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Simple Hurwitz numbers:

ELSV Formula [ Ekedahl, Lando, Shapiro, Vainshtein]
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Simple Hurwitz numbers:

ELSV Formula [ Ekedahl, Lando, Shapiro, Vainshtein]
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Simple Hurwitz numbers:

ELSV Formula [ Ekedahl, Lando, Shapiro, Vainshtein]
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i) Riemann Hurwitz: m = 2g — 2 + I(k) + Y ki.
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Simple Hurwitz numbers:

ELSV Formula [ Ekedahl, Lando, Shapiro, Vainshtein]
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1) b2z = Gl Ca €3 G
i) Riemann Hurwitz: m = 2g — 2 + I(k) + Y ki.
i)

g ,(=1)")\; is the total Chern class of the dual of the Hodge bundle



Monotone Hurwitz numbers:

ELSV-type Formula [ ALS; DK ]
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Monotone Hurwitz numbers:
ELSV-type Formula [ ALS; DK |

( )f/vx exp (301 Arkr) X

&,L(k)

 (2(ki+d;)—1)1

XH Zd>0¢ 2k—1||

(Ek I[Cld] C/dh (\72, .,jzkl.)CE

N Le<
i) h* oz =
i) Riemann Hurwitzz m=2g — 2+ I(k) + >k



Logic Fock Polynomiality Conclusions
000 0000 000

s
o

DOSS
0000

TR Givental
0000

ELSV
000 000

Monotone Hurwitz numbers:
ELSV-type Formula [ ALS; DK |
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i) h‘k§
i) Riemann Hurwitzz m=2g — 2+ I(k) + >k
i) exp (— o7, AU = 32 (2k + D)IU-.
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Monotone Hurwitz numbers:
ELSV-type Formula [ ALS; DK |
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i) Riemann Hurwitzz m =2g — 2+ I(k) + 3_ k..

i) exp (— o7, AU = 32 (2k + D)IU-.
v)

Corollary of Eynard's Formula.



r-orbifold Hurwitz numbers:

JPT ELSV Formula [ Johnson, Pandharlpande Tseng |
(Specialising G =Z/rZ,U : 1 — e =0

2g—24+n—3Y" [k]
= mlr<8— > (i) H[k]|><

T S mg(— 1N
X fm ~ =0 ki )
ERIGI ) PR 27

«O» «Fr « =>»

« =

DA



ELSV TR Givental DOSS Yrs Logic Fock Polynomiality Conclusions
0000 [e]e]e} [e]e]e} 0000 0000 o] 000 0000 000

r-orbifold Hurwitz numbers:
JPT ELSV Formula [ Johnson, Pandharlpande Tseng |
(Specialising G =Z/rZ,U : 1 — e’ oy =0.)

[k]
= mlr26=2tn=2 ) ] {‘

T Yiso(=1)'N
IR, ki )
g0 TL(1—+v)

C,'d]. C(,

o 1 [
g,k (2 ki)!

.....



ELSV TR Givental DOSS Yrs Logic Fock Polynomiality Conclusions
0000 [e]e]e} [e]e]e} 0000 0000 o] 000 0000 000

r-orbifold Hurwitz numbers:
JPT ELSV Formula [ Johnson, Pandharlpande Tseng |
(Specialising G =Z/rZ,U : 1 — e’ oy =0.)

[k]
= mlr26=2tn=2 ) ] {‘

Xff T Zizo(_l)i/\i
Moo T1,0-Zyy)

I) h [’] —
i) Rlemann Hurwitz: m = 2g — 2+ I(K) 4+ Y. ki/r.

= s [Cial G

.....



ELSV TR Givental DOSS Yrs Logic Fock Polynomiality
0000 [e]e]e} [e]e]e} 0000 0000 o] 000 0000

r-orbifold Hurwitz numbers:

JPT ELSV Formula [ Johnson, Pandharipande, Tseng |
(Specialising G =Z/rZ,U : 1 — e’ F = 0.)
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admissible covers with monodromy group G to M, "R
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r-orbifold Hurwitz numbers:

JPT ELSV Formula [ Johnson, Pandharipande, Tseng |
(Specialising G =Z/rZ,U : 1 — e’ F = 0.)

e gk k[ 1
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# X x \ :
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— X g TR
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i) h [r] = (Zk =[Gl Cr...nC) Ci

i) Rlemann Hurwitz: m = 2g — 2+ I(K) 4+ Y. ki/r.

i) The class . 3",2(—1)"\ is the pushforward from moduli space of
admissible covers with monodromy group G to Mg,

iv) ki = [k,-]r + (k,)

