = nR +

∫ θmax

0

dθ sin θ

{
nL√
π

[(
ζ−,Le

−ζ2−,L −
√
π

2
erfζ−,L

)
− (+↔ −)

]
− [L↔ R]

}
,

etc.
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Non-relativistic: Ballistic limit
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Ultra-relativistic: Collisionless limit11

θm

t

r

r − rdrd

θm

t

rd

rd − rr

f(r − rd > t) = fR (causality: no L particles reached r);

f(rd − r > t) = fL (causality: no R particles reached r);

f(r + rd < t) = fR (all L particles have flown away);

11C. Greiner, D.-H. Rischke, Phys. Rev. C 54 (1996) 1360–1365.
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Ultra-relativistic: Collisionless limit: Solution

θm

t

r

r − rdrd

θm

t

rd

rd − rr

When r > rd and r − rd < t < r + rd:

f(r, t; θ, ϕ) =

{
f1, 0 < θ < θm,

f2, otherwise,
θm =

{
arccos

r2+t2−r2d
2rt , r − rd < t < r + rd,

0, otherwise.

When r < rd and rd − r < t:

f(r, t; θ, ϕ) =

{
f2, θm < θ < π,

f1, otherwise.
, θm =


π, rd − r > t,

arccos
r2+t2−r2d

2rt , rd − r < t < rd + r,

0, t > rd + r.
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Ultra-relativistic: Ballistic limit
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Section 4

Cylindrical shocks
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Non-relativistic case: Equation

Let us consider the Sod shock tube problem with cylindrical symmetry:

f(R, t = 0) =

{
f
(eq)
L , R < Rd (nL, PL, uL) = (1, 1, 0)

f
(eq)
R , R > Rd (nR, PR, uR) = (0.125, 0.1, 0)

.

Cylindrical coordinates: R, φ, z and pR̂, pφ̂, pẑ :

∂tf +
p⊥ cosϕ

mR
∂R(fR)−

p⊥

mR
∂ϕ(f sinϕ) = −

1

τ
(f − f(eq)

M−B),

where pR̂ = p⊥ cosϕ and pφ̂ = p⊥ sinϕ
f can be expanded w.r.t. ϕ:

f =
1

2π
A0 +

1

π

∞∑
j=1

[Aj cos(jϕ) + Bj sin(jϕ)] .

Thus, ∂ϕ(f sinϕ) can be written as:

∂ϕ(f sinϕ) =

∫ 2π

0

dϕ
′ K(ϕ, ϕ′)f(ϕ′),

where

2πK(ϕ, ϕ′) = cosϕ+

∞∑
m=1

{
(m+ 1) cos[mϕ

′ − (m+ 1)ϕ]− (m− 1) cos[mϕ
′ − (m− 1)ϕ]

}
.

The pẑ degree of freedom can be integrated out:

g =

∫ ∞
−∞

dpz f, h =

∫ ∞
−∞

dpz f p
2
z.
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Non-relativistic case: Discretisation

p⊥ and ϕ are discretised using the Gauss-Laguerre and Mysovskikh12 quadrature methods:∫ ∞
−∞

dpx

∫ ∞
−∞

dpy g p
s
xp
r
y =

∫ ∞
0

dp⊥ p⊥

∫ 2π

0

dϕ gp
s+r
⊥ (cosϕ)

s
(sinϕ)

r

=

Q⊥∑
k=1

Qϕ∑
j=1

gjk p
s+r
⊥,k (cosϕj)

s
(sinϕj)

r
.

The discrete magnitudes p⊥,k are obtained by solving LQL (p2⊥,k) = 0, while

ϕj = 2π(j − 1)/Qϕ. The discrete populations gjk are:

gjk =
π

Qϕ
e
p2kw

L
k g(p⊥,k, ϕj), w

L
k =

p2k
[(Q⊥ + 1)LQ⊥ (p2k)]

2
.

The derivative ∂ϕ(f sinϕ)→ [∂ϕ(f sinϕ)]jk =
∑Qϕ

j′=1
Kϕ
j,j′fj′,k, where

Kϕ
j,j′ =

1

Qϕ


bQφ/2c∑
n=1

n cos[nϕj − (n− 1)ϕj′ ]−
bQϕ/2c−1∑

n=1

n cos[nϕj − (n+ 1)ϕj′ ]

 .

g
(eq)
jk = 2πn

Qϕ
FkEjk is implemented using:

Fk =
wk

2π

N⊥∑
`=0

(1− 2mT )
`
L`(p

2
k), Ejk = wj

bNϕc∑
s=0

1

s!

(
−
mu2

2T

)Nϕ−2s∑
r=0

1

r!

(
p · u
T

)r
.

