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Background: Measuring dependence in bivariate data

Local dependence and local Gaussian approximation

Visualizing nonlinear dependence and tests of
independence

I Tests of serial independence

H Density estimation
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Global measures of dependence

Pearson’s correlation The most widely used (linear) measure of
dependence for bivariate data is the Pearson’s correlation

E(Xy — p1)(Xa — p2)

0102

p = corr( Xy, Xo) =

(1)

m Completely characterize the dependence when the variables are
Gaussian



Global measures of dependence

Pearson’s correlation However, if the variables are not Gaussian the
Pearson’s correlation may be zero even if the variables are highly
dependent:

Source: wikipedia.org "Correlation and dependence”.

Nonparametric regression based local measure. Bjerve and Doksum
(1993)7?



Return data

Figure: x = returns from FTSE100, y = returns from S&P500, in %
(from May 1990 to December 1999). Global correlation: 0.36.
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Figure: x = returns from FTSE100, y = returns from S&P500, in %
(from May 1990 to December 1999). Global correlation: 0.36.



Conditional correlation

m {Xqt, Xo¢} log returns

m Conditional correlation (semi-correlation) restricted to the set
A

pa = corr(Xir, Xot|(Xat, Xot) € A)

m Exceedance correlation

A= (—00,—c] x [-00, —C]

Reference: Forbes and Rigobon (2002) Hong et al (2007), Joe
(New copula book 2014)



Conditional correlation

m Bias for (Xit, X2¢) Gaussian
m Example: p =0.40
A= {(X1,X2)|X1 > qr5}

implies pa = 0.21
m pa — 0 for increasing quantiles ¢
m Very misleading for local portfolio analysis

Alternative: Holland and Wang (1987), Jones (1996)



Outline of talk

m Study a local version of correlation

Local dependence measure should depend on the values of X
and X>. Local in value, not in timel!

Local Gaussian approximation
Population value of local correlation
Estimation of local autocorrelation and crosscorrelation

Recognizing copulas

Estimating densities and conditional densities in higher
dimensions



Local Gaussian approximation

Idea: Given a density function f(x1, x»), approximate f locally by a
bivariate Gaussian distribution, i.e., at the point (x1, x2), or in a
neighbourhood, fit a bivariate Gaussian density ¢(0(x1, x2), v1, v»)

given by
1
X
2101 (x1, x2)o2(x1, x2)/1 — p2(x1, x2)
1 [vi — (31, x2)]?
XP 2 2
1 = p?(x1, x) oi(x1, x2)
2p(x0, %0) v = 1 (xa, x0)] [va — pa(xa, )] | [vo —2M2(X17X2)]2 }}
o1(x1, x2) o2(x1, x2) o5(x1, x2)

Local correlation is given by p(x1,x2). We also get a local mean
and a local variance
e But representation is highly non-unique



Existence and uniqueness

m Local least squares: Minimize the penalty function

[ atv = x)igtv,06) — F(v P
with 8(x) = [11(x): 12(x), 2(x), 3(x), p(x)]
m Local Kullback-Leibler: Minimize
[ Koty = X)) ~ 1og (v, 6800)F ()}
leading to
| Kot = )55 Tog (v 60T (v) — (v 80l =0

and then let bandwidth A — 0.
m Neighbourhood-free definition using smoothness conditions
(Berentsen, Cao, Francisco-Fernandez, Tjgstheim 2016)



Existence and uniqueness

m If (X1, X2) is Gaussian, then local quantities equal global ones.

m Step functions of Gaussians

k
X =Y (aj+AZ)(Z € Ry)
i=1
where Z ~ N(0, k)
m Explicitly calculated for exchangeable copula along diagonal



Properties

f Gaussian implies p(x1, x2) = p.

f Gaussian copula with arbitrary marginals implies

p(X17X2) =p.

Range —1 < pp(x1,x2) <1, =1 < pp(x1,x2) < 1,
—1<p(x,x)<1

Xo = g(X1) deterministic implies p(x1,x2) =1 if g'(x1) > 0,
p(xi,x2) = —1if g'(x1) <0

Independence = p(x1x2) = 0.

If p1(x1,x2) = pi(x), o1(x1,x2) = o1(x1) and similarly for u»
and o5, then p(x1, x2) = 0 implies independence.



