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0 Non-selfadjoint Robin Laplacian on an unbounded domain
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Uniformly regular domains

'R. Freeman, Pacific J. Math. 12 (1962), 121-135.
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Uniformly regular domains

Q ¢ R — C*®-smooth uniformly regular domain'; Q¢ := R\ Q, ¥ := aﬂ.J

'R. Freeman, Pacific J. Math. 12 (1962), 121-135.
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Uniformly regular domains

Q ¢ R — C*°-smooth uniformly regular domain!; Q¢ .= R4 \ﬁ, > = GQ.J

ad ~ 7 o
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Uniformly regular domains

Q ¢ RY — C>®-smooth uniformly regular domain'; Q¢ := R \Q, ¥ = 89.J

ad ~ " o

The class includes

(i) Bounded and exterior C>°-smooth domains.
(ii) Hypographs of C°°-functions with bounded derivatives.

(iii) Bent waveguides and layers without increasing oscillations at co.

'R. Freeman, Pacific J. Math. 12 (1962), 121-135.
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Hamiltonians
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Hamiltonians

Neumann trace of u € H*(Q) and its jump for w € H*(Q) & H?(Q°)

Oyuls " ="v(x) - (Vu)|x with v pointing outwards of Q.
[O,w]|s = dywy|s — Oyw_|x with wi = w|q and w_ = w]|qc .
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Oyuls " ="v(x) - (Vu)|x with v pointing outwards of Q.
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Hamiltonians

Neumann trace of u € H*(Q) and its jump for w € H*(Q) & H?(Q°)
Oyuls " ="v(x) - (Vu)|x with v pointing outwards of Q.
[O,w]|s = dywy|s — Oyw_|x with wi = w|q and w_ = w]|qc .

a€ WL(X) :={¢ € L%®(X): |Vy| € L(X)} — complex-valued. J

The Robin Laplacian in L?(2)
Hu = —Au, domH$ = {u e H?(Q): d,uls = auls}.
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Hamiltonians

Neumann trace of u € H*(Q) and its jump for w € H*(Q) & H?(Q°)
Opuly " ="v(x) - (Vu)|z with v pointing outwards of .
[O,w]|x = Oywy|x — Ouw_|x with wy = wlg and w_ = w|qe .

a€ WL(X) :={¢ € L%®(X): |Vy| € L(X)} — complex-valued. J

The Robin Laplacian in L?(2)
Hu = —Au, domH$ = {u e H?(Q): d,uls = auls}.

Schrédinger operator in L2(R9) with d-interaction on &

HXw=(-Awy)® (—Aw_),
domHZ ={wy & w_€ H*(Q) & H*(Q°): wy |y = w_|5, [O,w]r =aw|s}
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Objectives
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Proposition

H and HZ are m-sectorial.
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Proposition

H and HZ are m-sectorial.

HS, HZ are also m-sectorial under weaker assumptions than o € W2 ().
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Proposition

H and HZ are m-sectorial.

H, HZ are also m-sectorial under weaker assumptions than oo € W21 (X).

Imz

-Sep i ={z € C: |Imz| < tanfRe(z — x)} Vo Suo
with x e R, 0 € (0,5 < Rz
- for m-sectorial H, o(H) C S, ¢ with proper x, 6
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Proposition

H and HZ are m-sectorial.

H, HZ are also m-sectorial under weaker assumptions than oo € W21 (X).

Imz
B, §x,9 ={z e C: \ﬂlmz! < tanfRe(z — x)} 10 Suo
with x e R, 0 € (0,5 7 N-.
- for m-sectorial H, o(H) C S, ¢ with proper x, 6
Can one get better spectral enclosures for HS! and HZ? J
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Proposition

H and HZ are m-sectorial.

H, HZ are also m-sectorial under weaker assumptions than oo € W21 (X).