12I. P. Mysovskikh, Soviet Math. Dokl. 36 (1988) 229–322.
9V. E. Ambrus,, V. Sofonea, Phys. Rev. E 86 (2012) 016708.
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Ultrarelativistic case: equation

Since f (eq)

M−J depends on p =
√
p2x + p2y + p2z (instead of p2), it is not

convenient to switch to p⊥.

The relativistic Boltzmann equation reads:

∂tf +
sin θ cosϕ

mR
∂R(fR)− sin θ

mR
∂ϕ(f sinϕ)

= −γL
τ

(1− sin θ cosϕβL)[f − f (eq)

M−J].

The derivative w.r.t. ϕ is computed in exactly the same way as in the
non-relativistic case.

The momentum space is discretised in the same way as for the planar
shock (now Qϕ > 1!).
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Ultra-relativistic: Inviscid limit: Primary shock
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Ultra-relativistic: Inviscid limit: Reverse shock
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Ultra-relativistic: Inviscid limit: Secondary shock
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Non-relativistic: Collisionless limit: solution

g(R, p⊥, ϕ, t) =

{
g
(eq)
L , |ϕ| < ϕmax and p− < p⊥ < p+

g
(eq)
R , otherwise.

p

Rd

h

Rd − δ δ R−Rd ϕmax

x

y

(nL, PL, uL)

If R > Rd:

ϕmax = arcsin(Rd/R);

p± = m
t (R±

√
R2

1 − R2 sin2 ϕ);

If R < Rd:

ϕmax = π;

p− = 0.

Solution (ζ±,L/R ≡ p±/
√

2mTL/R):

n = nR +

∫ ϕmax

0

dϕ

[
nL

π

(
e
−ζ2−,L − e−ζ

2
+,L

)
− (L↔ R)

]
,

ρu =

∫ ϕmax

0

dϕ cosϕ

{
nL

π

[
p−e

−ζ2−,L − p+e
−ζ2+,L +

√
πmTL

2
(erfcζ−,L − erfcζ+,L)

]
− (L↔ R)

}
3

2
nT +

1

2
ρu

2
=

3

2
nRTR +

∫ ϕmax

0

dϕ

{
nLTL

π

[(
3

2
+ ζ

2
−,L

)
e
−ζ2−,L −

(
3

2
+ ζ

2
+,L

)
e
−ζ2+,L

]
− (L↔ R)

}
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Non-relativistic: Ballistic limit
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Ultra-relativistic: Collisionless limit: solution (R > Rd)

R

z

O

v

A

θ

tR−RdRd

n1, P1 n2, P2

x

y

v⊥ ϕ

t sin θR−RdRd

n1, P1

n2, P2

t

A
δm

R+Rd

R−Rd

t

A
δM

δm

R+Rd

R−Rd

ϕm

t sin θ

R

R−RdRd
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Ultra-relativistic: Collisionless limit: solution (R > Rd)

f(R > Rd, t; θ, ϕ) =


f1, θ ∈ (δm, δM ) ∪ (π − δM , π − δm) and

ϕ ∈ (0, ϕm) ∪ (2π − ϕm, 2π),

f2, otherwise,

where

δm =

{
arcsin |R−Rd|t |R−Rd| < t

π/2 otherwise.
δM =

{
arcsin R+Rd

t R+Rd < t

π/2 otherwise

ϕm =

{
arccos

R2+t2 sin2 θ−R2
d

2Rt sin θ , |R−Rd| < t sin θ < R+Rd,

0, otherwise.
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Ultra-relativistic: Collisionless limit: solution (R < Rd)

t

δm

δM

Rd +R Rd −R

ϕm

t sin θ

f(R, t; θ, ϕ) =

{
f2 θ ∈ (δm, π − δm) and ϕ ∈ (ϕm, 2π − ϕm),

f1 otherwise,

δm =

{
arcsin

|R−Rd|
t |R− Rd| < t

π/2 otherwise.

ϕm =


π, Rd − R > t sin θ,

arccos
R2+t2 sin2 θ−R2

d
2Rt sin θ , Rd − R < t sin θ < Rd + R,

0, Rd + R < t sin θ.
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Ultra-relativistic: Ballistic limit
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Ultra-relativistic: Ballistic limit
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Conclusion

LB can be applied to study flows from the inviscid to the ballistic regime.

The discretisation of the momentum space using Gauss quadratures
ensures the exact recovery of the moments of f .

Flows in the inviscid regime require small velocity sets (Q ∼ 6).

For the ballistic regime, Q ∼ 100.

Flows in arbitrary coordinate systems can be studied using the vielbein
formalism.

Aligning the momentum space directions along the coordinate unit
vectors allows the flow symmetries to be preserved.

The examples shown are 1D. However, the scheme is directly extendible
to more complex geometries.

In the inviscid regime, the rich phenomenology of cylindrical and
spherical shocks was successfully captured.

In the ballistic regime, the LB method was successfully validated against
the analytic result.
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