(k)"



r-spin Hurwitz numbers:

r-ELSV Formula [ Zvonkine Conjecture]
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r-spin Hurwitz numbers:

r-ELSV Formula [ Zvonkine Conjecture]
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r-spin Hurwitz numbers:

r-ELSV Formula [ Zvonkine Conjecture]
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r-spin Hurwitz numbers:

r-ELSV Formula [ Zvonkine Conjecture]
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i) Riemann Hurwitz: m = (2g — 2+ I(k) + 3. ki)/r.

iii) Ch(r,1,r— (ii)) is the Chiodo class with parameters determined by the

remainders of the partition k.
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r-spin Hurwitz numbers:

r-ELSV Formula [ Zvonkine Conjecture]
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i) B = (el Cial. Ca €y G
i) Riemann Hurwitz: m = (2g — 2+ I(k) + 3. ki)/r.
i) Ch(r,1,r—
remainders of the partition k.
iv) ki = [ki]r + (ki).

(iZ)) is the Chiodo class with parameters determined by the
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ELSV-type formulae connect the intersection theory of a certain
class on the moduli space of curves with the count of Hurwitz
coverings with certain prescribed conditions.
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ELSV-type formulae connect the intersection theory of a certain
class on the moduli space of curves with the count of Hurwitz
coverings with certain prescribed conditions.

Structure of ELSV-type formulae:

. o,condition __ SV
Hurwitz numbersng =cx NonPoly(k,-)xlnt(Mgve(E), Class, k;)
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ELSV-type formulae connect the intersection theory of a certain
class on the moduli space of curves with the count of Hurwitz
coverings with certain prescribed conditions.

Structure of ELSV-type formulae:
Hurwitz numberso’%ondition = cxNonPoly (ki) x Int(M, , ), Class, ki)

8,

Remark
These classes define a semi-simple cohomological field theory:

Vay @+ ® Va, = Con(Vays .-, Vay)
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Plan

6.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of
Hurwitz coverings with certain prescribed conditions.

6.2 Topological recursion



Topological recursion

Input: Spectral curve:= (X, x(2), y(2), B(z1, 22))
Output: wg,, symmetric

differentials defined on on " by a universal recursion on 2g —2+n.

Topological recursion
Spectral Curve

-

Invariants w ,.
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Topological recursion

Input: Spectral curve:= (X, x(2), y(2), B(z1, 22))
Output: wg , symmetric

differentials defined on on £*" by a universal recursion on 2g —2+n.
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Correlation differentials wg,, as sum over stable graphs:

. EDGQE
bl

B s (e (141

LEAT

A
(el da e
& (el fgic

«O>r «Fr <

DILATON LEAF
Y., (4011

DA




Correlation differentials w>

.n and cohomological field theories:
r _
Wgn = D
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Correlation differentials w>

g;n

and cohomological field theories:
X _
Wgn= D

al,..-,an

n d: 1d 9
fogortme ot (- 35 o)
g,n _]:1
di,...,dn

The non polynomial part comes from the expansion of £ in x and
its derivatives:
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Correlation differentials wg , and cohomological field theories:

Theorem (Eynard, DOSS)

al’z; / g,n (Va, ® -+ ® va,) ijd < jj d > EIJ(XJ)

di,.. 9o

The non polynomial part comes from the expansion of £ in x and

its derivatives: the coefficients of the correlation differentials w;n

have the structure of right hand sides of ELSV-type formulae.
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Plan

§.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of
Hurwitz coverings with certain prescribed conditions.

§.2 Topological recursion: the coefficients of the correlation
differentials wén have the structure of right hand sides of
ELSV-type formulae.

§.3 Givental theory



Givental theory

Semisimple cohomological field theories are classified by Givental R
matrices (matrix-valued power series): C,, = (R€.a%tP), ,

DILATON LEAF
1 (- rea)

E0GE
;;‘_ -lhk o
| ¥ 87 2N )’>

Tl
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(;_‘.. R(—eﬁ; W a‘)
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Equivalence between ELSV-type formulae and TR for certain

TR: Spectral curve ¥ — Invariants

WI,=didoFgn=di...dy Y.

