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Notations
@ ¢ < m positive integers, V a vector space over F, with dimV = m
@ Grassmannian: G, = {L: L subspace of V, dimL = ¢}
@ I(¢,m)={(B1,...,Be) €EZ* 1 < By <--- < Py <m}

@ Fixa=(w,...,a) €I(¢,m) and A; C --- C A, a flag of vector
subspaces of V satisfying dimA; = «;, 1 <i < ¢

@ The Schubert Variety corresponding to « is:

Qu(lym) ={L € Gy, : dim(LNA;) > iVi=1,...,0}

M&

@ J={((m—YL) and (o) => (o —i)

1
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Grassmann Code

@ Let
m m
n=|Gen(F,)| = { ] and k= < >
t], 14

@ We have the Pliicker embedding Gy, — P! = IE”(/\Z V). Fix
representatives wy,...,w, in /\‘; V of distinct points of Gy .

@ The image of the evaluation map

m—=~

Ev: \ V—TF; definedby o +— (W' Awi,...,w Awy)

is a [n, k],-code, called the Grassmann code, denoted by C(¢, m).
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Grassmann Code

o Let
and k= <m>
g {

@ We have the Pliicker embedding Gy, — P! = IE”(/\Z V). Fix
representatives wy,...,w, in /\‘; V of distinct points of Gy .

n=|Gem(F,)| = m

@ The image of the evaluation map

m—=~

Ev: \ V—TF; definedby o +— (W' Awi,...,w Awy)

is a [n, k],-code, called the Grassmann code, denoted by C(¢, m).

Theorem (Nogin, 96)

The minimum distance of C(¢, m) is ¢°. Furthermore, f € A" *V

corresponds to a minimum weight codeword iff f is decomposable.
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Schubert Code

Let « € I(¢, m) be as earlier and Q (¢, m) be the corresponding
Schubert variety. We have €, (¢, m) < P*«~! and this corresponds to
the [n., ko]-linear code, called Schubert code, denoted by C, (¢, m),

where
o = [Qa(l,m)] and ko, =[{B€l(¢,m): 5 < a}
with < being the componentwise partial order (Bruhat order):

B=B1....8) Sa=(u,....B) < Bi<auVi
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Minimum Distance of Schubert Code

Proposition (Ghorpade-Lachaud, 2000)

For any a € I(¢, m),
d(Co(L,m)) < ¢°@

It may be noted that when « is the “maximal element”
(m—1{€+1,...,m)of I(¢,m) in Bruhat order, then Q, (¢, m) = Gy,
while §(a) = ¢(m — £) and so the above inequality is an equality. In
fact, the following conjecture was made

Conjecture (Minimum Distance Conjecture (MDC))

For any o € 1(¢, m)
d(Ca(fln)) — qts(oz)
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Length of Schubert Codes

@ [H. Chen, (2000)] If £ =2 and « = (m — h — 1,m), then the length

-~ h J
B (qm _ 1)((1’" 1 _ 1) 2m—j—2—i
VR PRy qu

@ [Vincenti, (2001)] In general,

ZH

i=0

Qi1 — O":| (ai—ki) (kit1—ki)
1+l - 1 q

where the sum is over (ki, ..., k, ;) € Z*~! satisfying i < k; < o
and k; < k;q for 1 <i </ —1; by convention, ap = 0 = ko and
ke = 1.
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Length of Schubert Codes (Contd.)

@ [Ehresmann (1934); Ghorpade-Tsfasman (2005)]

ho =3 g

BSG

@ Ghorpade-Tsfasman (2005) Suppose a has u + 1 consecutive
blocks: a = (ai,...,qp, ..., 0p,41,-..,p,,). Then

Qp; Qp, u

Ng = § o Z H)\(a'p,aap,JrﬁShsi+l)

S1=P1 Su=pu =0

where so = po = 0; sy41 = puy1 = £ and
Naybis,t) = Y (<12 [ [77)..
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Dimension of Schubert Codes [Ghorpade-Tsfasman,

2005]

@ The dimension of the Schubert code C, (¢, m) is the determinant
ku = det (((}j 7/ ’ 1))
1<ij<t i—j+1

@ If ay,...,ap are in arithmetic progression, i.e. a; =c(i—1)+d Vi
for some ¢,d € Z, then

£—1
(07 (073 (7S
kry — 1 (O/(’+]7i> — )
o 1 Qg I4

i=

where a1 =cl+d
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What do we know about the MDC?

Recall that the MDC states that d(C, (¢, m)) = ¢°(~)
@ Trueifa=(m—¢+1,...,m). [Nogin]
@ True if £ = 2. [H. Chen (2000); Guerra-Vincenti (2002)]
@ Lower bound for d(C, (¢, m)) [Guerra-Vincenti, 2002]

g (q* —q*) - (@ —q4Y") L sa)—e
AR R > "

@ MDC is true for Schubert divisors in G, ,,[Ghorpade-Tsfasman,
2005]

@ MDC is true, in general [X. Xiang (2008), Ghorpade- — (2016)]
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Minimum Weight Codewords of Schubert Codes

m—~{

Question: Do decomposable elements of A" V correspond to

minimum weight codewords of C, (¢,m)?
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Minimum Weight Codewords of Schubert Codes

m—~{

Question: Do decomposable elements of A" V correspond to

minimum weight codewords of C, (¢,m)?

