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The Spacecraft Rendez-Vous Problem

Linearized Equation of the In-Plane Motion
2 3
Z'(t) + (4 —) z(t)=c

- 1+ ecost

@ Approximating solutions with polynomials.
o Validating approximate solutions with certified error bounds.
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@ Linear Ordinary Differential Equation over compact interval /:
FO(E) + a1 () FC () + -+ ar () (t) + ao(t)F(t) = g(t).

The functions a; and g are supposed to be at least continuous.
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L=0"+2a.10" '+ +a0+a Cr(1) = Co(1),
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L-f = g,
By, f = (Vor....vi1). Lo 4>
1-+ecost

Bz =(z(t),Z'(t))
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Existence and Uniqueness of the Solution

Theorem (Picard-Lindel6f — linear case)

The linear operator:
(L,By,):C"(I) = C°(1) x R",

is a (bicontinuous) isomorphism, which means that:

@ The solutions of the linear differential equation form a r-dimensional
affine space.

e For fixed initial conditions at ty, there is one and only one solution.

Some problems:
@ How to find approximate solutions?
@ How to bound the error of an approximate solution?
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e Rigorous Polynomial Approximations (RPAs): ultra-arithmetics
(Epstein, Miranker, Rivlin), Taylor models (Makino and Berz),
Chebyshev models (Brisebarre, Joldes).

@ A posteriori validation methods for differential equations:

o Quasi-Newton fixed-point methods (Yamamoto, Lessard)
o D-finite approach and iteration method (Benoit, Joldes, Mezzarobba)
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= K is a compact operator.
e ¢(t) = g(t) + (some function depending on the v;’s).

8/25



Reformulation with Integral Operator

Let Y= £(r) € CO(I) with f(to) =Vv... f(ril)(to) = V,_1.
Then for i € [0,r — 1]

(t—to ' C(t—s) i N
Z G-—n)! Yi /to (r—=1-=0! wd

=i

We get an integral reformulation:

p+K-p=1,

where:

SEE

8/25



Reformulation with Integral Operator

Let Y= £(r) € CO(I) with f(to) =Vv... f(ril)(to) = V,_1.
Then for i € [0,r — 1]

(t—to ' C(t—s) i N
Z G-—n)! Yi /to (r—=1-=0! wd

=i

We get an integral reformulation:

p+K-p=1,

where:

SEE

3 t 3 t
o K- p=t4— —— ds— (4 — ——— d
v ( 1+ecost) /,:0 ipls)ds < 1+ecost) /to sip(s)ds

8/25



Reformulation with Integral Operator

Let Y= £(r) € CO(I) with f(to) =Vv... f(ril)(to) = V,_1.
Then for i € [0,r — 1]

(t—to ' C(t—s) i N
Z G-—n)! Yi /to (r—=1-=0! wd

=i

We get an integral reformulation:

p+K-p=1,

where:

SEE
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o K- p=t4— —— ds— (4 — ——— d
v ( 1+ecost) /,:0 ipls)ds < 1+ecost) /to sip(s)ds

W(t) = ¢ — (2(to) + (£ — )2 (1)) (4 - ;)
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Chebyshev Polynomials

@ The Chebyshev family of polynomials:

To(X) = 1, W
Tl(X) - X7 1 . X 1
Thi2(X) = 2XTni1(X) = To(X). ‘

@ Trigonometric relation:
Ta(cos ) = cos nd.

=Vt e [-1,1],|Ta(t)] < 1.
o We define T_,, = T, for n > 0.
e Multiplication:

1
7—n Tm = E(Tn+m + Tnfm)-

1 Tn+1 Tnfl
Tn —_ - - .
/ 2 (n—l—l n— 1)

@ Integration:
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@ Chebyshev series:
?(t) :ZanTn(t), te [—1,1].
neZ

@ Main question:

f=F 7 (in which sense?)
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Convergence Theorems for Chebyshev Series

o Let AN =%\ anT,

Theorem
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Approximating our Example