Imz
-Sep i ={z € C: |Imz| < tanfRe(z — x)} Vo S

with x e R, 0 € (0,5 7 N-.
- for m-sectorial H, o(H) C S, ¢ with proper x, 6

Can one get better spectral enclosures for HS! and HZ? J

Local and global absence of non-real spectrum for some complex a. )
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PT-symmetric waveguide as a special case

°D. Borisov and D. Krej&itik, IEOT 62 (2008), 489515
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PT-symmetric waveguide as a special case

Q=Rx(-%,5), L=X, UX_where Y. =R x {£7} J
¥
T } 7 S
Q —J-s-———= > |
° v
Z, |

°D. Borisov and D. Krej&itik, IEOT 62 (2008), 489515
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PT-symmetric waveguide as a special case

Q=Rx(-%,5), L=X, UX_where Y. =R x {£7} J

at :=aly, and oy = a_.

°D. Borisov and D. Krej&itik, IEOT 62 (2008), 489-515-
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PT-symmetric waveguide as a special case

Q=Rx(-%,5), L=X, UX_where Y. =R x {£7} J
/l\y
B } 7 S
Q =TGso==== = |
° v
Z, |

at :=aly, and oy = a_.

Hamiltonian of P7T-symmetric waveguide

(i) J-selfadjoint with (Ju)(x,y) = u(x, —y); (HZ)* = JHSJ.
(ii) o(H?) C R if ay = iB where 3 € Go(R) N WL (R) is real and odd.
(iii) If and only if condition for o(H) C R can hardly be found.

°D. Borisov and D. Krej&itik, IEOT 62 (2008), 489-515-
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Outline

© Spectral enclosures
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Universal spectral enclosures |

*R. Freeman, Pacific. J. Math. 12 (1962), 121-135.
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Universal spectral enclosures |

Truncated parabolic region for xg < x; <0 and kK > 0
Pk =1{z€C: Rez > xq,|[Imz| < k(Rez — xo)l/z}.

*R. Freeman, Pacific. J. Math. 12 (1962), 121-135.

V. Lotoreichik (NPI CAS) Non-self-adjoint waveguides... 08.06.2017 8 /19



Universal spectral enclosures |

Truncated parabolic region for xg < x; <0 and kK > 0
Pk =1{z€C: Rez > xq,|[Imz| < k(Rez — xo)l/z}.

Theorem (BEHRNDT-LANGER-VL-ROHLEDER )

o(HY) C Pryxs.k and a(HE) C Py yy 0

*R. Freeman, Pacific. J. Math. 12 (1962), 121-135.
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Universal spectral enclosures |

Truncated parabolic region for xg < x; <0 and kK > 0
Prosxk ={z2€C:Rez > x1,|[Imz| < k(Rez — x0)1/2}.

Theorem (BEHRNDT-LANGER-VL-ROHLEDER)

o(HY) C Pryxs.k and a(HE) C Py yy 0

- X0,X1, kK, yo,¥1,¢ depend

on a and X.
. - such a result was known
e for compact 9Q°
e - p-subordinate additive

perturb.: (MARKUS-
MATSAEV-81, Wyss-10)

- varying Robin coefficient is

a non-additive perturbation.
*R. Freeman, Pacific. J. Math. 12 (1962), 121-135.
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Universal spectral enclosures Il

Neighbourhood of R,

D(R) ={z e C: dist(z,R;) < R} for R > 0.
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Universal spectral enclosures Il

Neighbourhood of R,
D(R) ={z e C: dist(z,R;) < R} for R > 0.

Theorem (BEHRNDT-LANGER-VL-ROHLEDER )

For any x <0, 0 € (0,%) and 3 € (0,3) there exist a,b > 0

o(HE) C S UD(al|all3’) and  o(HE) C Sxo UD(bl|al|z,”)
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Universal spectral enclosures Il

Neighbourhood of R,

D(R) ={z e C: dist(z,R;) < R} for R > 0.

