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Description of the model

@ metric graph with N finite edges

@ on each edge damped wave equation
atth(t,X) + 23](X)8tWJ'(t’X) = aXXM/j(tvx) + bj(X)Wj(th)

o the ansatz wj(t, x) = e*uj(x) allows us to rewrite equation it
as
Drct(x) — (W + 2031(x) — bi())j(x) = 0

o we define \;(\) := /A2 + 2Xa;(x) — b;(x) and for aj, b
ij\jx

constant on each edge we obtain solutions e

@ coupling conditions at the vertices
(U-NHV+i(U+ NV =0

@ substituting for W and W’ one obtains the secular equation



@ alternatively, eigenvalues of the operator

0 /
H—
</;‘Xi +B —2A> ’
with diagonal N x N matrices A and B

@ the domain of the operator consists of functions
(¥1(x), 2(x))T with components of both 17 and 15 in
W?2(e;) and satisfying the coupling conditions

(U-NV+i(U+ NV =0,

at the vertices



Location of eigenvalues and high frequency abscissas

Theorem

If X is an eigenvalue of H with nontrivial imaginary part
Im(\) # 0, then its real part satisfies

_ ZjNZl folj aj(x)|uj(x)|? dx
S ()13

where uj(x) denotes the corresponding wavefunction components.

Re(\) =

)

Corollary

Let us consider a damped wave equation on the graph I' with
damping functions on the edges aj(x) and potentials bj(x). Denote
the average of the damping function on each edge by a;. Then all
high frequency abscissas lie in the interval [— max; a;, — min; a;].
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Location of high frequency abscissas

@ we say that wq is a high frequency abscissa of the operator H
if there exists a sequence of eigenvalues of H, say {\,}°°;,
such that

lim Im A\, = 00 and lim Re\, = wg = Re cés).
n—o00 n—oo

Theorem

Let I be a graph with standard coupling which contains a cycle of
N edges of length one with averages of damping coefficients on all

of the edges of the cycle equal to a. Then there is a high frequency
abscissa at —a.
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Pseudo-orbit expansion

@ pseudo-orbit expansion used earlier for quantum graphs
(Band, R., Harrison, J. M., and Joyner, C. H. Finite pseudo
orbit expansion for spectral quantities of quantum graphs.
J. Phys. A: Math. Theor., 2012. vol. 45, p. 325204)

@ graph I replaced by a directed graph I'>
@ a periodic orbit is a closed trajectory on the graph >

@ an irreducible pseudo-orbit 7 is a collection of periodic orbits
where none of the directed bonds is contained more than once

@ let m5 denote the number of periodic orbits in 7,
Ly = Ze@ Aele where the sum is over all directed bonds in ¥

o the coefficients A5y = l,,e5A,, with A, given as
multiplication of entries of S(\) along the trajectory ~;.



Theorem

The secular equation for the damped wave equation on a metric
graph is given by

3 (~1)™ As(A) exp(—L5(A)) = 0

5

where the sum goes through all irreducible pseudo-orbits 7.
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Number of distinct high frequency abscissas

Theorem

Let I' be an equilateral graph with N edges of the length 1. Let us
assume a damped wave equation on I with damping and potential
functions constant on each edge aj(x) = aj, bj(x) = b; and with
general coupling for a given unitary matrix U. Then there exist
numbers ny € N, cés) €C,s=1,...,2N and c; € R such that for
every n > ng all eigenvalues of H are within the following set

2N oo
{\ Al <2mo}u ) | B (27rni+ $), %) :
s=1n=ng

where B(xp, r) denotes the circle in the complex plane with center
Xo and radius r.
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Theorem

Let I be a graph with N edges all of which have lengths equal to
1, (general) Robin coupling at the boundary and standard coupling
otherwise. Let us suppose that the graph is bipartite, i.e. it does
not have any closed cycle of odd length (there is no such a
sequence of odd number of edges in which the m-th and

(m+ 1)-th edges, including both the last and first one, have a joint
vertex). Then for any damping functions bounded and C? at each
edge there are at most N high frequency absicssas.

. . . ()
@ in the secular equation only the terms with e?%

. . . (s)
@ polynomial equation in e>%  of N-th order — at most N roots
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Theorem

Let I be a tree graph with N edges all with unit length, Robin
coupling at the boundary and standard coupling otherwise. Let us
suppose that all vertices have odd degree. Then there always exists
such a damping for which the number of high frequency abscissas
is greater than or equal to N.

@ the first term of the n expansion of the secular equation can
be written as (for simplicity we omit n to the corresponding
power)

CNe2a1+2az+---+2aNyN + CN_le231+232+“'+23N—1 [1_|_
) <efz(a,\,,lfa,\,)>} YNl
+ Gye?at2a [1 +0 (6_2(32_33)” v+

+ Cre? [1 +0 (efz(alf‘”))] y+C=0,
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oweuse L ay K a1 K€Ky
o for y being close to €722 the last two terms are dominant

@ hence for the roots of the previous polynomial equation of the
N-th order we get

Y= — Cjcjl 023 [1 Lo (e_z(a,-_am))] ’
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Example — two loops with different damping coefficients

ag a1
az ai

az a

@ secular equation

sinh g&l sinh giz

2

(5\1 + 5\2)sinh 3()\1;—>\2) + (5\1 _ 5\2) sinh 3()‘1_)‘2)] —0.

@ using the asymptotic expansion A\, = 2mwin + cés) + 0 (%) one
obtains

Arin (esnin+g(a1+a2+2<:o) _ e—GWi"_%(al+az+2C°)> +0(1)=0



@ and hence

c(()s):_al—;az-F%, s€{0,...,5}

e from the equation sinh (%S\J()\n)> = 0 we have

s 1 .
3aj + 3¢, ) + O <n> = 27is

i
c(()s):—aj—i—%ls, s€{0,1,2}

o three sequences of eigenvalues —ay, —ap, — 452
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@ spectrum of a graph in the previous figure, a1 = 2, a» =1,
b1 =0, b=0
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Example — star graph with nonequal lengths of the edges
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@ spectrum of a star graph with different lengths of the edges,
h=1 hL=1,5=1.03



Conclusion

o for an equilateral graph there is at most 2N high frequency
abscissas

o for a bipartite equilateral graph there is at most N high
frequency abscissas

o for a tree equilateral graph with odd degree of vertices there
exists such a damping that there is at least N high frequency
absissas
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