3
i i f 4 — —— -1,1 =0.5):
@ Approximation of t — T+ ecost O [-1,1] (e =0.5)
-1 15 1 -1 15 1
a(t) 1.82-0.18 To(t)

lo(t) — (1.82 — 0.18 T»(t))| < 0.007

13/25



© The Validation Algorithm

14/25



The Almost-Banded Structure of the Operator K

K- so(t)— aj(t> / “i),so(s)ds

15/25



The Almost-Banded Structure of the Operator K

K. so(t)— aj(t> / “i),ds)ds Zﬁ, ) [ Toets)s.

to

15/25



The Almost-Banded Structure of the Operator K

K. so(t)— aj(t> / “i),ds)ds Zﬁ, ) [ Toets)s.

to

15/25



The Almost-Banded Structure of the Operator K

K. so(t)— aj(t> / “i),ds)ds Zﬁ, ) [ Toets)s.

to

i—j
i+

15/25



The Almost-Banded Structure of the Operator K

Kw@—- Mﬂ/gi——vw@ﬁ 53@ [WﬁW@M

Ti T [ TiTi

.y i—j—1

itJ i+j+1

15/25



The Almost-Banded Structure of the Operator K

K. so(t)— aj(t> / “i),ds)ds Zﬁ, [T,-(s)so(s)ds

t
Ti T Jo TiTi
0 0 0
o i—j—1
i—j
4 o 1/i
1ty i+j+1

15/25



The Almost-Banded Structure of the Operator K

K. so(t)— aj(t> / “i),ds)ds Zﬁ, [T,-(s)so(s)ds

t
Ti T Jo TiTi
Lo 0 to 1/i
. i—j—1
i—j
Ti o 1/i
1ty i+j+1

15/25



The Almost-Banded Structure of the Operator K

a,(r) = ),sD(S)dS—ZﬁJ ) [ et

t
Ti T;Ti ST
10 0 t0 1/i?
. i—j—1
f—J
T L 1/i
1ty i+j+1

15/25



The Almost-Banded Structure of the Operator K

a,(r) = ),sD(S)dS—ZﬁJ ) [ et

t t
Ti ET" ffl TJ-T,- ﬁjffl TJ'T"
—deg 5;
o 0 to 1/i2 } !
degﬁj
i—j—1—deg B
. i—j—1
i—j
Ti L 1/i
1ty i+j+1

i4j+1+deg B;

15/25



The Almost-Banded Structure of the Operator K

a,(r) = ),sD(S)dS—ZﬁJ ) [ et

t t
Ti TiTi ST BiJ L TiTi
—deg B;
o 0 to 1/i2 } !
degﬁj
i—j—1—deg B
i— i—j—1
ti o 1/i 1Bjll<a /i
1ty i+j+1 o
i+j+1+deg B

15/25



The Almost-Banded Structure of the Operator K

a,(r) = ),sD(S)dS—ZﬁJ ) [ et

t t
Ti TTi f717'jT,- ﬁjfflTjTi
—deg 3;
10 0 t0 1/i? }{ j i2
/i dog i1/
i—j—1—deg §
i i—j—1
Ti L /i 1Bjlla /i
1ty i+j+1 o
i+j+1+deg B

15/25



The Almost-Banded Structure of the Operator K

Mﬂ/(t y¢@m—§)z ) [ et

t t
T T ISTT s T
—deg B;
10 0 +0 1 2 }{ . 2
/i dog i1/
i—j—1—deg g;
i i—j—1
ti o 1/i 1Bjll<a /i
I+ i+j+1 o
i+j+1+deg B

b ety = Griede )

15/25



The Almost-Banded Structure of the Operator K
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The Almost-Banded Structure of the Operator K

0000000000
0000000000
000000 OOOGS

L d
Laad
90000000000
0000000000
90000000000
0000000000
0000000000000 00000000000000000000000000
\l/ 000000000000000000000000000000000000000 . 0
9000000 COOCIOIOIOIOIOIOIIOIOITS ......QOOOQQQQQQQOOJ
0000000000000 00CCFCPPIOOPOPOPOOIOIOPIOIOPIOIOIOIEOIOIEOITOITOPIT
90000000000
090000000000
0000000000
90000000000
0000000000
0000000000
0000000000
00000 OOOIOS
00000 OOGOOIOIS
90000000000
00000000000
90000000000
0000000000
900000000
0000000
000000
LA R N N N 2

i=0

The infinite-dimensional operator K.
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The Almost-Banded Structure of the Operator K
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i=0

