Annealed Ising model on random regular graphs

Can Van Hao

Vietnam Academy of Science and Technology

Dynamics on random graphs and random maps
CIRM, October 23, 2017

Can Van Hao Ising model on random regular graphs CIRM, October 23, 2017 1/28



© Introduction
@ Ising model
@ Random graphs
@ Thermodynamic quantities

© Main results
@ Thermodynamic limits
@ Limit theorems
@ Critical behaviors

© Proof of the convergence of annealed pressure

© Open questions

Can Van Hao Ising model on random regular graphs CIRM, October 23, 2017 2/28



Contents

o Introduction

@ Ising model
@ Random graphs
@ Thermodynamic quantities

Can Van Hao Ising model on random regular graphs CIRM, October 23, 2017 3/28



Ising model on multiple graphs

Given a multiple graph G,, = (V,,, E;;) with n vertices V,, = {vy,..., v},
we assign to each vertex v; a spin 0; € {—1,1}.
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Ising model on multiple graphs

Given a multiple graph G,, = (V,,, E;;) with n vertices V,, = {vy,..., v},
we assign to each vertex v; a spin o; € {—1, 1}. For any configuration
o€ Q, ={-1,1}", the Hamiltonian H, (o) is given by

Hn(G) = _ﬁzki,jaiaj - BZ 0i,

i<j i<n

where k;; is the number of edges between v; and v;; 8 > 0 is the inverse
temperature and B € R is the uniform external magnetic field.
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Ising model on multiple graphs

We remark that

Zki,jﬁiﬁj = e(0+,04) +e(0-,0-) —e(0+,0-)
i<j

|Ey| — 2e(04,0-),

where
oy ={v;:0; =1} and o_={v;:0;=-1},

and
e(A, B) = |{ edges between A and B}|.
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Ising model on multiple graphs

We remark that

Zki,ja,-o]- = e(04,04) +e(o-,0-) —e(as,0-)

i<j
= |E”| - 26(0+/ 07)/
where
O+ :{Z)iZGl':H and G_:{vi;gi:_l}’
and
e(A, B) = |{ edges between A and B}|.
Therefore,

Hu(0) = ~B(IEul — 2¢(0,0-)) = Blo| = ).
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Configuration model random graphs CM,,(D)

¢ Given a deterministic or random sequence D = (D;). Assume that
). Dj is even, if not we add 1 to a one of D;. Then we assign D;
half-edges to each vertex v;.

e Choose pairs of half-edges at random and connect them.
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Configuration model random graphs CM,,(D)

¢ Given a deterministic or random sequence D = (D;). Assume that
). Dj is even, if not we add 1 to a one of D;. Then we assign D;
half-edges to each vertex v;.

e Choose pairs of half-edges at random and connect them.

When
Di=...=D, =d,

we call CM,,(D) the random d-regular graph and denote it by G, 4.
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Quenched Boltzmann-Gibbs measure

The quenched measure is defined as

e_HH(O-)

Zy(B, B)

un(o) = forall o€Q,,

with
Z.(B,B) = Z o~ Hn(@).

0€Q),

Ref. Dembo, Montanari (2010); van der Hofstad et al (2015), den
Hollander et al (2017); . . .
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Annealed Boltzmann-Gibbs measure

The annealed measure is defined as

IE:(e_Hn (U))

(1,(0) = ————= forall o€Q,.
M) = Ez,.8)

Ref. Dommers, Giardina, Giberti, van der Hofstad, Prioriello (2015,
2016).
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AIM (Q,, fi,): Thermodynamic quantities

(i) The annealed pressure is given by

Uul,B) = 1o E(Z(5, B).
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AIM (Q,, fi,): Thermodynamic quantities

(i) The annealed pressure is given by

Uul,B) = 1o E(Z(5, B).

(ii) The annealed magnetization is given by

M, B) =B, () = 20,5,

where S, =01 +...+ 0y
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AIM (Q,, fi,): Thermodynamic quantities

(i) The annealed pressure is given by

Uul,B) = 1o E(Z(5, B).

