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EM Waves in Media with Planar Symmetry:

n2(2)0?E — 29°E = 0 3
n =17+ . Refractive index

7//
E(z,t) = Ee ™ y(2)7 i%q;
—"(2) + (D) = k2p(z) /

7

v(z) = k?[1 — n?(2)] —L—
For |z| > %, n(z) =1 = v(z) =0

v(z) is a complex scattering potential.



Some Basic Concepts:

e A function v : R — C is a scattering potential if
every solution of

—""(z) +v(z)p(z) = k%p(x), kERT,
satisfies

D(z) = Ap(k)e ™ 4+ BL(k)e ™ as z — doo.
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D(z) = Ap(k)et™ + Bo(k)e ** as z — -

- OO.

e lransfer matrix of v, by definition, satisfies

[A+(k) } _ [ My (k) Mz (k) ] [ A_ (k)
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e Scattering from the left and right:
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Theorem: T" =T!, detM(k) =1, &
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Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a,
vo(z) =0 for r<a [v1|

v(z) = vi(x) + va(x).
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Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a,
vo(z) =0 for r<a [v1|

v(z) = vi(x) + va(x).

M: Transfer matrix of vy

Mo>: Transfer matrix of vo \v2|

M: Transfer matrix of v = v1 + vo

Then M = M- Ml.




Composition Property of M
Theorem: Dissect v into pieces vi,vo, - ,v, WIith

I; ;= support of vy,

M; := transfer matrix of vy,
such that |

1) I; is to the left of I;4;

2) v=wv1+v2+ -+ v, J

Then M =M, M, _1---Mj.



Composition Property of M
Theorem: Dissect v into pieces vi,vo, - ,v, WIith

I; ;= support of vy,

M; := transfer matrix of vy,
such that |
1) I, is to the left of I;41;

2 v=v1+vo+ -+ v,. J
Then M =M, M,,_1---M;.

Scattering properties of v can be obtained
from those of v;. = Numerous Applications



Unidirectional Reflectionlessness:
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Unidirectional Invisibility:
Rr=0#R or RR=0#R & T =1



Unidirectional Reflectionlessness:
RI=0# R or R"=0# R

Unidirectional Invisibility:
Rr=0#R or RR=0#R & T =1

For real potentials, |R/| = |R"|. They cannot be
unidirectionally reflectionless or invisible.



Single-Mode Inverse Scattering

Given ko € RT, RY" € C, & Tp € C\ {0}, find a v(x)
such that RY/"(ko) = RY" & T(ko) = To.



Single-Mode Inverse Scattering

Given ko € RT, RY" € C, & Tp € C\ {0}, find a v(x)
such that RY/"(ko) = RY" & T(ko) = To.

For practical purposes, one is usually interested in
finding finite-range potentials.

Single-mode inverse scattering for finite-range
potentials is a key to optical design.



I R'IRT R’
T_
M = T
R! 1
I T T _

T
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Right-invisble: M = { _pl q }



I R'R™ R"
T_
M = S
R 1
i T T _

T
Left-invisble: M = l 1 R ]

O 1

o o v . — 1 O
Right-invisble: M = { _pl 1 }

v1 < v> means the support of vy Is
to the left of the support of vs.



Suppose we can find v1 < v» < v3 such that at k£ = ko
their transfer matrix have the form

. M. — 10 Rl pl (1 —"1To)To
1 - 1 — —Rll 1 . 1 -— 0 R6 ’
1 Ry Rr
: M, = , R, = 2%

o2 s O 1 2 To
1 0 To — 1
U3 M3 = . RL:i=2
. —R; 1 Ry




Suppose we can find v1 < v» < v3 such that at k£ = ko
their transfer matrix have the form

1 0 1 — To)T,
vt M= . R =Ry LT
~R, 1 R
1 RE Rr
Vo . M, = . , RS = —O,
0O 1 To
1 0 To — 1
V3 . M3 = l ; Rg = 2 —.
T hen:

v=uvi+vo+wv3: M=MsM->-M;,



Suppose we can find v1 < v» < v3 such that at k£ = ko
their transfer matrix have the form

