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General framework
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Bayesian inference with discrete parameters

General framework

Generic Bayesian framework:

prior:  p(9)
likelihood:  p(Y]49)
— posterior:  p(¥|Y)

3 main approaches
1. Sampling (MC, MCMC, SMC, IS, ...): get (9°) ~ p(d]Y).

2. Approximation (e.g. VB, EP, ...): find gy (¥9) = p(d]Y).

3. Exact: actually compute p(9|Y) or some marginal of interest.
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Bayesian inference with discrete parameters

Models with discrete parameters

Mixed parameter: ¢ = (6, T)

6 € © = continuous set, T € T = discrete (countable) set,

= p(Y)= Z/@p(Y,G, T) do

TeT
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Bayesian inference with discrete parameters

Models with discrete parameters

Mixed parameter: ¢ = (6, T)

6 € © = continuous set, T € T = discrete (countable) set,
= => / (Y,0,T)do
TeT
Size of T.

> No big deal of T is small (e.g. model selection within a small collection).

> Big issue if | 7| grows (super-)exponentially with the number of observations
n or the number of variables p.
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Bayesian inference with discrete parameters

Main issue

The calculation of

D

TeT

can often not be achieved in a naive way because of the combinatorial complexity?.

— Need to find algorithmic or algebraic shortcuts?

IThe frequentist counterpart often raises similar issues.
2Supposing that fe raises no specific issues (e.g. conjugate priors).
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Bayesian inference with discrete parameters

Main issue

The calculation of

D

TeT

can often not be achieved in a naive way because of the combinatorial complexity?.

— Need to find algorithmic or algebraic shortcuts?

2 examples.

» Change-point detection

» 'Network inference’ = inference of the structure of a graphical model

IThe frequentist counterpart often raises similar issues.
2Supposing that fe raises no specific issues (e.g. conjugate priors).
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Change-point detection

Outline

Change-point detection
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Change-point detection Change-point detection model

A change-point detection model

Model.
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Change-point detection  Change-point detection model

A change-point detection model

Model.
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Change-point detection ~ Change-point detection model

A change-point detection model

Model.

> K segments s | T T
" (I | |
. " [ | |
» T = (7«)k change points Tn Vo |
] [ | |
re = [Tk—1 + 1; 7«] S [ | |
Eon [ I
241 (| | |
] [ | |
e N [ | |
] (I | |
ln o | |
o \II T T I T I \I \I
0 20 40 60 80 100

time

S. Robin (INRA / AgroParisTech) Exact inference with discrete parameters CIRM, March 2016, Marseille 6 /33



Change-point detection ~ Change-point detection model

A change-point detection model
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Change-point detection ~ Change-point detection model

A change-point detection model

Model.

> K segments

» T = (7«)k change points
re = [re—1+ 1 7]

> 0 = (0x)«k parameters

> Y = (Yi)1<e<n Observed

Y = (Yt)ter

S. Robin (INRA / AgroParisTech)
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Change-point detection Change-point detection model
A change-point detection model

{Y"}, indep, Y~ p(-|6,)

Model.
> K segments s |
» T = (7x)k change points 89 ) Ca
I’k:[[Tk_1+1;TkH &

signal

> 0 = (0x)«k parameters

> Y = (Y;)1<t<n Observed data

Yr — (Yt)tGr T T T T T T

time

Bayesian version: on the top of this, add p(K), p(T|K), p(0|K).
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Change-point detection Maximum likelihood inference

Maximum likelihood inference (1/2)

Log-likelihood:

logp(Y;0,T) Zlogp (Yo
reT
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Change-point detection Maximum likelihood inference

Maximum likelihood inference (1/2)

Log-likelihood:

logp(Y;0,T) Zlogp (Y0
reT

Inference

> continuous part (6):

0, = arg max log p(Y"; 6") standard MLE
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Change-point detection Maximum likelihood inference

Maximum likelihood inference (1/2)