On the other side we know that:

o,condition _k;
g.k '
k:l(k)=n

I
. n
>
Wgp= g / Con(va @
Al yeeny an ¥ /Vig,n
di,...,dn
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Equivalence between ELSV-type formulae and TR for certain

TR: Spectral curve ¥ — Invariants
>
“e,n

=d;... ang,n =di...d, hO,tiOndltlon ki

L= gk !
k4(k)=n

«O» «Fr « =>»

« =

DA



ELSV TR Givental DOSS Yrs Logic Fock Polynomiality Conclusions
00000 000 (o] Jo} 0000 0000 o] 000 0000 000

Equivalence between ELSV-type formulae and TR for certain ©
TR: Spectral curve ¥ — Invariants

Wk, = di...dpFgn=4di1.. Z hO,COndltlon k
R-0(R)=n

On the other side we know that:

n d; 1 d
ZapY) /Mg, (v @ v [T (‘z,-dz) §()

d17 /
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Equivalence between ELSV-type formulae and TR for certain ©

TR: Spectral curve ¥ — Invariants

> ocond/t/on k
Wen=d1.. . dpFgpn=di...dy Y h”
k.K(k)

On the other side we know that:

L 1.d\
Z/ (R)gn(ve @) [Jud <—Z.dz.)€f,-(xf')
ar,. j=1 A}

di,...
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Equivalence between ELSV-type formulae and TR for certain &
TR: Spectral curve ¥ — Invariants

> ocond/t/on k
Wen=d1.. . dpFgpn=di...dy Y h”
k: K(k)

On the other side we know that:

" 1d\9
Z/ (Ralgalva o) [T (~145) 609
o i j dZj
di,...
Remark

Computing the ingredients R, «, & (by equating monomials in x;)
means proving the equivalence of theorems:

o,condition o,condition
TR0 = ELSV(H2<2"")
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8.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of
Hurwitz coverings with certain prescribed conditions.

§.2 Topological recursion: the coefficients of the correlation
differentials w;n have the structure of right hand sides of
ELSV-type formulae.

§.3 Givental theory: semisimple cohft are classified by the action
of the Givental group

6.4 Identification between topological recursion and Givental
theory



DOSS Identification

the spectral curve?

Question: How to compute the ingredients R, «, £ directly from
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DOSS Identification

Question: How to compute the ingredients R, «, & directly from

the spectral curve?
Answer: Compare each contribution on the stable graphs

separately.

VERTEX




DOSS Identification: explicit formulae for R*, o>, .

i). The local coordinates w; on U;, i =1,...,r, are chosen such
that w;(p;) = 0 and x = (¢;w;)? + x;.
Topological field theory: 7(e;j, ;) = d;;, and

. . . 2 _dy 2g+2—n
agn(en ® - ®ej,) =i, (*2C7C(1w,(0)>
\1/2
. . . B(w; J
Givental matrix: —1R™1(¢Y . [ (wiw)) | =3¢
G / V2w J—oc dw; w;=0
Auxiliary functions £¥: ¥ — C, &(x) = [~ Bwiw)
y Si - g R dw; w;=0
DOSS Test:
2
2cfc (oo R e —1yi 2 dy
V27C .ffx dy e X = Zk:l(R )k 2CRC(1M (0) .
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DOSS ldentification: explicit formulae for R>, o>, £*.
i). The local coordinates w; on U;, i =1,...,r, are chosen such
that W,'(p,') =0and x = (C,'W,')2 + X;.
ii). Topological field theory: 7(e;, &) = dj;, and

—2g+2—n
ag,n(eil R R® el-n) = (5,-1.__,',7 (—2C12C§7;//’(0)> .
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DOSS ldentification: explicit formulae for R>, o>, £*.

i). The local coordinates w; on U;, i =1,...,r, are chosen such
that W,'(p,') =0and x = (C,'W,')2 + X;.
ii). Topological field theory: 7(e;, &) = dj;, and

—2g+2—n
ocg’,,(e,-1 ®--®ej,) =0 i <—2C'2C dy. (O)> :

; e _lp—l(/\ 1 oo B(wi,w)
iii). Givental matrix: —zR™((); = \/ﬁf—oo = w,-':% %
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DOSS ldentification: explicit formulae for R>, o>, £*.

i). The local coordinates w; on U;, i =1,...,r, are chosen such
that W,'(p,') =0and x = (C,'W,')2 + X;.
ii). Topological field theory: 7(e;, &) = dj;, and

—2g+2—n
Oég,n(eil K- e,-n) = (5,’1.__,'" ( 2C C dy (O))
ii). Givental matrix: —2R™(C)Y = <= %, Bleovg) N %—i

dw;

iv). Auxiliary functions 5,-):: Y = C, &i(x) = fX M’ -0’
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DOSS ldentification: explicit formulae for R>, o>, £*.

i). The local coordinates w; on U;, i =1,...,r, are chosen such
that W,'(p,') =0and x = (C,'W,')2 + X;.
ii). Topological field theory: 7(e;, &) = dj;, and