The final-dimensional truncation KM,
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The Almost-Banded Structure of the Operator K - Example

3 ‘ 3 ¢
K-p=t{4d-——"— -4+ —
v ( 1+ecost> /t'J (s)ds + ( * 1+ecost) /to sip(s)ds
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The Almost-Banded Structure of the Operator K - Example

t t
K- p=x (1.73T1(t)70.09T3(t))/ p(s)ds + (71.82+0.18Tz(t))/ so(s)ds
I«
PYE ’ a0 °
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The Almost-Banded Structure of the Operator K - Example

K-p=~ (1.73T1(t) — 0.09T3(t)) | ¢(s)ds+ (—1.82+0.18T2(t)) | sp(s)ds

Bo(t) Ba(t)

L0 00667 032250 036000  0.ISSIT .07  0.0S675 0.0MM4 00033 0.02363  -0.01SE 0.0556  0.01000 00030  -0.00979 0.008235  -0.00722 0006385  -0.00S67 0.005058  -0.004556

L7000 D.6SE0D 0SS 041 0LISHI 007208 0.00909 0002 002U 002062 0.0UMS 0.01417 001298 0098 00072 0.007723 -D.OOSTRA 0006007  -0.00SG 0.0M0E  -0.0043%6

0320000 005000 -0.274S8 -0.03000 0.0993  -0.006ST] 0.0MSID  -0.0M000 0.00300  -0.00233 0001675  -0.001S% 0.0012  -0.00I0S1 0.000997  -0.0008M 0.0007M  -0.00063 0.000562  -0.000504 0.000455

005000 0.109583  0.030000 0I5 00000 003042 0.0057T1  -0.0026%5 0.001429 -0.00115  0.000509 -0.00070 0.00025  -0.000536 0.000482 0000402 0.000353  -0.000313 0.000219  -0.000250 0000226

oz o vosmy o ooessr o oo o oomsE o o o o o o o o o o o o
0 o o nomE 0 o o noelee o owe o o 0 o 0 o 0 o 0 o 0
o o oo0ws o ooes o oo o oouse o ooz o o o o o o o o o o
o o o oo o oo o o.omon o om0 oose o o o o o o o o o
o o o o oo o s o oosze o oo o oo0ms o o o o o o o o
0 o 0 o 0 s 0 voms o oo o nusal o oo o o 0 o 0 o 0
o o o o o o ooz o sosm o o005 0 nowst o ooos o o o o o o
o o o o o o o ooz o oess o oo o noms o oo o o o o o
o o o o o o o o ooose o nome o ooz o nome o o007 o o o o
0 o 0 o 0 o 0 o 0 o.ons o noms 0 osest 0 vozel o o.oost 0 o 0
o o o o o o o o o o oooe o om0 oo0ms o ooz o o000z o o
o o o o o o o o o o o oo o oz o o0 o noms2 o oo o
o o o o o o o o o o o o oo o vz o ooms o sose o 0.000065
0 o 0 o 0 o 0 o 0 o 0 o 0 om0 b o o o b 0
o o o o o o o o o o o o o o o0 o s o oo0mss o 0,003
o o o o o o o o o o o o o o o .00 o ooum o o.o0sss o
o o o o o o o o o o o o o o o o o000 o EXTE 0.002395
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Approximate Solution - Example

e We want to solve z"(t) + (4 - m) z(t) = ¢ with z(-1) =0,
Z(-1)=1land c =1
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o ~ Equivalent to (I + K[N]) - =1 where p = 2.

@ We have a matrix representation of T + KM,
@ iy~ —0.82Ty —1.7371 + 0.18T, + 0.09T5.

18/25



Approximate Solution - Example

We want to solve z"(t) + (4 - m) z(t) = ¢ with z(—-1) =0,
Z(-1)=1land c =1

~ Equivalent to (I + K[N]) - =1 where p = 2.