Log-likelihood:

logp(Y;0,T) Zlogp (Y" 69
reT

Inference

> continuous part (6):

~

0, = arg max log p(Y"; 6") standard MLE

> discrete part (T):

fl\—: rogry — ~r\/r
arg max ;Iogp(Y 0" arg max ;Iogp(Y )

— discrete optimization problem
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Change-point detection Maximum likelihood inference

Maximum likelihood inference (2/2)

Segmentation space 7 = T;X = set of all possible segmentations of [1; n] with K

segments:
n—1 n\K
I71= (K—l) - (R)

— exhaustive search is prohibited.
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Change-point detection Maximum likelihood inference

Maximum likelihood inference (2/2)

Segmentation space 7 = T;X = set of all possible segmentations of [1; n] with K

segments:
n—1 n\K
I71= (K—l) - (R)

— exhaustive search is prohibited.

Dynamic programming allows to retrieve T [1] using

max logp(Y") = max max log B(Y") | + log (Y L+1l
TeTlﬁ:j;_ gp(Y") K—1<i<j (7-67—15’_1; g p( )) g p( )
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Change-point detection Maximum likelihood inference

Maximum likelihood inference (2/2)

Segmentation space T = T;¥X, = set of all possible segmentations of [1; n] with K

segments:
n—1 n\K
I71= <K—1) - (R)
— exhaustive search is prohibited.

Dynamic programming allows to retrieve T [1] using

logB(Y") = log B(Y") | + log p( YLl
Tr_r;%z ogp(Y") = max (maxlz og p( )) og B )

. K—1<i<j K—
LreT S Te'Tl:i reT

Still, further inference is hard to achieve

— Standard likelihood theory does not apply to discrete parameters
(no simple confidence intervals for the 7).

— Bayesian inference can circumvent some difficulties.
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Change-point detection Bayesian inference
Bayesian inference

Factorability assumptions

» Prior distribution for the segmentation:

p(TIK) = H a(r e.g. a(r)=n"

reT

» Independent parameters in each segment:

p(0|T) = Hp

reT

» Data are independent from one segment to another

p(YIT.6) = [T (¥716,)

reT
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Change-point detection Bayesian inference

Some quantities of interest
Marginal likelihood.

p(Y|K) = Z/ (.0, TIK)do o< > ] a(re(Y")
TeTK TeTKreT

where p(Y") = [ p(Y"|0,)p(6") df, (supposed to be easy to compute using e.g.
conjugate prlors) and the normalizing constants is

PIRIEG

TeTKreT
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Change-point detection Bayesian inference

Some quantities of interest
Marginal likelihood.

p(Y|K) = Z/ (.0, TIK)do o< > ] a(re(Y")
TeTK TeTKreT

where p(Y") = [ p(Y"|0,)p(6") df, (supposed to be easy to compute using e.g.
conjugate prlors) and the normalizing constants is

PIRIEG

TeTKreT

Posterior distribution of a change-point.

Prire =t|Y,K}oc | > JJa(r)e(Y") > It

TeTlft reT TeTt‘il: reT
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Change-point detection Bayesian inference

Summing over segmentations [9]

Property: Define the upper triangular (n 4+ 1) x (n+ 1) matrix A:

Aijv1 = f([i,J]), 1<i<j<n
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Change-point detection Bayesian inference

Summing over segmentations [9]

Property: Define the upper triangular (n 4+ 1) x (n+ 1) matrix A:

Aijrr=f([i,j]), 1<i<j<n
Then
1 ntl Z H f(
TeTK reT

— all terms are computed in O(Kn?).
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Change-point detection Bayesian inference

Summing over segmentations [9]
Property: Define the upper triangular (n + 1)

Aij+1 = f([i,J]), 1<i<j<n
Then
Tiwn= 2 11
Te’T’f’7 reT

— all terms are computed in O(Kn?).