Time series case

m Stationary time series {X;}
m Pairwise lag k: Take X3 = X; and X5 = X; &

® Local Gaussian autocorrelation: pg(x1,x2) = px,.x,_, (X1, x2)
depends on k but not on t.

m Gaussian time series: px(x1,Xx2) = px

m Multivariate time series. Local crosscorrelation.



Canonical local autocorrelation

Standard normal marginals: Z, = ®~1(F(X;))
Local parameter vector: 6 = [0,0,1,1, pc «)

Pseudo standard normals: Z,_S") = O Fu(Xyp)).

® Local canonical correlation p x can be estimated by local
likelihood from the pseudo standard normal variables.

m Does not depend on marginals



Estimation by local likelihood

General problem: Estimate a density function f(x) by a known
parametric family g(x, @), where 8 = 6(x) is estimated locally, so
that

o~

F(x) = g(x,0(x))

Emphasis has been on estimation of f(x), not on 6(x).

References: Hjort and Jones (1996), Loader(1996), Gourieroux and
Jasiak (2012).



Local likelihood

ZK,, i — x) log ¢(Xi, 0) — /Kh(v—x)¢(v,9)dv

— / Kn(v — x) z(vﬁ) é(v,0)dv

= [ Kt =0 5D - olv. 0

é(xa 9) ~ bx 2\ —
o, 0) ) = 9, 0) + O(A)] =0

which implies that ¢(x,8(x)) — f(x) = O(h?)

~




Asymptotic distribution

Under regularity conditions:

(nhyh2)/2(0n,4(x) = On(x)) < N (0, ;" Ma(Jp) )
where for u(x,0) = Vlog ¢(x, 0)

Jp= /Kh(v - x)u(v,H(X)uT(v,H(X))QS(V,H(X))dv
~ [ Koy = IVul,6IF(v) — (v, 60)] e

My = hihy / k2(v — x)u(v,0(x))u (v, 0(x))f(v)dv

—h1h2/Kh(v—x)u(v,O(x))f(v)dv/Kh(v—x)uT(v,H(x))f(v)dv

m h — 0. Singularity. Higher order Taylor expansion. Large
variance. Requires much smoothing. Difficult to compute



Regularity conditions

m Regularity conditions for consistency and asymptotic normality
as n — oo and h — O:

i) Geometric ergodicity of {X;}
i) logn/nh2h3 — 0
iii) K Lipschitz

iv) ¢(+,6(x)) nondegenerate and

(
(
(
(

E[Kn(Xe — x)% (Xt 0(x))]" <

for some v > 2.



Choice of bandwidth

m Use local likelihood on Xi, ..., Xi_1, Xit1,... X, to find é_,-(x)

m Global likelihood cross validation: Maximize

Cv(h) = log[p(Xi, 6 (Xi)]w(X;)
i=1



Applications

Description of local dependence

Tests of independence, including serial dependence
Tail dependence

Identification of copula model

Tests of normality

Local principal components

Test of contagion

Asymmetry in local correlation

Local spectral estimation

Multivariate densities in higher dimensions

Conditional densities



Visualizing nonlinear dependence and tests of

independence

Example: wikipedia.org




Visualizing nonlinear dependence and tests of

independence

Example: wikipedia.org



of serial independence in time series

Independence = pi(x1,x2) = 0. Independence

= pc,k(X]_,Xz) =0

Test functional: Ty = [ g(pk(x))dF(x) with estimate
T =25 glpk(Xe, Xe 1))

Consistency: Under regularity conditions T 3 T

Asymptotic normality: /n[Ce(Ap)]~Y2( Tk — Ti) LN N(0,1),
where C, = O(1) in the canonical case and Cy ~ (h1hy)=2 in
the non-canonical case.

Bootstrap: Essential in practice. Its validity shown in Lacal
and Tjostheim (2015).

Local crosscorrelation for bivariate series and the block
bootstrap in Lacal and Tjgstheim (2016).



Simulation experiments

® GARCH: X; = Zyv/he, hy =1+ c(X2 1+ he_1)

m ARCH: X; = Zyv/hy, hy =1+ X2,

m AR: Xy = cXi1 + Z¢

= EAR:X; = ce X1 4+ 7,

= In all cases Z; is Gaussian, g(p) = p? and the canonical
correlation has been used. We have compared the local

correlation (solid line), the Brownian distance correlation
(dashed line) and the Pearson correlation (dotted line).






Local correlation indices
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Real data: Darwin Sea Level Pressure

.!i

() ®)

Pigme: Local Gaussian correlation (7a) and dependence map (7b) for the
Darwin sea level pressures.