Theorem (BEHRNDT-LANGER-VL-ROHLEDER)

For any x <0, 0 € (0,%) and 3 € (0,3) there exist a,b > 0

o(HE) C S UD(al|all3’) and  o(HE) C Sxo UD(bl|al|z,”)

1

-B=17

- Note that 6 is arbitrary.
1.6 UD(al|a]| 7 - for relatively compact
additive perturbations
GOKHBERG-KREIN-69,

CUENIN-TRETTER-16
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Spectral enclosures for HX with compact

*A.A. Abramov, A. Aslanyan, and E. B. Davies, J. Phys. A 34 (2001), 57-72.
°R.L. Frank, Bull. Lond. Math. Soc. 43 (2011), 745-750.
°L. Fanelli, D. Krej¢iik and L. Vega, arXiv:1506.01617.
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Spectral enclosures for HX with compact

Assume that ¥ ¢ R is compact.

O-ess(HE) = R+. J
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Spectral enclosures for HX with compact

Assume that ¥ ¢ R is compact.

O-ess(HE) = R+. J

Theorem (BEHRNDT-LANGER-VL-ROHLEDER )

For d > 3 there exists .. > 0 such that o(HX) = Ry for ||al/eo < .

*A.A. Abramov, A. Aslanyan, and E. B. Davies, J. Phys. A 34 (2001), 57-72.
°R.L. Frank, Bull. Lond. Math. Soc. 43 (2011), 745-750.
°L. Fanelli, D. Krej¢iik and L. Vega, arXiv:1506.01617.
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Spectral enclosures for HX with compact

Assume that ¥ ¢ R is compact.

O-ess(HE) = R+. J

Theorem (BEHRNDT-LANGER-VL-ROHLEDER)

For d > 3 there exists .. > 0 such that o(HX) = Ry for ||al/eo < .

Theorem (BEHRNDT-LANGER-VL-ROHLEDER )

For d = 2 there exist a., c > 0 such that
o(HD\Ry € {z€C: |z <200 (—gdiz) ), for oo < n.

*A.A. Abramov, A. Aslanyan, and E. B. Davies, J. Phys. A 34 (2001), 57-72.
°R.L. Frank, Bull. Lond. Math. Soc. 43 (2011), 745-750.
°L. Fanelli, D. Krej¢iik and L. Vega, arXiv:1506.01617.
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Spectral enclosures for HX with compact

Assume that ¥ ¢ R is compact.

O-ess(HE) = R+. J

Theorem (BEHRNDT-LANGER-VL-ROHLEDER)

For d > 3 there exists .. > 0 such that o(HX) = Ry for ||al/eo < .

Theorem (BEHRNDT-LANGER-VL-ROHLEDER )

For d = 2 there exist a., c > 0 such that
o(HD\Ry € {z€C: |z <200 (—gdiz) ), for oo < n.

Preceeding related results for complex regular potentials*°:.

*A.A. Abramov, A. Aslanyan, and E. B. Davies, J. Phys. A 34 (2001), 57-72.
°R.L. Frank, Bull. Lond. Math. Soc. 43 (2011), 745-750.
°L. Fanelli, D. Krej¢iik and L. Vega, arXiv:1506.01617.
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Enclosures for PT-symmetric waveguides
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Enclosures for PT-symmetric waveguides

x kER\ {1}, B = (ir) @ (—ir) w.rt. [2(X) = L3(Zy) © L3(Z ).
* po=min{1,x%}, p1 = min({1,4, %} \ {x0})
* Q=R x (-%,%) and a(Hg) = [uo, 0).
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Enclosures for PT-symmetric waveguides

x kER\ {1}, B = (ir) @ (—ir) w.rt. [2(X) = L3(Zy) © L3(Z ).
* po=min{1,x%}, p1 = min({1,4, %} \ {x0})
* Q=R x (-%,%) and a(Hg) = [uo, 0).

Fix a compact set F C C with FNR C (—o0, p1)

J’.‘
120 1
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Enclosures for PT-symmetric waveguides

x kER\ {1}, B = (ir) @ (—ir) w.rt. [2(X) = L3(Zy) © L3(Z ).
* po=min{1,x%}, p1 = min({1,4, %} \ {x0})
* Q=R x (-%,%) and a(Hg) = [uo, 0).