» To compute p(Y), take (r) = a(r)p(Y").
> Similar ideas in [5].
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Then
Tiwn= 2 11
Te’T’f’7 reT

— all terms are computed in O(Kn?).

» To compute p(Y), take (r) = a(r)p(Y").
> Similar ideas in [5].

» 'sum-product’ = counterpart of 'max-sum’ in the dynamic programming
algorithm.
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Change-point detection Bayesian inference

Summing over segmentations [9]

Property: Define the upper triangular (n 4+ 1) x (n+ 1) matrix A:

Aijr1 = f([i,J]), 1<i<j<n
Then
Tiwn= 2 11
Te’ﬂ(’7 reT

— all terms are computed in O(Kn?).

» To compute p(Y), take (r) = a(r)p(Y").

» Similar ideas in [5].

» 'sum-product’ = counterpart of 'max-sum’ in the dynamic programming
algorithm.

— R package EBS (exact Bayesian segmentation) [3]
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Change-point detection Bayesian inference

[llustration: Of exons, introns and UTR's

Regions for a same gene are not adjacent along the genome

pre-mRNA
e 5 ) 5 S S —
5 UTR Exon Intron Exon Intron Exon 3" UTR
MRNA

[Wikipedia]
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Change-point detection Bayesian inference

[llustration: Of exons, introns and UTR's

Regions for a same gene are not adjacent along the genome

pre-mRNA
e 5 ) 5 S S —
5 UTR Exon Intron Exon Intron Exon 3" UTR
MRNA

[Wikipedia]

> The transcribed regions are made of both exons and untranslated regions
(UTR)

» Alternative splicing: some exons can be skipped or the boundaries may vary.
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Change-point detection Bayesian inference

Posterior distribution of transcript boundaries in yeast

RNA seq data é 5(;0 10‘00 1500 2000 2500

One gene g ] P

X g h S
A 50‘0 1(;00 1500 2000 2500

Three growth

conditions

A B, C ) R

0 500 1000 1500 2000 2500
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Change-point detection Bayesian inference
Comparing change-point locations [3]

One series. We know how to compute (in O(Kn?))

Pr{mc = t|Y,K} or Pr{r = t|Y}.

3Requires a probability change, as YA, ... Y! are not independent conditionally on
A _ —
Tk = = Tk'
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Comparing change-point locations [3]

One series. We know how to compute (in O(Kn?))

Pr{mc = t|Y,K} or Pr{r = t|Y}.

Two series (YA, YB): Consider the shift of the kth change-point

Pr{rf — 78 = 0|YA YB KA KB}

3Requires a probability change, as YA, ... Y! are not independent conditionally on
A _ —
Tk = = Tk'
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Change-point detection Bayesian inference
Comparing change-point locations [3]
One series. We know how to compute (in O(Kn?))

Pr{mc = t|Y,K} or Pr{r = t|Y}.

Two series (YA, YB): Consider the shift of the kth change-point

Pr{rf — 78 = 0|YA YB KA KB}

| series (YA,...Y"): Check if the kth change-point is conserved®:

Pr{rf =---=7l|YA ... Y KA ... K'}

3Requires a probability change, as YA, ... Y! are not independent conditionally on
A _ —
= =T,
k k
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Change-point detection

Bayesian inference

Boundary shifts between conditions

3 comparisons (A/B, A/C, B/C) x 4 change

S. Robin

3 =
- 3
< =
3
s = 5 = s
g s ° g o
Z S Z o E °
g £ S 2
3 b=} s
= =3 =3
S = =
T T
—-20 o 20 -20 o 20
o — R
S
s
o S 2
< 3
= d g
° g ° £ g4
3 2 g 2 °
o g ° Z
: g 3
=4 S
= 8 8 4
S T s v s
-20 o 20 -20 o 20
s . —
< 8
2
8 4 = 9 s °
& S s 3 £
2 - 2 o 2
Z o 2 3 z g |
= =3
o wn
=3
, S
8 4 8 8 4
< T T T T = T T T T <
20 o 20 20 o 20

(INRA / AgroParisTech)
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Change-point detection Bayesian inference

Comparing transcript boundaries

Setting Pr{7{! = 78|K} = 1/2.