(a) (b)

™ Local Gaussian correlation with k = 6 (8a) and k = 12 (8b) for
the Exchanee Rate.



Multivariate density estimation

m LGDE: Local Gaussian Density Estimate
F(x) ~ 9(x, u(x), X(x))

m : First: Transformation of marginals
Z; = (07 (A(Xqn)), -, @7

m Second: New joint
P
f2(z) = F(FTH(®(21)), -, Fp H(9(2p))) [ [{d/ dzF (209 (1)
i=1
m Original density

f(x) = (7 (Fu(xa), ... 7 (Fol(x0)))) H



Multivariate density estimation

m For transformed data
U(2,6) = (. R) = (2m) PP|RI™ exp{ — 22TR 2}

where R is the correlation matrix R = {pj;}.
m Simplification
Pij(Zl, s 7ZP) = Pij(zi,zj)
which is estimated using local likelihood on (Z;, Z;) only and
with population quantity p;; being only dependent on
tz,.z:(zi, zj).



Multivariate density estimation

= Convergence rate: jj; has convergence rate (nh?)'/2 towards
Pij
m Density estimate

B) = Fzo(@ (Rl 0 Bl [

which has convergence rate (nh?)'/2, but which is generally
(due to the simplification) estimating an approximation of f,
not f itself.



Multivariate density estimation

Example: Density estimation, normal copula, chi square marginals
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Multivariate density estimation

Example: Density estimation, t-copula, log normal marginals
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Multivariate density estimation

Example: Density estimation, Clayton copula, t marginals
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Multivariate density estimation

Example: Density estimation, Frank Copula, t-marginals
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Multivariate density estimation

Example: Density estimation, mixed normal
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Multivariate density estimation

Example: Density estimation t4
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Multivariate density estimation

Example: Density estimation, central axis, 5-dim real data
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Multivariate density estimation

Example: Density estimation, real data, pair copula model

-—-= True density
B — LGDE
= —— Kernel 1
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Conditional density

m Conditional density f(xi|x2)
= Kernel estimator f(x|x) = %
x2

= Conditional density local Gaussian; “{41:42:2(a2))

_ T (u2,p(x2)) _
u = x, and where again the conditional density is Gaussian

with conditional mean p1 + 21222_21(XQ — p2) and covariance
i1 — 2122521221. Using this seems to work very well in
practice.

where



Conditional density

Example: Integrated square error cond. dens.
X1 X2, ..., Xp = 1,2,3, exp. marginals, Joe Copula
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Conditional density

Example: Integrated square error cond. dens

X1 X2, ..., Xp = 0.5,1,2 n = 250, n = 1000, two first components
log-normal with a t(1) copula, the rest independent from first two
and multivariate t(5)
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Conditional density

Example: Densities cond.dens. Xi|Xa, ..., X, = 0.5, n = 500, two
first components log-normal with a t(1) copula, the rest
independent from first two and multivariate t(5)

LI




Conditional density

Example: Time series X; = 0.8X;_1 + 0.51/|X;—1| + . Local
unconditional and conditional correlation (X, X;—2)|X¢—1,

Time series
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Conditional density

Example: Cond. US log-returns given 1, 3, 7 preceding days equal
to -1

Number of lags: 1 Number of lags: 3 Number of lags: 7

— lgde
4w
kernel

00 02 04 06 08 10
00 02 04 06 08 10
00 02 04 06 08 10




Conditional density

Example: Melbourne temperature data, with estimated conditional
density of the maximum daily air temperature, given a preceding
recording of 10, 20, 30 and 40 degrees Celsius, respectively

Previous day: 10 Previous day: 20

s s

1 1

2 | = |

Bl T T T T Bl T T T T
0w o 0w w4

Previous day: 30 Previous day: 40
s s
1 1
2 | 2 |
B B




Conditional density

VaR: Value at Risk

Level
Method 0.005 0.01 0.05

LGDE 0.014 0.017 0.072
np 0.084 0.097 0.161
Kernel 0.117 0.134 0.187
Gaussian  0.045 0.064 0.125

Table: Proportion of observations exceeding the estimated VaR



Summary

m Local Gaussian correlation gives a much more detailed picture
than ordinary correlation

m Population value can be defined
m It can be estimated by local likelihood

m Applications: Dependence testing, copula characterization,
contagion, asymmetries in financial markets, density estimation
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