—2g+2—n
ag,n(eil R R® el-n) = (5,-1.__,',7 ( 2C Cq dy. (O)) ¢ .
w2
iii). Givental matrix: R L) = \/? e B(év"n;l%) e T,
iv). Auxiliary functions 5,-):: Y = C, &i(x) = fX deiviv’,-W)’ -0

v). DOSS Test:
2c?¢c oo _‘Liz p
T [ dy e =3 (RTY) (2Ck dwk(o))‘
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Plan
§.1 ELSV-type formulae

6.2 Topological recursion
§.3 Givental theory

§.4 ldentification between topological recursion and Givental
theory

§.5 DOSS ldentification for the spectral curve ¥, s and
consequences.

§.6 A new proof of JPT Formula.



DOSS identification for the spectral curve ¥, :
Y, s= ((C]P’l,x(z) = -7zt logz,y(z) = 2%, B(z1, 2p) = 4292 )

(zi—2)?

i). Choose ¢; = 1/\/72r fori=1,..., r, c=r'ts/"/s. Locally
on Uj: x = —5- + x(pj).

ii). From idempotent to flat basis: v, := 37" (J%/r)e;.
Topological field theory : n(va, vp) =

Z, s,top N . _ 2g—1¢
Og.n (V31 QX Va,,) =r¢ ()al+~~fa,7fs(2g72+n) mod r-

ii). R(c)exp< S, Lt Bals) 1&{)( )ck>

. - r—a ) n |
IV). Ea=r7 ZX (nr+r—a) elnr+r—a)x

n=0 n!

—1¢
r (>a+b mod r» and

v). DOSS test is satisfied.
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DOSS identification for the spectral curve ¥, s:

Y,s= (C]P’l x(z) =—-z"+logz,y(z) =z°,B(z1,22) = %)
i). Choose ¢; = 1/\/—2r fori=1
on U x = — 5 + x(pj).

,r, ¢ =r*s/7 /s Locally
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DOSS identification for the spectral curve X, q:
o= ((C}P’l,x(z) =—z"+logz,y(z) = z°,B(z1,2) = M)

(z1—2)?

i). Choose ¢; = 1/\/—2r fori=1,...,r, c=r'*s/"/s. Locally
on U x = — 5 + x(pj).

ii). From idempotent to flat basis: v, := Zf;&(ﬁ"/r)e;
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DOSS identification for the spectral curve X, q:
o= (CPIJ(Z) =—z"+logz,y(z) = z°,B(z1,2) = M)

(z1—2)?

i). Choose ¢; = 1/\/—2r fori=1,...,r, c=r'*s/"/s. Locally
on U x = — 5 + x(pj).

ii). From idempotent to flat basis: v, := Zf;g(ﬁ"/r)ei.

Topological field theory : 7(va, Vo) = r 8245 mod r» and
zr,sJ:Op(
ai

_ ,2g—1
g:n @ Va,) = r€ 531+---+3n*5(2g*2+") mod r-
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DOSS identification for the spectral curve X, q:
Tos= ((CIP’lvx(z) 2t logz.y(z) = 2%, Blzy. 2) = (482 )

(z1—22)?

i). Choose ¢; = 1/\/—2r fori=1,...,r, c=r'*s/"/s. Locally
on U x = — 5 + x(pj).

ii). From idempotent to flat basis: v, := Zf;g(ﬁ"/r)ei.
Topological field theory : 7(va, Vo) = r 8245 mod r» and

z’ysvtop(
g,n ai

i), R(C) = exp (— . dk(k’il”ck)

— ,2g—-1
'® Va") =r¥ 531+---+an75(2g*2+n) mod r-
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DOSS identification for the spectral curve X, q:
Tos= ((CIP’lvx(z) 2t logz.y(z) = 2%, Blzy. 2) = (482 )

(z1—22)?

i). Choose ¢; = 1/\/—2r fori=1,...,r, c=r'*s/"/s. Locally
on U x = — 5 + x(pj).

ii). From idempotent to flat basis: v, := Zf;g(ﬁ"/r)ei.
Topological field theory : 7(va, Vo) = r 8245 mod r» and

z’ysvtop(
g,n ai

i), R(C) = exp (— . dk(k’il”ck)

V). &, =r7 S0 (orr=a) o(nrtr—a)x,

n=0 nl

— ,2g—-1
'® Va") =r¥ 531+---+an75(2g*2+n) mod r-
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DOSS identification for the spectral curve X, q:
Tos= ((CIP’lvx(z) 2t logz.y(z) = 2%, Blzy. 2) = (482 )

(z1—2)?

i). Choose ¢; = 1/\/—2r fori=1,...,r, c=r'*s/"/s. Locally
on U x = — 5 + x(pj).

ii). From idempotent to flat basis: v, := Zf;&(ﬁ"/r)ei.