T1 T2 73 T4
Pr{rf = rB|Y, K} 032 030 099 10°°
Pr{rf = rC|Y, K} 4107* 0.99 0.99 61073
Pr{rB = 7E|Y,K} 51072 0.60 0.99  0.99

P{rA=7B=7FY,K} 10°% 0099 0.99 6103

— Differences at the UTR’s end but not at internal exon boundaries.
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Change-point detection  Bayesian inference

Various isoforms in yeast?

C

Pr{rft = 78 = 7£|Y, K} for all yeast genes with 2 expressed exons
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S. Robin (INRA / AgroParisTech)
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Network inference

Outline

Network inference
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Network inference Graphical model framework

Graphical model framework

Property [Hammersley-Clifford]. The joint distribution p(Y) = p(Y1,...Y),) is

Markov wrt the (decomposable) graph G iff it factorizes wrt the maximal cliques
of G:

p(V)oc JT w(¥e) Yo =(ec.

cec(G)

— G reveals the structure of conditional independences between the variables
Yi,... Y.
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Network inference Graphical model framework

Graphical model framework

Property [Hammersley-Clifford]. The joint distribution p(Y) = p(Y1,...Y),) is

Markov wrt the (decomposable) graph G iff it factorizes wrt the maximal cliques
of G:

p(V)oc JT w(¥e) Yo =(ec.

cec(G)

— G reveals the structure of conditional independences between the variables
Yi,... Y.

'Network inference’ problem: Based on {(Yi1,... Yj)}i iid ~ p, infer G.
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Network inference Graphical model framework
Tree-structured network
Suppose the graph G is a tree T, p(Y) is Markov wrt T iff

p(Yl0) = ]__[p(YJ-IHJ-) I1 m

U,k)eET P

T A ‘va|9jk)/HPd"_l(Yj|91)

(,k)eT

where d; is the degree (number of neighbors in T) of node j.
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Network inference  Graphical model framework

Tree-structured network
Suppose the graph G is a tree T, p(Y) is Markov wrt T iff

I (Y, Yil i)
e PLYO)P(YilOi)

p(vie) = TLe(vl6)

11 p(Yijk|9jk)/dej_l(yj|0j)

U,k)eT

where d; is the degree (number of neighbors in T) of node j.

Tree structure assumption.

» Consistent (although much stronger) with the usual assumption that the
graph is sparse.

» Not true in general, but may be sufficient for the inference on local
structures, such as the existence of a given edge.
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Network inference  Maximum likelihood inference

Maximum likelihood inference (1/2)
Log-likelihood.

log p(Y:0,T) = > logp(¥;, Yil6i) = 3 (d; — 1) log p(¥;10))

U.k)eT J
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Network inference  Maximum likelihood inference

Maximum likelihood inference (1/2)
Log-likelihood.

log p(Y:0,T) = > logp(V}, Yil0i) = > _(d; — 1) log p(Y;[6))
U,k)eT J

Inference:
> continuous part (¢): MLE

0; = arg max log p({Yj}i:6)), O = arg max log p({(Yj, Yi)}i: )
J Ji

> discrete part (T)

—argmax Z w
(.K)ET P(Y|9 )P(Yk|‘9k)
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Network inference  Maximum likelihood inference

Maximum likelihood inference (2/2)

Chow & Liu algorithm [2]: Taking

f(j, k) = log p(¥;, Yil0) — log p(¥;10;) — log p( Y«|0x)

as the weight of edge (J, k),

T = arg max Z f(, k)

U,k)eT

is the maximum spanning tree with weights {f(j, k)}, which can be retrieved by
Kruskal's algorithm in O(p?) [6].
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Network inference  Maximum likelihood inference

Maximum likelihood inference (2/2)

Chow & Liu algorithm [2]: Taking

f(j, k) = log p(¥;, Yil0) — log p(¥;10;) — log p( Y«|0x)

as the weight of edge (J, k),

T = arg max Z f(, k)

U,k)eT

is the maximum spanning tree with weights {f(j, k)}, which can be retrieved by
Kruskal's algorithm in O(p?) [6].