Fix a compact set F C C with FNR C (—o0, p1)

J’.‘
120 1

Theorem (VL-SiecL-17)

There exists v = y(k, F) > 0 such that c(HO)NF C R fora = ay ® a_
with ap = @ and ||a — Bllec < 7.
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Enclosures for PT-symmetric waveguides

x kER\ {1}, B = (ir) @ (—ir) w.rt. [2(X) = L3(Zy) © L3(Z ).
* o= min{l,ﬁz}. H1= min({174”£2} \ {1o})
* Q=R x (-%,%) and a(Hg) = [uo, 0).

Fix a compact set F C C with FNR C (—o0, p1)

J’.‘
Ho M1

Theorem (VL-SiecL-17)

There exists v = y(k, F) > 0 such that c(HO)NF C R fora = ay ® a_
with ap = @ and ||a — Bllec < 7.

Non-real spectrum of Hg does not appear near low-lying real spectrum. J
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Necessity of the assumption x # 1
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Necessity of the assumption x # 1

For 8 =i@® (i), (x = 1), holds o(HY) = [1, 00).
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Necessity of the assumption x # 1

For 8 =i@® (i), (x = 1), holds o(HY) = [1, 00).

For any € > 0 there exists z € C, |z —i| < ¢, such that for a =z ® Z.

o(HY) = {Xo, A1, M1} + Ry, X € R, ImA; > 0.
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Necessity of the assumption x # 1

For 8 =i@® (i), (x = 1), holds o(HY) = [1, 00).

For any € > 0 there exists z € C, |z —i| < ¢, such that for a =z ® Z.

o(HY) = {Xo, A1, M1} + Ry, X € R, Im\; > 0.

Im A

Re A Mo(z),M(z) 2 1asz —i.

A1
—_—
Ao
—_—
A
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Necessity of the assumption x # 1

For 8 =i® (i), (k = 1), holds o(HY) = [1, 00).

For any € > 0 there exists z € C, |z —i| < ¢, such that for a =z ® Z.

o(HY) = {Xo, A1, M1} + Ry, X € R, Im\; > 0.

Im A

Re A Mo(z),M(z) 2 1asz —i.

A1
—_—
Ao
—_—
A

There exists arbitrarily small perturbation of 5 =i @ (—i) which creates
non-real spectrum in any compact domain in C intersecting [1, c0).
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Outline

© !deas of the proofs
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Parabolic regions arise as intersection of sectors
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Parabolic regions arise as intersection of sectors

Consider the BVP for 1) € L2(X) and z € C\ Ry
{—Au = zu, in Q

dyuls =, on T &)
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Parabolic regions arise as intersection of sectors

Consider the BVP for 1) € L2(X) and z € C\ Ry
{—Au = zu, in Q

dyuls =, on T &)

The BVP (x) is uniquely solvable in H1(Q). J
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Parabolic regions arise as intersection of sectors

Consider the BVP for 1) € L2(X) and z € C\ Ry

—Au=zu, in Q
B (*)
auu’Z - 1/}7 on X
The BVP (x) is uniquely solvable in H1(Q). J

Neumann-to-Dirichlet map Aq(z): L2(X) — L3(X)

Na(z)Y := uy|x where uy, is the unique solution of ().
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Parabolic regions arise as intersection of sectors

Consider the BVP for 1) € L2(X) and z € C\ Ry

—Au=zu, in Q
B (*)
auu’Z - ¢7 on X
The BVP (x) is uniquely solvable in H1(Q). J

Neumann-to-Dirichlet map Aq(z): L2(X) — L3(X)

Na(z)Y := uy|x where uy, is the unique solution of ().

Foralln <n. <0
| < Clltmalles - [[Aa(n)] - [Re (Hu, u)

‘Im(ng u) 2() 12(Q) ~ 77}-
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Parabolic regions arise as intersection of sectors

Consider the BVP for 1) € L2(X) and z € C\ Ry

—Au=zu, in Q
B (*)
auu’Z - ¢7 on X
The BVP (x) is uniquely solvable in H1(Q). J

Neumann-to-Dirichlet map Aq(z): L2(X) — L3(X)

Na(z)Y := uy|x where uy, is the unique solution of ().