Answer: No, in general! Let o = (a4, ap) satisfy «; > 2. Fix a basis
{e1,...,en} Of V. Take A| = (e1,...,eq,) @ANd Ay = (e, ..., eq,). Then
f=e3 N - ANe, is adecomposable element of /\m_z V and the
codeword ¢y of C, (2, m) corresponding to f satisfies:

wi(er) = ¢+ (g + g™ (g™ =M.
Therefore
wi(er) = ¢°Y = ay = a + 1,i.e., Ca(2,m) = C(2, ).
On the other hand, h = ¢; Aes Aes A --- A e, is decomposable and
wt(cp) = ¢°@) = gute3
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Schubert Decomposability

It turns out that we need a more subtle variant of decomposability in
the context of Schubert codes.
@ Write o uniquely as

Q= (01, .. Oy Opgly ey Oy ey O 1 4lse e vy Qs Qpuly e -5 Qlg)
where 1 <p; <--- <p,<land ay4i,...,0,  areconsecutive
for0 <i<wand oy, —ap >2fori=1,...,u. By convention,

po=0 and Pur1 = L.
@ «is called completely nonconsecutive if u = ¢ — 1, i.e.,
o —oj_p >2forall2<i</
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Schubert Decomposability

It turns out that we need a more subtle variant of decomposability in
the context of Schubert codes.
@ Write o uniquely as

Q= (01, .. Oy Opgly ey Oy ey O 1 4lse e vy Qs Qpuly e -5 Qlg)
where 1 <p; <--- <p,<land ay4i,...,0,  areconsecutive
for0 <i<wand oy, —ap >2fori=1,...,u. By convention,

po=0 and Pur1 = L.
@ «is called completely nonconsecutive if u = ¢ — 1, i.e.,
o —oj_p >2forall2<i</

Definition

A decomposable element f =fi A... Af_¢ € m/ié V is said to be
Schubert decomposable if dim (Ve N Ap) = ap —pifori=1,...,u,
where Vy :={ve V:vAf=0} = (fi,....fus).



Main Results

Theorem (Ghorpade,—)

Iff e /\m—e V is Schubert decomposable, then ¢f is a minimum weight
codeword of C,, (¢, m).
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Main Results

Theorem (Ghorpade,—)

Iff e /\m—e V is Schubert decomposable, then ¢f is a minimum weight
codeword of C,, (¢, m).

Conjecture: Minimum weight codewords of the Schubert code C, (¢, m)
are precisely the codewords corresponding to Schubert decomposable

elements of A"~ “ V.
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Main Results

Theorem (Ghorpade,—)

Iff e /\m—e V is Schubert decomposable, then ¢f is a minimum weight
codeword of C,, (¢, m).

Conjecture: Minimum weight codewords of the Schubert code C, (¢, m)
are precisely the codewords corresponding to Schubert decomposable

elements of A"~ “ V.

Theorem (Ghorpade, —)

Assume that f € /\m_[ V is decomposable. If ¢y is a minimum weight

codeword of C,, (¢, m), then f is Schubert decomposable.
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Main Results (Contd.)

Theorem (Ghorpade, —)

Assume that « is completely non-consecutive. If ¢ is a minimum weight

codeword of Co (¢, m), then ¢ = ¢, for some decomposable h € A" “ V.
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Main Results (Contd.)

Theorem (Ghorpade, —)

Assume that « is completely non-consecutive. If ¢ is a minimum weight

codeword of Cy, (¢, m), then ¢ = ¢, for some decomposable h € A" *

Theorem (Ghorpade, —)

The number of codewords of C,, (¢, m) corresponding to Schubert

decomposable elements of /\m—z V is equal to

N o= _1 PH|:O‘PJ+1: j:|

Pj+1

where

P= ij (O‘PJ+1 — Qp; — D+l +pj) 0
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Idea of Proof

@ Leto = (ay,...,a¢—1) and C,/ (¢ — 1,m) be the corresponding
Schubert code

@ E={x€As:ca € Cor(¢ —1,m) is the zero codeword}
@ F=A,\E

® Z(of) = {(L,x) € Qur (€ — 1,m) x A¢ : f Ax(L) # 0}

® W(f) = {L € Qa(t.m) : f(L) # 0}

@ ¢:Z(a, f) — W(f) defined by (L', x) — L' + {x)
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Idea of Proof

@ Leto = (ay,...,a¢—1) and C,/ (¢ — 1,m) be the corresponding
Schubert code

@ E={x€As:ca € Cor(¢ —1,m) is the zero codeword}
@ F=A,\E

® Z(of) = {(L,x) € Qur (€ — 1,m) x A¢ : f Ax(L) # 0}

® W(f) = {L € Qa(t.m) : f(L) # 0}

@ ¢:Z(a, f) — W(f) defined by (L', x) — L' + {x)

Lemma (X. Xiang (2008))
If codima E < 't, thenA,_; C E
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For a given L € W(f) the following holds

Q@ IfL LAy, then ¢~ (L)] =4 (g— 1)
Q IfL C Ay and t := codimg,E, then [¢~ ' (L)| < ¢'~'(¢' — 1)
@ Iff is Schubert decomposable, then [¢ ' (L)| = ¢"~'(¢' — 1)
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Lemma

For a given L € W(f) the following holds
Q@ LT Ay then |~ (L) =¢"" (g~ 1)
Q IfL C Ay and t := codimg,E, then [¢~ ' (L)| < ¢'~'(¢' — 1)
@ Iff is Schubert decomposable, then [¢ ' (L)| = ¢"~'(¢' — 1)

v
Lemma

For any f € /\m_é V the weight of the codeword c; satisfies

Wt(Cf)Z% > Wt(Cfo)JrW > wHen)

r__
q XEFNA,_ 1 1> XEF\A¢—y
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Thank You!

Minimum Weight Codewords of Schubert Codes