We have a matrix representation of I + KM
1~ —0.82Tp — 1.73T; + 0.18T, + 0.09 T3.
Hence, by inverting the linear system, we get:
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Approximate Solution - Example

e We want to solve z"(t) + (4 - m) z(t) = ¢ with z(-1) =0,
Z(-1)=1land c =1
o ~ Equivalent to (I + K[N]) - =1 where p = 2.

@ We have a matrix representation of T + KM,

e Y~ —0.82T5 —1.73T7; +0.18T, + 0.09T3.
Hence, by inverting the linear system, we get:

$=-06To—1.19T1 +0.62T> +0.1773 — 0.05T4 — 0.01Ts
4+21-1073T6 +32-10°T7 —5.8-10 °Tg —7.6-10 °To +1.2-10 ° Ty
+1.4-107"T11 —1.9-107 8712 —2.0- 107 °T13 +2.6 - 10 " Ty4 +2.5- 107" Tus
—3.0-10 T —26-10 Tz +3.0-10 ™ Tyg +2.5-10 2 Tyo — 2.6 - 10 1° Ty
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General Ideas for Validation of Linear Problems

@ Recall: For the integral equation of unknown ¢

we want to validate an approximate solution ¢:

1$ = " [[ua.
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@ Recall: For the integral equation of unknown ¢
we want to validate an approximate solution ¢:

1$ = " [[ua.

@ Naive method:
18— ¢l < 1T+ K) |3+ K - @ — 9|

But problems:

o How to compute ||(I + K) *||qz rigorously?

o Computational time issues.

o Big overestimations due to interval arithmetics.
o Tightness of the bound?
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General Ideas for Validation of Linear Problems

@ Recall: For the integral equation of unknown ¢
(I+K) o =1,
we want to validate an approximate solution ¢:
16— & [l
@ Reformulation as a fixed point equation:
p+tK-o=9p =T o=,

T o=¢p—A (0+K-p—1), A~ (I+K) " injective.
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General Ideas for Validation of Linear Problems

@ Recall: For the integral equation of unknown ¢

we want to validate an approximate solution ¢:
16— @* .
@ Reformulation as a fixed point equation:

p+K-p=veT o=9,

T o=¢p—A (0+K-p—1), A~ (I+K) " injective.

@ If IDT|qyr = |T- AT+ K)|luq: = k <1, T is contractive and we
get a tight enclosure of the approximation error:

IT-o—bllr _ = . IT - & — Pl
I T < |g- < =
1+ k <@ =@l < 1k
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Computing an Approximate Inverse Matrix

We are looking for an approximate inverse matrix:

A~(I+K)
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Computing an Approximate Inverse Matrix

We are looking for an approximate inverse matrix:
A~ (I+KM)-L

Two possible approximation methods:
e Computing the (dense) inverse, using Olver and Townsend’s
algorithm: O(n?(h + d)).

ecoccssssssssl
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Computing an Approximate Inverse Matrix

We are looking for an approximate inverse matrix:
A~ (I+KM)-L

Two possible approximation methods:

e Computing the (dense) inverse, using Olver and Townsend’s
algorithm: O(n?(h + d)).

eccocsssssscns
seecccccccssssl

e Computing an (#’, d’) almost-banded approximate inverse:

O(n(K + d")(h + d)).
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Approximate Inverse for our Example