Topological field theory : 7(va, Vo) = r 8245 mod r» and

zr,s top
g’ (Vay

_ ,2g—1
g:n @ Va,) = r€ 531+---+3n*5(2g*2+") mod r-

oo diag,_4B %
i) R(O) = o (— 52, 220

iv). =7 Yonr, il elrtr-a)x,

n=0 n!

v). DOSS test is satisfied.




Chiodo’s classes:
For integers r > 1,1 < a1,...,a, < r,0 < s < r such that

(2g—2+n)s—Za;€rZ

Chg.n(r,s; aj) := exexp (— Y, —q(k — 1)Ichy(r, s; 7)) € H*(Mg.n)

B n B =L
(hk(r.s; Aly ey an) — (‘;( li);)hk zl 1 (kk)l()r) 'kJr
B 2) AL 1)k—1 (1))
+ Za 1 /k11 (Ja):e:( ) E"\)z'” (") .
Remark

Chg n(r,s; aj) is given by the Givental R matrix
R*7s(() = exp < > g ng> acting on the

topological field theory o>

«O>» «F>» «E>» «E>»

it
N)
¥l
i)



Chiodo’s classes:

For integers r > 1,1 < a1,...,a, < r,0 < s < r such that

(2g—2+n)s—Za,-€rZ

Chgn(r,s;ai) == exexp (— Y pq(k — 1)lchy(r,s; ai)) € H*(ﬂgm)

«O» «Fr « =>»

« =
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Chiodo's classes:
For integers r > 1,1 < a1,...,a, < r,0 < s < r such that

(2g—2+n)s—Za,- €rz
Chg.n(r,s; ai) = exexp (— >y (k — 1)Ichi(r, s;a7)) € H*(Mg,n)
Biia(2 n B
chi(r,s;a1,...,an) = (li::i)r,)ﬁk -2 kl:r-fl-l wk

B / k—1 11\ k
15300, Bl (), DT
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Chiodo's classes:
For integers r > 1,1 < a1,...,a, < r,0 < s < r such that

(2g—2+n)s—Za,-erZ

Chg.n(r,s; ai) = exexp (— >y (k — 1)Ichi(r, s;a7)) € H*(Mg,n)

Bis1(2 n B
chy(r,s;at,...,an) = (Zt:i)’)fikle 1 klj_sl_1 7/’,(
B / 1 k—1(,11\k
5 i TR i) S
Remark

Chg n(r,s; aj) is given by the Givental R matrix

R*rs(¢) = exp <— i WC") acting on the

topological field theory o>
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Theorem (LPSZ)

r,s

The correlation differentials wén obtained via topological recursion
from the spectral curve ¥, s take the following explicit form:

k: [kj]
r28—2+n+m 1 (*J)

s I I 7
We,n (217"'7Zn):d1®.”®dn s28—2+n [k]| X
j=t
00 Ch, (r,s; r— E)
. & ) > ki

Ki,..kn=1" Me.n Hle(l - TI@bl)

where m = ((Qg —2+n)s+37, kj) /r.
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Theorem (LPSZ)

r,s

The correlation differentials wén obtained via topological recursion
from the spectral curve ¥, s take the following explicit form:

PRNL
r28—2+n+m 1 (*J)

s I I 7
We,n (217"'7Zn):d1®.”®dn s28—2+n [k]l X
j=t
00 Ch, (r,s; r— E)
. & ) > ki

k17-~-7kn:1 mg,n H_/n:]_(]' - %wl)
where m = ((2g =2+ n)s + 3271 k) /r.

Proposition

JPT's class Z/gzo(_l)i)‘i = Chg o(r, rir— (K)) Chiodo’s class
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Corollaries:
‘ Case ‘ Topological recursion ELSV-type formula

The standard Hurwitz

numbers h’;, i

are generated by
—z+logz = z(z)
z=y(z)

The ELSV formula

/ Ay (1)
i 1"' Mo, 1= 11’#]“’1)

holds, where: b=2g —2+n + |il.

The r-orbifold Hurwitz
numbers by

The Johnson-Pandharipande-Tseng formula

polr] u 1 i
g II b Px Zizo(*l) A
= H w /M M, (- By

—2"+logz = z(2) }
z=y(z)

s=r are generated by
—2" +logz = z(2) }
2 =y(2) holds, where: b=2g —2+n+ |i|/r.
The r-spin Hurwitz The r-spin ELSV fmmula
numbers by spin=r por—apin i) Chy 1,7 — ()
s=1 are genemted by = Xl:[ il /Hw H?:l(yl—y %lw‘:) '

holds, where: b= (29 — 2 +n + |])/r.