1 O 1 —To)T
V1 . Ml = , Rll = Rg ( O) O,
"R 1 Ry
1 Ry Rr
' M = " RT . — —O,
2 ° 0O 1 2 To
1 0 To — 1
V3 . M3 = l ; Rg = 2 —.
R, 1 R
Then: | RLRL  RY
To==p= 7
v=wv+va+uvs: M=MszMM;= pi X
__0 _
i 1o 1o




Suppose we can find v1 < v» < v3 such that at k£ = ko
their transfer matrix have the form

1 O 1 — To)T
vi My = ., RY:= R} ( 0) 3
—R, 1 Ry
1 Ry Rr
vo M, = : R, = 2%
° ° 0O 1 2 1o
1 0 To — 1
V3 . M3 = l ; Rl?) = 0 —.
—R3 1 R{
Then: | RLRL  RY
To==pr= 7
”U=U1—|—’U2—|-U3Z M=M3M2M1= Rgo 10
T T

Tunable finite-range unidir. invisible potentials
= Single-mode inverse scattering




Composition Property of M
M — MQ Ml

|v1|

0F




Composition Property of M
M — M2 M1

This is the same as the
composition rule for [v1]
evolution operators in QM.

U, U,

0F

U; := U(t1,10)
Us = U(tz,tl) = U = U->U;
U := U(t2, to)

]




Dynamical Formulation of Scattering

Theorem: Let v:R — C has support [a,b]. Then
M = U(b,a) where
d
id—U(:z:, a) = H(z)U(x.a), U(a,a) =1
xr

[Ann. Phys. (NY), 341, 77 (2014)]



Dynamical Formulation of Scattering

Theorem: Let v:R — C has support [a,b]. Then
M = U(b,a) where
d
id—U(:zr, a) = H(z)U(x.a), U(a,a) =1
xr

Make b into a variable: b — y € [a, b].
U(y,a) = Transfer matrix of

(2) v(xz) for =<y
vy(x) =
’ O for x>y

[Ann. Phys. (NY), 341, 77 (2014)]



U(y,a) = Transfer matrix of ()]

Cv(x) for x <y

vy(x) 1= 4 i
0 for >y

\

’vy(w)’

[Ann. Phys. (NY), 341, 77 (2014)]



U(y,a) = Transfer matrix of ()]

Cv(x) for x <y
\ 0 for >y
- - R'RT R' ] ’?)y(&';)’
M = T
R 1 |
i T T

[Ann. Phys. (NY), 341, 77 (2014)]



U(y,a) = Transfer matrix of

Cv(x) for x <y
vy(x) 1= 4
0 for x>y
) R'R™ R"
M = P
R 1
: T T
d

id—U(ya a) = H(y)U(y,a)
Y

()]

|Uy($)|

JAUN

S

Y

— 3 Dynamical Eqgs. for R'/" & T.

[Ann. Phys. (NY), 341, 77 (2014)]



o= 6—273/{3:13 c(C = {e—Qikaz’m c [a,,b]}

[Ann. Phys. (NY), 341, 77 (2014)]




z:=e 2 e C = {e | 2 € [a,b]}

R'(k)
R"(k)

T (k)

[ SO
¢ Sk(2)S1(2)?
Se(z)
Sy ()
1
Si.(z)

Zbs

[Ann. Phys. (NY), 341

.y

/
\

, 77 (2014)]



2= 2R ¢ C:= {e %k |z € [a, b]}

| o SH(Z)
R (k) = /cd S )5 ()2 /\
r _ Se(z) s
R' (k) = ST () bs \j
1 ~a
T(k) = )
2 it v(z)
S)+ |G| s =0, zec
Sk(zfl) — Zfl‘»:f S.{C(Zfl) — 17

0(z) i=v(5E) = v(x)=v(e ")




Finite-range right-invisible potential at £ = kg:

1
) _ =0, T(ko) = =1

ko) = 5 S ()