21/25

016182

0.55137

o013

0137573

0,007

0.c0m91

0.c00031

0.000259

o.000003

0.c00008

0.c00000

0.000000

o.000000

0.c00000

0.c00000

0.000000

o.000000

0.c00000

0.c00000

0.000000

o.000000

0.8

Lt

0233655

0. 152050

0.02027

0.007936

0.000830

o.00022

0.00023

0.000006

0.000000

5000000

o.000000

0.000000

0.000000

5000000

o.000000

0.000000

0.000000

5000000

o.000000

0.305806

o527

Lisol

o.07538

0.06001

0.000289

0,009

0.00012

0.000075

0.000003

0.000002

0.800000

0.200000

0.000000

0.000000

0.800000

0.200000

0.000000

0.000000

0.800000

0.200000

0,207

0.4

0162217

1156558

o.010m

o020

0.000576

000781

o.000016

0.000032

0.000000

0.500001

0.000000

0.000000

0.000000

0.500000

0.000000

0.000000

0.000000

0.500000

0.000000

o.0328m

0.063655

0. 147580

0.005202

Lovsars

0.c00521

0.020050

0.000017

o.0008

0.c00000

0.c0004

0.000000

o.000000

0.c00000

0.c00000

0.000000

o.000000

0.c00000

0.c00000

0.000000

o.000000

o.02535

0.010815

0.020251

0048363

o.001761

Loz

0.000072

001355

0.000002

0.000666

0.000000

5000067

0.000000

0.000000

0.000000

5000000

0.000000

0.000000

0.000000

5000000

0.000000

0.022158

0.004034

0,014

0.000503

0.025165

0.000033

Lozssse

0.800001

0.005855

0.000000

0.000075

0.800000

0.200004

0.000000

0.000000

0.800000

0.200000

0.000000

0.000000

0.800000

0.200000

o.016158

0.002705

0.012961

0.002026

o001

0.0

0.000046

Loz

o.000001

0.007508

0.000000

0.000357

0.000000

0.000003

0.000000

0.500000

0.000000

0.000000

0.000000

0.500000

0.000000

o012

0,002

0.c05885

0.000322

0.0

0.000018

0,024

0.800001

Losea

0.000000

0.005523

0.800000

0,000

0.000000

0.c00002

0.800000

o.000000

0.000000

0.c00000

0.800000

o.000000

0.009552

0.002035

0.007675

0.000261

o.000656

0.000555

0.000027

0008381

o.000001

Loz

0.000000

0004758

0.000000

0.00022¢

0.000000

5000001

0.000000

0.000000

0.000000

5000000

0.000000

o.00mi

0.00m97

0.006197

0.500250

o.000522

0.000015

0.000385

0.800000

0.006380

0.000000

L.ooseze

0.800000

0.003965

0.000000

0.000184

0.800000

0.200001

0.000000

0.000000

0.800000

0.200000

0.006386

o.001567

0.005110

0.000227

o.000443

0.000020

0.000016

0.000307

o.000001

o.005544

0.000000

Lowsal

0.000000

0003335

0.000000

0.000154

0.000000

0.000001

0.000000

0.500000

0.000000

0.005385

0.001389

0.c04285

0.000198

o.000m2

0.000011

0.c00020

0.800000

0.000241

0.000000

0.004527

0.800000

Loosst

0.000000

0.c02815

0.800000

0.000131

0.000000

0.c00000

0.800000

o.000000

0.00455E

0001201

0.003645

0000174

0000216

0.000010

0.00013

0000002

0.000000

0.00015¢

0.000000

0003767

0.000000

Loosras

0.000000

5002450

0.000000

0.000113

0.000000

5000000

0.000000

o002

0.001089

0,008

0.000153

0.000m2

0.000009

0.c0011

0.800000

0.200001

0.000000

0.000151

0.800000

0.003105

0.000000

Lootsia

0.800000

0.00218

0.000000

0.00009

0.800000

0.200000

o.00413

0.000535

0.002731

0.000136

0.000287

0.000008

0.000010

0.500000

0.000000

0.000001

0.000000

0.000135

0.000000

0002725

0.000000

Lows

0.000000

o.00188

0.000000

0.000085

0.000000

0.002597

0.00083

0,008

0.000121

o.00008

0.000007

0.c00005

0.800000

o.000000

0.000000

0.c00001

0.800000

o.0001

0.000000

0.c02364

0.800000

Lo

0.000000

0.c01675

0.800000

0,000

0.002652

0000745

000212

0.000108

o.000084

0.000006

0.000008

0.500000

0.000000

0.000000

0.000000

5000001

0.000000

0.000100

0.000000

5002088

0.000000

Loozw

0.000000

500145

0.000000

o.0084

0.000675

0.001892

0.500098

o.000184

0.000008

0.c00007