Foralln <n. <0
| < Clltmalles - [[Aa(n)] - [Re (Hu, u)

‘Im(ng u) 2() 12(Q) ~ 77}-

o(HY) Sn.o(n) for 1 < m. and using decay of [[Aq(n)|| as n — —oc

xo x1,k = ﬂ Sq 0(n)-

UAUE
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Galkowski-Smith bounds and spectral enclosures for HZ

7). Galkowski and H. Smith, Int. Math. Res Notices 16-(2015), 7473-7509.
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Galkowski-Smith bounds and spectral enclosures for HZ

Assume that ¥ (= 09) is compact. Recall Q¢ :=R?\ Q.

7). Galkowski and H. Smith, Int. Math. Res Notices 16-(2015), 7473-7509.

V. Lotoreichik (NPI CAS) Non-self-adjoint waveguides... 08.06.2017 15 /19



Galkowski-Smith bounds and spectral enclosures for HX

Assume that ¥ (= 09) is compact. Recall Q¢ :=R?\ Q.

Na(2),Aae(2): L2(X) — L2(X) — Neumann-to-Dirichlet maps. J

7). Galkowski and H. Smith, Int. Math. Res Notices 16-(2015), 7473-7509.
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Galkowski-Smith bounds and spectral enclosures for HX

Assume that ¥ (= 09) is compact. Recall Q¢ :=R?\ Q.

Na(2),Aae(2): L2(X) — L2(X) — Neumann-to-Dirichlet maps.

As(2) = (Aa(2) 4+ Aae(2) ™) z€ C\ Ry

7). Galkowski and H. Smith, Int. Math. Res Notices 16-(2015), 7473-7509.
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Galkowski-Smith bounds and spectral enclosures for HX

Assume that ¥ (= 09) is compact. Recall Q¢ :=R?\ Q.

Na(2),Aae(2): L2(X) — L2(X) — Neumann-to-Dirichlet maps. J

As(2) = (Aa(2) 4+ Aae(2) ™) z€ C\ Ry |

Birman-Schwinger principle
zco(HD)\ Ry <= 1€ o(ahs(2)).

7). Galkowski and H. Smith, Int. Math. Res Notices 16-(2015), 7473-7509.
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Galkowski-Smith bounds and spectral enclosures for HX

Assume that ¥ (= 09) is compact. Recall Q¢ :=R?\ Q.

Na(2),Aae(2): L2(X) — L2(X) — Neumann-to-Dirichlet maps.

As(2) = (Aa(2) 4+ Aae(2) ™) z€ C\ Ry

Birman-Schwinger principle
zco(HD)\ Ry <= 1€ o(ahs(2)).

We combine BS-principle and sharp upper bounds’ on [|As(2)].

7). Galkowski and H. Smith, Int. Math. Res Notices 16-(2015), 7473-7509.
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Definite type spectra for tensor products
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Definite type spectra for tensor products

Let T be a J-self-adjoint operator in a Hilbert space (H, (-, ")).
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Definite type spectra for tensor products

Let T be a J-self-adjoint operator in a Hilbert space (H, (-, ")).

Definite type spectra (LANGER-MARKUS-MATSAEV-97)
A€oy (T)(N€o__(T)) if and only if

(i) there exists {u,} C dom T, |lua|| =1, ||(T — N)ua|| — 0,

(ii) liminf,—oo(£Jup, up) > 0 for any such sequence {up}.

V. Lotoreichik (NPI CAS) Non-self-adjoint waveguides... 08.06.2017



Definite type spectra for tensor products

Let T be a J-self-adjoint operator in a Hilbert space (H, (-, ")).