Conclusions
000



Question: Can we get a new proof of JPT?

I
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Question: Can we get a new proof of JPT?

(v»o%, GIVENTAL ) 4 TR
W
f= ,‘\

\ V EXTRACT
W\
\\

iy DEFINED,

o 2

UA\I SYMMETRIZATION

YOLlHCMlAL\TI
ki

Hmf

SKEW- SYMMETRIZATION

Aark)

‘ CUT-and-JOIN )

ctel+ X

=kl
Ctet+v
SFAC
operators acting on the Fock space

Conclusion: It suffices to prove quasi-polynomiality. Let us use A

=

Conclusions
000
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Semi-infinite wedge formalism
Vector space V := @ ., Ve spanned by the vectors that are
obtained from

0) ;= z7 V2N 232 N 2752 0

by applying a finite number of the operators

i€Z+1)/2.

Vi =z'A and ¢} = 8'
0z
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Semi-infinite wedge formalism
Vector space V := @ ., Ve spanned by the vectors that are
obtained from

0) ;= z7 V2N 232 N 2752 0

by applying a finite number of the operators

Vi =2z A and ¢} = ic€Z+1)2.

0z!
Grading:

|0) € Vo, degv; =1, degypf =—1, i€Z+1/2.
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Semi-infinite wedge formalism
Vector space V := @ ., Ve spanned by the vectors that are
obtained from

0) ;= z7 V2N 232 N 2752 0

by applying a finite number of the operators

Vi =2z A and ¢} = ic€Z+1)2.

0
oz
Grading:

|0) € Vo, degv; =1, degypf =—1, i€Z+1/2.
Basis for Vj:

vy = Z>\1—1/2 A z>\2—3/2 A Z>\3—5/2 N

for A= (A1 >+ > Xyn) > 02>---) Young diagram.



Classical operators (Okounkov-Pandharipande)
Define the following operators on Vy:

Ypr, >0
Ei;:= "
_7/11' 7/7i
Fn:

if j<O0.
Fo = C = charge,

F1 = E = energy
(Z) o Z ez(kfn 2)E/<7n./< + (SO,/v,"/Q(Z)

keZ+1/2

Where ((z) = €72 — e %/2 = 25sinh(z/2).

Qp = § Ek n,k

k n#0
k€Z+1/2

'

: [“/r “m] = N0n+m,

«O» «Fr « =>»

« =

DA
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Classical operators (Okounkov-Pandharipande)
Define the following operators on Vj:

= {1
—yry; ifj<0.
kn
Fpi= Z —Ep ks Fo = C = charge,
keZ41/2

Polynomiality Conclusions
0000 000

F1 = E = energy
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Classical operators (Okounkov-Pandharipande)
Define the following operators on Vj:

O
—¢7¢; if j<O.
kn
Fo= Y —Exx,  Fo=C=charge, JFi=E =energy
nl
keZ+1/2

En(z) = Y, EWTIE L+ 600/((2)
keZ+1/2

Where ((z) = e#72 — e7%/2 = 25sinh(z/2).
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Classical operators (Okounkov-Pandharipande)
Define the following operators on Vj:

g vy ifj>0
Y e ifj <0

kn

Conclusions
000

Fp = Z —Ep k, Fo = C = charge, F1 = E = energy
nl "

kE€Z+1/2

En(z) = Y, EWTIE L+ 600/((2)
keZ+1/2

Where ((z) = e#72 — e7%/2 = 25sinh(z/2).

Qp = Z Ek—n,ka n 7& 0; [amam} = né”'ﬁ"‘”’

keZ+1/2



Semi-infinite wedge formalism for r-orbifold Hurwitz numbers

. e 0 u™
A, ) = 37 p
g=0

-3 <e %)

m!

[ ]
_&r
<Here 2a_y.e —uf2e r>

Sk, ki ( k}“) <HAE:rk]f::>(k:'-U)>

[ki]!