0.800000

o.000000

0.000000

0.000000

0.800000

0.200000

0.000000

o.000088

0.800000

0.001825

0.000000

Looas7a

0.800000

0,004

0002128

o.000611

0.0016%5

0.000088

o.000047

0.000005

0.000006

0.500000

0.000000

0.000000

0.000000

0.500000

0.000000

0.000000

0.000000

0.000077

0.000000

o.00162

0.000000

Lowss

0.000000

0.001915

0.000555

0.c01532

0.500080

0.00013

0.000005

0.c00005

0.800000

o.000000

0.000000

0.c00000

0.800000

o.000000

0.000000

0.c00000

0.800000

0.00006

0.000000

0.00151

0.800000

L0020z



Approximate Inverse for our Example

21/25

01512

0,553

o013

o133

0.003107

0.007751

0252083

L

0.233895

01250

.07

o.007536

0.308505

o.5um7

L7800

0. 075375

0. 060441

0.000285

0,003

0.2

o.7m2

o.16227

11sesse

004077

0.0

o.001781

0.632680

0.063655

0. 147580

0.c05202

Lensars

0. 020450

o.c008

0.025%89

o.00818

o.0:51

0.048383

000161

Lo

0.01359%

o.000656

0.022468

0,000

0. 013304

0. 0005z

0. 025185

1.osses

0. sosess

0016158

0.002m5

0012561

0002026

000125

0.0

Loxnz

0.007508

o.012178

0.00228

0. cosese

0.00745

0.012120

Lemsezs

0.00s523

0,003

0.00235

o.007675

0.000886

0.000855

0.008981

Loz

0,008

o.q0m8

0.00m57

0. 006157

0.000523

0. w0635

Loosezs

0. 503985

0.006385

0.001587

o.005110

0

0.005504

o

L.oosos1

0

0,003

0.005355

0,008

0.00t285

0

0. 004521

o

LousTes

0

0. 002845

0.004555

0.00100

o.003645

0.003787

LotsTie

0.002450

0,002

0.00085

0.003136

0. w3185

0

Looises

0. 562145

0003013

0.00093

o.002731

00025

Lonzse

0.00108

0.002597

o.000838

0. 002356

0

0.coz3st

o

Lewm2

0

0.001675

0,002

0,000

o.00212

o

0.002088

0

Loz

o

0.001496

0.002384

o.000675

0.001852

o

0. 501625

0

Loosra

o

0. 001344

0.002128

0.000611

o.001655

0

000162

o

Lonzsss

0

o.001915

0.000585

0.001532

0.00s1

Lo



Computing the Operator Norm (1/2)

@ Decomposition of the operator norm:

- AT+ K)llus < [T - AT+ KM)[ua + AK — KM,
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Computing the Operator Norm (1/2)
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@ Decomposition of the operator norm:
1= AT+ K) s < [T AL+ K)o + JAK = K)o

o Addition and Multiplication are trivially handled.
e Computing Y'-norm = maximum of 1-norms of the columns.
e With (', d")-almost-banded A: O(n(h + d")(h + d)).

In our case, the approximation error is:

II-A (1 n K[N]) | < 1.5-1073



Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM
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Computing the Operator Norm (2/2)
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Computing the Operator Norm (2/2)
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Computing the Operator Norm (2/2)
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

@ Direct computation

o Apply A and direct
computation.
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0oo000
0000000 coe . .
IASAAASRANRI @ Direct computation
+ .
A L : o Apply A and direct
oo computation.
eee o
L 1SS PN @ Bound the remaining infinite
B I8 8880668808 number of columns:
|
. . . .
.::‘:::::::::. e Using the bounds in 1/i and
! 14333308929 1/i%: possibly big
| .:::1::::: overestimations.
L TIT3sedse e Using a first order d|fFeren§e
method: differences in 1//
-4
A(K — K[N]) and 1/i%.
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0ooo00
000000000

(XXX R RXTR @ Direct computation

@ Apply A and direct
computation.

A

@ Bound the remaining infinite
number of columns:

o Using the bounds in 1/i and
1/i%: possibly big
overestimations.

e Using a first order difference
method: differences in 1/

A(K _ K[N]) and 1/[4.