Finite-range right-invisible potential at £ = kg:
S 1

W$2) =0, T(ho) = o= 1
Sko(zb) Sko(zb)

< Skp(m) =2z,  Sp(wm) =1 (1)

R'r (kO) —



Finite-range right-invisible potential at £ = kg:
Sio(20) 1

- — 2= 0 T (ko) = =1
LG T T T e
<~ Sko(20) = 26,  Sp () =1 (1)
2 all v(2) .
Z Sko(z) : |:4k'2} Sk‘o(z) - Oa (2)

St (za) = za, Sz,o(za) =1, (3)

R'r (kO) —




Finite-range right-invisible potential at £ = kg:
Sio(20) 1

- — 2= 0 T (ko) = =1
LG T T T e
<~ Sk, (2p) = 2b, S;;O(Zb) =1 (1)
2 all v(2) .
Z Sko(z) : |:4IC2:| Sk’o(’z) - 07 (2)

St (za) = za, Sz,o(za) =1, (3)

R'r (kO) —

- Find a twice diff. S, : C — C satisfying (1) & (3).
- Plug it in (2) & solve for v(z).

- Recall that v(z) = v(e=2%0T),



Finite-range right-invisible potential at £ = kg:
S 1

W$2) =0, T(ho) = o= 1
Sko(zb) Sko(zb)

= Ske(zp) = 2,  Sp () =1 (1)
28],() {’“(Z)} Su() =0, (2

R'r (kO) —

42
St (za) = za, Sz,o(za) =1, (3)

- Find a twice diff. S, : C — C satisfying (1) & (3).

- Plug it in (2) & solve for v(z).

- Recall that v(z) = v(e=2%0T),

= Tunable finite-range right-invisible potentials.
[Phys. Rev. A 90, 023833 (2014)]



T heorem: Let Rf,,/""":: reflection amplitude of v
and T,:= transmission amplitude of v. Then

TR’
[ v v
R .-l; r _?"? .

[J. Phys. A 49, 445302 (2016)]



T heorem: Let Rf,,/'r:: reflection amplitude of v
and T,:= transmission amplitude of v. Then

T2Rr
[ v v
R, = —=——.
vlgﬁ

Corollary: Suppose that du > 0 such that

e"lly(x)| < 0o for z — -

COQ.

Then Vk € RY, R/"(k) =0 iff R/ (k) = 0.

v IS left-invisible < v is right-invisible.

[J. Phys. A 49, 445302 (2016)]



Principal example of unidirectional invisibility:

4

—Dikou .
| ze ="t for x € [0, L],
v(z) = 0 for x & [0, L], 5 € CA10;

"

IS perturbatively right-invisible for

kzkoz%, m e 7+,

Perturbatively:= To first order in |3|/k&.

Poladian, PRE 54, 2963 (1996).

Greenberg & Orenstein, Opt. Lett. 29, 451 (2004).
Kulishov, et al, Opt. Exp. 13, 3068 (2005).

Lin et al, PRL 106, 213901 (2011)

Phys. Rev. A 89, 012709 (2014)



Solving scattering problem for

—2ik .
| ze = for x € [0, L],
v(z) = { 0 for x ¢ [0, ], 3 € CA{0}
Tnm

ko = —. c 7t
0 - m



Solving scattering problem for

—2ikox T
| ze==r for x € [0, L],
T

ko = —, mEZ"'
L

2
e(x) =n(z)?=1-— a_2 e~ 2ikot r € [0, L]
k
a:=ﬁ€<C\{O}, v:i=—€cRT
k ko



Solving scattering problem for

—2tkox T
| ze = for x € [0, L],
T

ko = —, m€Z+
L

e(x) =n(z)?=1-— a—Qe_QikO‘” r € [0, L]
B
k
a: =£€C\{O} v:=—¢cRT
k ko

zi=e e

o K\
SIZ(Z) | 4/}/2 Sk;(Z) =0
Su(1) = Sj(1) =1 k/




v [J _1(11)J7(Cl2%) + Jyp1(a)J(az?)
Sk(z) — ZSiD(ﬂ"}/) -

1
o N

R'(k) =

), . T(k) = S (e-2ikL)
Sll{:(e—Q’Lk‘L)

kL — '.)/k)OL — 7'('772/’)/



Sk(z) = 2—871Tnﬂ(7\r/j) [J—v—l(a)Jw(aZ%) T ‘]7+1(a)*]—*y(az%)

