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> Convergence to stationarity occurs gradually on timescale ©(n?)
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> Convergence to stationarity occurs abruptly at ¢ ~
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» The careful work required to prove cutoff often leads to a
more or less complete understanding of the chain such that
essentially any natural question can be answered.

» At present writing, proof of a cutoff is a difficult, delicate
affair, requiring detailed knowledge of the chain, such as all
eigenvalues and eigenvectors. Most of the examples where
this can be pushed through arise from random walk on
groups, with the walk having a fair amount of symmetry.

» [t occurs in all the examples we can explicitly calculate, but
we know no general result which says that the phenomenon
must happen for all "reasonable” shuffling methods.
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“Almost every reasonable chain should exhibit cutoff”
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What about a uniform random n x n stochastic matrix 7
» The rows of P, are i.i.d. Dirichlet (

1,...,1).

1
P2( P, ( ~ =
(1,4) E kj) =
» Consequently, 7, ~ uniform distribution and
1« p 1
d,(1l) = = Pn(i — -
n(1) max§ 3 . T e e
Jj=1
1 — P
~ - 2(; -
dn(2) = 52?;]( 212:1 P:(i,J) p - 0

» Corollary: complete mixing in two steps only, no cutoff !
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A “reasonable” random n x n stochastic matrix P,

1. Sparse: the mass is concentrated on few entries:

1 « 1
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i< | &

Op(1)

1 2
Pn(i,j)> = oellogn).

2. Non-degenerate: most weights are bounded away from 1:

. 1 ¢

lim sup E |- Z ]'Pn(l.j)>1*5 — 0

n—00 n = 1 b e—0
I7J:

3. Exchangeable: swaps within a row preserve the law of P,.
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More generally: may allow for arbitrary degrees (d, ;), provided

1 n

— g logdn,; = O(1) and 2<d,; < +/logn.
n
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Random weight model (Bordenave, Caputo, Chafai, Piras '16):
Take (Xjj)1<ij<oo i.i.d. non-negative and set for all n > 1

X;

Poirj) = —— 0
n(i-J) Xt 4 -+ Xin
Assume regularly varying tail with index o € (0,1), i.e.

]P)(Xll > )\t)
]P(Xll > t) t—00

—

Corollary: with high probability, P, exhibits cutoff at time

/

I
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Eigenvalues of P,
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Thank you for your attention !
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