Truncation error of the example
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0ooo00
o000 000000 ) i
IAAAAAAAAA @ Direct computation
A 1 o Apply A and direct
L 2 .
o, : computation.
! ..
L 1SS PN @ Bound the remaining infinite
B 18388686 0OPUNNN number of columns:
|
'::::::::}:::. o Using the bounds in 1/i and
! 15388808288 1/i%: possibly big
IRSSSOSSSS: overestimations.
L TITYsees o Using a first order difference
method: differences in 1/
A(K — KM and 1/i*.
Truncation error of the example
1.3-1073
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0ooo00
000000000

IAAAAARSAAI @ Direct computation
A 1 o Apply A and direct
oo 1 computation.
eee )
L 4SS SUNNNNN @ Bound the remaining infinite
B ':333535:3:5:. number. of columns: . .
I .:::::::J::::. ° Usgg the _boun(#s in1/i and
0000000000 1/i°: possibly big

i eoooocoe overestimations.
L ! A0SO BB o Using a first order difference
method: differences in 1/i2
A(K - KM) and 1/i*.

Truncation error of the example

1.3-1073 52-1073
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0ooo00
000000000

IAAAAARSAAI @ Direct computation
A 1 o Apply A and direct
oo 1 computation.
eee )
L 4SS SUNNNNN @ Bound the remaining infinite
B ':333535:3:5:. number. of columns: . .
I .:::::::J::::. ° Usgg the _boun(#s in1/i and
0000000000 1/i°: possibly big

i eoooocoe overestimations.
L ! A0SO BB o Using a first order difference
method: differences in 1/i2
A(K - KM) and 1/i*.

Truncation error of the example

1.3-103 52-1073 94-103+27-103
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0ooo00
000000000

IAAAAARSAAI @ Direct computation
A 1 o Apply A and direct
oo 1 computation.
eee )
L 4SS SUNNNNN @ Bound the remaining infinite
B ':333535:3:5:. number. of columns: . .
I .:::::::J::::. ° Usgg the _boun(#s in1/i and
0000000000 1/i°: possibly big

i eoooocoe overestimations.
L ! A0SO BB o Using a first order difference
method: differences in 1/i2
A(K - KM) and 1/i*.

Truncation error of the example

1.3-1073 52-1073 1.21-1072
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Computing the Operator Norm (2/2)

IT— AT+ K)|[gx < [T— AT+ EK)[lgs + [JAK — KM

— o000 0ooo00
000000000

IAAAAARSAAI @ Direct computation
A 1 o Apply A and direct
oo 1 computation.
eee )
L 4SS SUNNNNN @ Bound the remaining infinite
B ':333535:3:5:. number. of columns: . .
I .:::::::J::::. ° Usgg the _boun(#s in1/i and
0000000000 1/i°: possibly big

i eoooocoe overestimations.
L ! A0SO BB o Using a first order difference
method: differences in 1/i2
A(K - KM) and 1/i*.

Truncation error of the example

1.3-103 52-1073 121-1002 = 1.21-102
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Bring our Example to the End

e k<15-107%+1.21-10"2.
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Bring our Example to the End

o k<1.36-10"2
o IT-¢—llu = [A(F+K - — )| =6.48-1071°.
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Bring our Example to the End

o k<1.36-10"2
o IT-¢—llu = [A(F+K - — )| =6.48-1071°.

@ Hence:

6.48 - 10716 < G- - 6.48 - 10716
11k = lwmede = 1k
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Bring our Example to the End

o k<1.36-10"2
° IT ¢ -l = [A(F+K - —v)]u =6.48-1071°.

@ Hence:

6.39 1071 < P = || <  6.57-1071°

24/25



Conclusion and Possible Extensions

@ A general software to certify Chebyshev approximations of solutions
of LODEs with polynomial coefficients.
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Conclusion and Possible Extensions

@ A general software to certify Chebyshev approximations of solutions
of LODEs with polynomial coefficients.

o A simple generalization to LODEs with continuous coefficients.
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Conclusion and Possible Extensions

@ A general software to certify Chebyshev approximations of solutions
of LODEs with polynomial coefficients.

o A simple generalization to LODEs with continuous coefficients.

@ Future directions:

o Non-linear ODEs.
o Other orthogonal families of polynomials.

e A COQ implementation to certify this algorithm.
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