Definite type spectra (LANGER-MARKUS-MATSAEV-97)
A€oy (T)(N€o__(T)) if and only if

(i) there exists {u,} C dom T, |lua|| =1, ||(T — N)ua|| — 0,

(ii) liminf,—oo(£Jup, up) > 0 for any such sequence {up}.

o4y (T)Uo__(T) CR.
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o4y (T)Uo__(T) CR.

m-sectorial operators Ty, To,and T =T @ bL+1; ® T,
Te=hTidinHy, k=1,2; T* =JTJ in H1 ® H> for J=J1 ® J
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Definite type spectra for tensor products

Let T be a J-self-adjoint operator in a Hilbert space (H, (-, ")).

Definite type spectra (LANGER-MARKUS-MATSAEV-97)
A€oy (T)(N€o__(T)) if and only if

(i) there exists {u,} C dom T, |lua|| =1, ||(T — N)ua|| — 0,

(ii) liminf,_oo(£Jun, up) > 0 for any such sequence {up}.

o4y (T)Uo__(T) CR.

m-sectorial operators Ty, To,and T =T @ bL+1; ® T,
Te=hTidinHy, k=1,2; T* =JTJ in H1 ® H> for J=J1 ® J

We developed a way of finding o+ (T) relying on the properties of Ty, T2.J
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Applying abstract method to P77 -symmetric waveguide
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Applying abstract method to P77 -symmetric waveguide

Tlf = —f”, domT1 = HZ(R),
Tof = —f", dom T, = {f € H*(—%,5): if(£F) = f'(£5)} k # L.
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Applying abstract method to P77 -symmetric waveguide

Tlf = —f”, domT1 = H2(R),
Tof = —f", dom T, = {f € H*(—%,5): if(£F) = f'(£5)} k # L.

o(T2) = {n*}nen U {x?}, po = mino(T2), pa = min(o(T2) \ {10}). )

B=ik®(=ik), Hf =T1® b+ 1 ® Tz in L2(Q) = L2(R) ® L*(-5, 5). J

Proposition (VL-SiEGL-17)

0++(H%) = [po, p1) and G——(Hg) =0.

++
Ko 241
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Applying abstract method to P77 -symmetric waveguide

Tlf = —f”, domT1 = H2(R),
Tof = —f", domTo = {f € H*}(—%,%): isf(£3) = f/(£5)}, & # L.

o(T2) = {n*}nen U {x?}, po = mino(T2), pa = min(o(T2) \ {10}). )

B=ik®(=ik), Hf =T1® b+ 1 ® Tz in L2(Q) = L2(R) ® L*(-5, 5). J

Proposition (VL-SiEGL-17)

0++(H%) = [po, p1) and G——(H%) =0.

++
Ko 241

Claims on HE for more general a are obtained via stability of oy, under
small perturbations (Azizov, BEHRNDT, JONAS, PHILIPP, TRUNK,...).
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Summary
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m-sectorial Hamiltonians

(i) Robin Laplacians with complex coefficients.

(ii) Schrodinger operators with J-interactions of complex strength.
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(ii) Schrodinger operators with d-interactions of complex strength.

Domains can have non-compact boundaries, covering waveguides. )

Universal spectral enclosures

Spectra are contained in truncated parabolic regions.
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(i) Robin Laplacians with complex coefficients.

(ii) Schrodinger operators with d-interactions of complex strength.

Domains can have non-compact boundaries, covering waveguides. )

Universal spectral enclosures

Spectra are contained in truncated parabolic regions.

d-interactions supported on compact ¥ C RY, d > 3

Absence of non-real spectrum for weak interactions (||al/co < ax(X)).
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m-sectorial Hamiltonians

(i) Robin Laplacians with complex coefficients.

(ii) Schrodinger operators with d-interactions of complex strength.

Domains can have non-compact boundaries, covering waveguides. )

Universal spectral enclosures

Spectra are contained in truncated parabolic regions.

d-interactions supported on compact ¥ C R?, d > 3

Absence of non-real spectrum for weak interactions (||al/co < ax(X)).

PT -symmetric waveguides

Non-real spectrum can be excluded in a compact set F C C satisfying
certain geometric condition.
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Thank you for your attention!
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