Sk(e—QikL) il 1

R'(k) =

_ T(k) = :
S (e~ 2kL) € . T(k) S (e-2ikL)

kL = ~vkoL = mmvy

—ima p*J_y—1(a)Jy41(a)
2y —ima?p J_p1(a)Jyp1(a)’
27y
2y —ima2p J_p1(a)yp1(a)’

R'(k) =

T(k) =

1 — 627Tim*y

BT Sisin(ay)



Sk(2) = 2—871;51(;/5) {J—v—l(a)*]w(az%) T J7+1(a)J_7(az%)

Sk(e—QikL) il 1

R'(k) = S;C(e—zikL)_e , T(k) = S (e~2ikL)

kL = ~vkoL = mmvy

—ima p*J_y—1(a)Jy41(a)
2y —ima?p J_p1(a)Jyp1(a)’
27y
2y —ima?p J_yq1(a)Jypa(a)’

R'(k) =

T(k) =

o TR



imapuJ_yp1(a)Jy—1(a)

Ry(k) = .
27 +imatp*J _y41(a)Jy41(a)
—1 *J J
Rr(k) — > Z7T.a,uJ2 Y 1((1) W-I-l(a) |
v —imatp J _y41(a)Jy41(a)
2
T(k) = i

2y —ima?p J_yq1(a)Jypa(a)’

[J. Phys. A 49, 445302 (2016)]



imapuJ_yp1(a)Jy—1(a)

RE(k) = .
2y +imatp*J_y1(a) Jyy1(a)
—1 *J_A_ J
R (k) = : “T.C‘NJQ ¥ 1(a) ’Y+1(a) |
v —imatp J _y41(a)Jy41(a)
2
T(k) = i

2y —ima2p J_p1(a)Jypi(a)’

Classification of the undir. invisible configurations
& common zeros of Bessel functions J, with v € R!

[J. Phys. A 49, 445302 (2016)]



imapuJ_yp1(a)Jy—1(a)

Ry (k) = .
2y +imatp*J_y1(a) Jyy1(a)
—1 *J A J
R (k) = : “T.C‘NJQ —1(a)J541(a) |
v —imatp J _y41(a)Jy41(a)
2
T(k) = i

2y —ima2p J_p1(a)Jypi(a)’

Classification of the undir. invisible configurations
& common zeros of Bessel functions J, with v € R!

Jy+1 and J,_1 have no nonzero common zeros.

Is this true for J,; and J_ 417

[J. Phys. A 49, 445302 (2016)]



Concluding Remarks

— Unidirectional invisibility

— Single-mode inverse scattering

— Dynamical formulation of scattering

— Truncated e 2% potential & Bessel fn. zeros



Concluding Remarks

— Dynamical formulation of scattering in dim.> 2
[F.Loran & A.M. Phys. Rev. A 93, 042707 (2016)]

= Unidirectional invisibility in dim.> 2
[F.Loran & A.M. Proc. R. Soc. A 472, 20160250 (2016)]

Thank you for your attention



Concluding Remarks

— Dynamical formulation of scattering in dim.> 2
[F.Loran & A.M. Phys. Rev. A 93, 042707 (2016)]

= Unidirectional invisibility in dim.> 2
[F.Loran & A.M. Proc. R. Soc. A 472, 20160250 (2016)]

= Criterion for perfect invisibility in dim.> 2

Theorem: Let o> 0 and v(x,y) be such that
v(x, Ry) =0 for all R, < 2a.

Then v(z,y) is omnidirectionally invisible for
all k € [0, «].

[F.Loran & A.M., arXiv:1705.00500]
Thank you for your attention