A[}f](z u)=r" f(%(ruZ))Z7 Z(({(ruz)))ék, n(uz) (Johnson)

«4O0)>» «Fr «=Er» « =)

DA



Semi-infinite wedge formalism for r-orbifold Hurwitz numbers

(R ) = 3

gk m!’
g=0

a3 — k- * m
=z<efffr,l%f>%

<He/ e 2a_y.e —uf2e

SO B S
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(Johnson)
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Semi-infinite wedge formalism for r-orbifold Hurwitz numbers

H"['](E, u):= Z h"[f]u—

gk m!’
g=0

-y <ea—,ﬁfzmﬂ&>-um

: m!
¢ ; ki !
_ 1

ar _ _
I & <He7e”‘7:2a_k’_e “2e
iR ;

1

.
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r
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Semi-infinite wedge formalism for r-orbifold Hurwitz numbers

H(k, u) Zhgk —

o 1T Ok \ U™
:gZ:%<er-7‘—2H k,-k>m!

i

1 & ulfF, —uF, —r *
= = ||ere 2a_y.e M2e
Hikf ; '
1
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Semi-infinite wedge formalism for r-orbifold Hurwitz numbers

[1(k, u) Zhg}k —
— Z%<e“r’fzmH O‘I;k,-> %
o

i

1 ar uF: —uF, .—Sr *
:Hk Here ‘e e

i
! i




Idea of the proof:

i). Enough to show polynomiality of connected correlators for ki,
by symmetry.

ii). Show rationality in k1, for fixed [ko], ..., [kn], (k1), ..., (kn)
and fixed power of u, using vanishing near the covacuum and
imposing zero total energy.

iii). Extend the rational function everywhere except possibly at

finitely many poles at negative integers and compute the
residues.

«4O0)>» «Fr «=Er» « =)

it
N)
¥l
i)
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Idea of the proof:

i). Enough to show polynomiality of connected correlators for ki,
by symmetry.

ii). Show rationality in ky, for fixed [ko], ..., [kn], (k1),. .., (kn)
and fixed power of u, using vanishing near the covacuum and
imposing zero total energy.
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Idea of the proof:

i). Enough to show polynomiality of connected correlators for ki,
by symmetry.

ii). Show rationality in ky, for fixed [ko], ..., [kn], (k1),. .., (kn)
and fixed power of u, using vanishing near the covacuum and
imposing zero total energy.

iii). Extend the rational function everywhere except possibly at
finitely many poles at negative integers and compute the
residues.



Idea of the proof:

iv). Check that
Resg=—1 Ay (u, [K]r + (k) = cA_ o (u, Ir — (k)71

v). This condition implies the vanishing of the residues in all
connected correlators, obtain from the disconnected by
inclusion-exclusion formula, except in the two cases
(g,n) =(0,1),(0,2) corresponding to the unstable correlators.

vi). Compute the degree of the polynomial in ki and check that
does not depend on the choice of the other parameters. In
fact itis 3g — 3+ n.

«4O0)>» «Fr «=Er» « =)

it
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¥l
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Idea of the proof:
iv). Check that

Fock Polynomiality Conclusions
[e]e]e} 0e00 [e]o]e}

Resy——1 Ay (u, [K]r + (k) = cA_ o (u, Ir — (k).
v). This condition implies the vanishing of the residues in all

connected correlators, obtain from the disconnected by
inclusion-exclusion formula, except in the two cases

(g,n) =

(0,1),(0,2) corresponding to the unstable correlators.
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Idea of the proof:

iv). Check that
Resg——; Ay (u, [K]r + (k) = cA_ oy (u, Ir — (k))~L.

v). This condition implies the vanishing of the residues in all
connected correlators, obtain from the disconnected by
inclusion-exclusion formula, except in the two cases
(g,n) =(0,1),(0,2) corresponding to the unstable correlators.

vi). Compute the degree of the polynomial in k; and check that
does not depend on the choice of the other parameters. In
factitis 3g — 3+ n.
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Quasi-Polynomiality Results:

DLPS): hgTL,]: E(k[k]i PRI (ky - k)
KLS): hm:: I (50 PEY (ke ki)
Ks) = IO A G k)
D S L

i [k,]l g,n
for stable (g, n), where P are polynomials in kq, ..., k, whose
coefficients depend on the parameters (k;).
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ctle X >+
<A AL ety
00K

DL PS BHSLM LPSZ

(Def.) = (Quasi-Poly) & (Cut-and-Join) "= ( TR) = (JPT)
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Resume

§.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of
Hurwitz coverings with certain prescribed conditions.
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Resume

§.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of
Hurwitz coverings with certain prescribed conditions.

§.2 Topological recursion: the coefficients of the correlation

differentials wén have the structure of right hand sides of

ELSV-type formulae.
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Resume

§.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of

Hurwitz coverings with certain prescribed conditions.

§.2 Topological recursion: the coefficients of the correlation
differentials wén have the structure of right hand sides of
ELSV-type formulae.