Retrieves the maximum likelihood tree but with no measure of uncertainty.
— Exploring the whole tree space allows to evaluate uncertainty.
— Bayesian inference can again be a solution.
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Network inference ~ Bayesian inference

Bayesian setting [11]

Model: prior on T: p(T)

prior on 6: p(0|T) —  posterior:

likelihood: p(Y10,T)

S. Robin (INRA / AgroParisTech) Exact inference with discrete parameters
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Network inference Bayesian inference

Bayesian setting [11]

Model: prior on T: p(T)

prior on 6: p(0|T) —  posterior:

likelihood: p(Y10,T)
Prior on T: factorizes over the edges:

p(T) H a(j, k)

U,k)eET

S. Robin (INRA / AgroParisTech) Exact inference with discrete parameters
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Network inference ~ Bayesian inference

Bayesian setting [11]

Model: prior on T: p(T)
prior on 6: p(0|T) —  posterior: p(T|Y)
likelihood: p(Y10,T)

Prior on T: factorizes over the edges:

p(T) H a(j, k)

U,k)eET

Prior on 0: displays factorability properties, i.e. needs to satisfy
p(0i| T) = p(0j) forall T > (j, k).

— Compatible family of strong Markov hyper-distributions [4]:
multinomial-Dirichlet (conjugacy), normal-Wishart (conjugacy), Gaussian copulas
(numerical integration), ...?
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Network inference ~ Bayesian inference

Quantities of interest
Marginal distribution.

a k Yk, ik dHJk
ZH (J fP )

TeT jk dgj X fp Yk,ﬁk) déy

where 7 stands for the set of all spanning trees.

S. Robin (INRA / AgroParisTech) Exact inference with discrete parameters CIRM, March 2016, Marseille

24 /33



Network inference Bayesian inference

Quantities of interest
Marginal distribution.

a k Yk, ik dﬁjk
ZH (J fP )

TeT jk dgj X fp Yk,ﬁk) déy

where 7 stands for the set of all spanning trees.

Posterior probability for an edge to be absent.

_ a(j7 P(Ys Yi: Ojx) dbjx
Pr{(j, k) ¢ T|Y} o< Z H d9 X [ p(Yk,0k) dbx
TeT:(,K)ET j.k ’
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Network inference Bayesian inference

Quantities of interest
Marginal distribution.

a k Yk, ik dﬁjk
ZH (J fP )

TeT jk dgj X fp Yk,ﬁk) déy

where 7 stands for the set of all spanning trees.

Posterior probability for an edge to be absent.

_ a(j7 P(Ys Yi: Ojx) dbjx
Pr{(j, k) ¢ T|Y} o< Z H d9 X [ p(Yk,0k) dbx
TeT:(,K)ET j.k ’

Typical form:
Yo I fG.k),
TET (j,k)eT
with cardinality of 7 = pP~2.
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Network inference ~ Bayesian inference

Summing over spanning trees
Matrix-tree theorem.

> F =[f(j,k)]: a symmetric matrix with f(j,j) = 0,f(j, k) > 0;
» A =[Aj] its Laplacian: Aj =, f(j, k), Aj = —F(j, k).
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Network inference Bayesian inference

Summing over spanning trees

Matrix-tree theorem.
> F =[f(j,k)]: a symmetric matrix with f(j,j) = 0,f(j, k) > 0;
» A =[Aj] its Laplacian: Aj =, f(j, k), Aj = —F(j, k).
Then the minors A" of A are all equal to

ST fa.%.