(ii) The annealed magnetization is given by

M, B) =B, () = 20,5,

where S, =01 +...+ 0y
(iii) The annealed susceptibility is given by

n 92
Xn(ﬁ/ B) = Varﬁ” (_) = @wn(ﬁ/ B).
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AIM (Q,, fi,): Thermodynamic quantities

(i) The annealed pressure is given by
1
V(B B) = ~ log E(Zu(8, B)).

(ii) The annealed magnetization is given by

M, B) =B, () = 20,5,

where S, =01 +...+ 0y
(iii) The annealed susceptibility is given by

Sy 9%
Xn(ﬁ/ B) = Varﬁ” (W) = ﬁwn(ﬁ/ B).

Let M(B,B) = nll_r}go M,.(B, B). The critical inverse temperature is

Bc =inf{f > 0: M(B,07) > 0}.
Finally, the region of the existence of the limit magnetization is
U={,B):>0,B+00r0<p<p,B=0}.
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Problems and known results

© The limits of thermodynamic quantities.
@ The value of the critical inverse temperature f..
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Problems and known results
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© The value of the critical inverse temperature ..
© The law of large number for S, on the region /.

© The central limit theorem for S, on the region .
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Problems and known results

© The limits of thermodynamic quantities.
@ The value of the critical inverse temperature f..
© The law of large number for S, on the region /.
© The central limit theorem for S, on the region .
@ Critical behavior of M(f, B) and x(B, B) when f — f. and B — 0.
O Critical behavior of S, when = . and B = 0.
R. van der Hofstad and coauthors consider all 1 — 6 for

inhomogeneous random graphs, configuration model with degrees 1
and 2, random 2-regular graphs.
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Thermodynamic limits

Theorem (1)

Let us consider the Ising model on the random d-regular graph with d > 2.
Then the following assertions hold.

(i) Forall p > 0and B € IR, the annealed pressure converges

lim (8, B) = (8, B)

= 'B—d—B+max[tlog(1) (1—t)log( ! )+ZBt+dF(t)]

2 0<t<1
1u(t)
F(t) = f log f(s)ds
0

with u(t) =t A (1 —t) and

where

e B -29)+ 1+ (¥ -1)(1- 25)2
fls) = 21 =s)
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Thermodynamic limits

Theorem (1)

(ii) Forall (B, B) € U, the magnetization converges

lim M, (5, B) = M(B,B) = 26, B).

Moreover, the critical inverse temperature is

Be = atanh(1/(d — 1)) = { ilog(ﬁ) z: Zi;

(iif) For all (B, B) € U, the annealed susceptibility converges

82
lim xu(, B) = x(, B) = @w(ﬁ, B).

v

Can Van Hao Ising model on random regular graphs CIRM, October 23, 2017 13 /28



Thermodynamic limits

Dembo and Montanari have been proved that the quenched pressure

converges almost surely to a non random function ¢(f3, B). We can
show that

w(ﬁr B) = (P(ﬁr B).
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Annealed Law of large number

Theorem (2)

Suppose that (B, B) € U. Then for any ¢ > 0, there exists a positive constant
L = L(¢), such that for all sufficiently large n

Sn _ M(B, B) > e) < exp(-nL),

([

where M(p, B) is defined in Theorem (1).
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Annealed Central limit theorem

Theorem (3)

For all (B, B) € U, the total spin under the annealed measure satisfies a
central limit theorem:

Sn—Ep,(Sn) (9
— = =
\n

where x(B, B) is defined in Theorem (1) and N (0, x) denotes a centered
Gaussian random variable with variance x.

N(0, x(B, B)) w.r.t. Qy,

Can Van Hao Ising model on random regular graphs CIRM, October 23, 2017

16/28



Annealed Law of large number

Theorem (4)

Suppose that f > B.and B = 0. Then as n — oo,

i

with v = M(B,0%) > 0.

Sn
——v
n

< n_1/6) —1/2  and [1,1(
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Critical exponents

The annealed critical exponents S, 6, y, y’ are defined by:

M(B,0%) = (B = Bo)f for B\, e,
M(B,, B) =< BY/® for B\, 0,
X(B,0%) = (B =B for g /' e,
X(B,0%) =< (B— )7 for B\, Be,

where we write f(x) = g(x) if the ratio f(x)/g(x) is bounded from 0 and
infinity for the specified limit.
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Annealed critical exponents

Theorem (5)

Let us consider the annealed Ising model on random d-regular graph with
d > 3. Then the critical exponents are given by

B = 1/2
5 = 3
y=vy = 1L
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Annealed critical exponents

Theorem (5)

Let us consider the annealed Ising model on random d-regular graph with
d > 3. Then the critical exponents are given by

B = 1/2
5 = 3
y=v =1L

Note that these critical exponents are equal to the ones of Curie-Weiss

model.
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Non standard limit theorem at criticality

Theorem (6)

Consider the annealed Ising model on random d-reqular graphs with d > 3.
Suppose that p = . and B = 0. Then

Sp .
3/ — X w.r.t. fly,

where X is a random variable with density proportional to

—(d-1)(d-2)x*
oo 2
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Annealed pressure

Recall that

Hio) = ~f(% ~2e(0,,0.)) - B@lo |~ ).
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Annealed pressure

Recall that
dan
Hi(0) = (% —2¢(04,02)) = B(2low| ).

Observe that if |0 | = |0/, | then e(o,0-) =D e(o’,, o).
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Annealed pressure

Recall that
dan
Hi(0) = (% —2¢(04,02)) = B(2low| ).

Observe that if |0 | = |0/, | then e(o,0-) =D e(o’.,0"). Hence

n

EZpB) =Y E(™) = Y Y E(eH0)

0€Q), j=0 o:los|=j
pd
_ (7_8)” (1) 2By (-2e(tr; )
= e Z ],e ]]E(E / ]),
j=0

where
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Annealed pressure

We have ’
e(U;, %) 2 X(dj, ),

where for k < m,

X(k,m) = #{ edges in G, 1 between {wy, ..., wi} and {wk41, ..., Wi}l
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Annealed pressure

We have ’
e(Uy, ) 2 X, ),

where for k < m,

X(k,m) = #{ edges in G, 1 between {wy, ..., wi} and {wk41, ..., Wi}l
In conclusion,

E(Z(8, B)) = el TP x (’;)eZBfg@, dj, dn),
=0
where

g(B,k,m) =B exp (- 2pX(k,m))).
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Annealed pressure

E(Zu(p, B) = ol 38" (7)e23fg<ﬁ, 4, dn).
=0

Lemma

There exists a positive constant C, such that

e8P (g, kjm)

max

< 7
0<k<m m

with F(B, k/m) as in Theorem (1).
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Annealed Ising model on configuration model

random graphs

Let G, be the configuration model CM,,(D), where D = (D;) is an i.i.d
sequence of random variables.

@ Thermodynamic limits: annealed pressure is done; but
magnetization, susceptibility?

© Limit theorems ?

@ Critical behaviors?
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Proposition (7)
Consider the annealed Ising model on CM,,(D) with D = (D;) an i.i.d
sequence of random variables satisfying E(e’P1) < coV's € R.

4
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Proposition (7)
Consider the annealed Ising model on CM,,(D) with D

(D) an i.id

sequence of random variables satisfying E(e’P1) < coV's € R.

Forall p > 0 and B € IR, the annealed pressure 1,,(3, B) converges to a limit

given by

V8, 8) = =8 + o [rog ) + 0 -1 (5

where

G = sup {012 + Fla/t) = 1" () - a-ox (32}

with F(t) as in Theorem (1) and

N (x) = sup{xs — log E(eP1)).

selR

) + 2Bt + G(B, t)]

t

4
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