TET (j,k)eT
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Network inference ~ Bayesian inference

Summing over spanning trees

Matrix-tree theorem.
> F =[f(j,k)]: a symmetric matrix with f(j,j) = 0,f(j, k) > 0;
» A =[Aj] its Laplacian: Aj =, f(j, k), Aj = —F(j, k).
Then the minors A" of A are all equal to

ST fa.%.

TET (j,k)eT

> Can be used to compute p(Y), the normalizing constant of p(T), ... at the
cost of computing a p x p determinant.

> Already used in [7] for tree learning.

» Again 'sum-product’ in place of 'max-sum’.
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Network inference ~ Bayesian inference

Posterior probability of an edge

The existence of an edge between variables Y; and Y} can be assessed by

Pr{(.k) € TIY}ox > p(T)p(Y|T)

T3(,k)

which depends on the prior p(T).

The prior probability Pr{(j, k) € T} can be tuned
> with the prior coefficient a(j, k)

> or set to an arbitrary value using an edge-specific probability change.
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Network inference ~ Bayesian inference

Posterior probability of an edge

The existence of an edge between variables Y; and Y} can be assessed by

Pr{(.k) € TIY}ox > p(T)p(Y|T)

T3(,k)

which depends on the prior p(T).

The prior probability Pr{(j, k) € T} can be tuned
> with the prior coefficient a(j, k)

> or set to an arbitrary value using an edge-specific probability change.

All posterior probabilities can be computed in O(p?).
— R package Saturnin (spanning trees used for network inference)
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Network inference

Bayesian inference

Simulations: ROC curves for edge detection
For various graph topologies (p = 25, n = 25,50, 200, B = 100 S|muIat|ons)

Sample Si025 Sampo siz0 25 Sampl 025 Sample S0 25
10 100 100 100
o7 o5 o7 075
050 050 050 050
02 0z5- 02 025
000 000- o0 000
Sempe Siz0 100 ‘Sampl Size 100
100 100 100
o7 ors- oz
Foso Foso Foso
13 3 E
000 000- 000
Sempe 520 200 Sampl size 200 Sempe 522 200 ‘Sample 26 200
100
o7
050
025
000

000 025 050 o7s 100
FPR

Tree

S. Robin (INRA / AgroParisTech)

Erdos-Rényi
Pc = 2/P

050
FPR

Erdos-Rényi
pe=4/p

Exact inference with discrete parameters

000 025 050 075 100
PR

Erdos-Rényi
Pc = 8/P
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Network inference

Bayesian inference

Simulations: Comparison with sampling among DAGs

[8]: MCMC sampling over the directed acyclic graphs (multinomial case)
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light grey = multinomial trees (2.2"), dark grey: multinomial DAGs (1393")
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Exact inference with discrete parameters

L)
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Network inference Bayesian inference

lllustration: Raf pathway

Flow cytometry data for p = 11 proteins from the Raf signaling pathway [10]

Posterior Probabilty
-

‘@ =@ —
e o S e
'ground truth’ posterior probabilities
o
%@ @ %@
®
most likely tree second most likely tree
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Discussion

Outline

Discussion
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Discussion

Discussion

To summarize.

» Exact Bayesian inference can still be achieved for some fairly complex models
with discrete parameter.

» Do not have to care about sampling and convergence.

» No systematic way to check when this is possible — ad-hoc developments.
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Discussion

Discussion

To summarize.

» Exact Bayesian inference can still be achieved for some fairly complex models
with discrete parameter.

» Do not have to care about sampling and convergence.
» No systematic way to check when this is possible — ad-hoc developments.

Future works.
» Combining the two problems: finding change-points in a network structure.
Dealing with dependency along time.

Influence of the prior: p(T) depends on n and/or p.

vV vV

The exact evaluation of the key quantity raises numerical issues.
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