§.3 Givental theory: semisimple cohft are classified by the action
of the Givental group
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Resume

§.1 ELSV-type formulae: connect the intersection theory of a
certain class on the moduli space of curves with the count of
Hurwitz coverings with certain prescribed conditions.

§.2 Topological recursion: the coefficients of the correlation
differentials wén have the structure of right hand sides of
ELSV-type formulae.

§.3 Givental theory: semisimple cohft are classified by the action
of the Givental group

6.4 Identification between topological recursion and Givental
theory: computing the ingredients R, «, £ means proving the
equivalence of theorems:

o,condition o,condition
TR(R M0 s ELSV (K <2"H0")



The case of X, s

Consider the particular spectral curve ¥, s =

(CP]',X(Z) =-z'+ logzﬁy(z) o ZS*, 8(21722) o

ledZQ
(z1—2)?
Obtain the equivalence of theorems

and compute the ingredients R>"s, a>ns, £>rs by DOSS.
TR(h>"®

g,

) = ELSV(h;’;f)

and recover known equivalences for s = 1 and for s = r = 1.

For the case s = r obtain TR(h>". ™M) — JpT

— As a consequence, JPT implies a proof of TR. However,

proofs of TR for orbifold Hurwitz are already obtained from
JPT by extracting the quasi-polynomiality property and
combining it with cut-and-join equation, but this implies

forgetting a lot of informations from JPT.

In order to obtain a new proof of JPT, an independent proof
of quasi-polynomiality is needed (and sufficien

Q.
«0O»r 4 > <«

> « =
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The case of X, s

<CP1,X(Z) =—2z"+logz,y(z) = z°,B(z1, ) = (z1—22)?

— Consider the particular spectral curve ¥, s =
dzidz )
1 1 Xrs s s
and compute the ingredients R*", a*"s £*" by DOSS.
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The case of ¥, ¢

— Consider the particular spectral curve ¥, s =
(CPLx(2) =~ + logz.y(2) = 2. B(ar.22) = (245 )

and compute the ingredients R>"s, a>"s, £>rs by DOSS.
— Obtain the equivalence of theorems

TR(h) = ELSV(h"¥)

and recover known equivalences for s = 1 and for s = r = 1.
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The case of ¥, ¢

— Consider the particular spectral curve ¥, s =

(CPLx(2) =~ + logz.y(2) = 2. B(ar.22) = (245 )

and compute the ingredients R>"s, a>"s, £>rs by DOSS.
— Obtain the equivalence of theorems

TR(h) = ELSV(h"¥)

and recover known equivalences for s = 1 and for s = r = 1.
— For the case s = r obtain TR(hZ"E_Orb’fOld) <~ JPT

)
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The case of ¥, ¢

— Consider the particular spectral curve ¥, s =
(CIP’l’x(Z) =—z"+logz,y(z) =2°,B(z1,22) = M)

T (21— 2)?

and compute the ingredients R>"s, a>"s, £>rs by DOSS.
— Obtain the equivalence of theorems

TR(h) = ELSV(h"¥)

and recover known equivalences for s = 1 and for s = r = 1.
— For the case s = r obtain TR(h;’:{O’b’f"’d) ~— JPT

— As a consequence, JPT implies a proof of TR.
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case of ¥, ¢

Consider the particular spectral curve ¥, s =
(CIP’l’X(Z) =—z"+logz,y(z) =2°,B(z1,22) = M)

T (21— 2)?

and compute the ingredients R>"s, a>"s, £>rs by DOSS.
Obtain the equivalence of theorems

TR(h) = ELSV(h"¥)

and recover known equivalences for s = 1 and for s = r = 1.
For the case s = r obtain TR(h;’:{O’b’f"’d) ~— JPT

As a consequence, JPT implies a proof of TR. However,
proofs of TR for orbifold Hurwitz are already obtained from
JPT by extracting the quasi-polynomiality property and
combining it with cut-and-join equation, but this implies
forgetting a lot of informations from JPT.



ELSV
00000

The

TR Givental DOSS >s Logic Fock Polynomiality Conclusions
000 [e]e]e} 0000 0000 o] 000 0000 oeo

case of ¥, ¢

Consider the particular spectral curve ¥, s =
(CIP’l’X(Z) =—z"+logz,y(z) =2°,B(z1,22) = M)

T (a—=z)?
and compute the ingredients R>"s, a>"s, £>rs by DOSS.

Obtain the equivalence of theorems
TR(hg:I;Z ) — ELSV(hg:E’ )

and recover known equivalences for s = 1 and for s = r = 1.
For the case s = r obtain TR(h;’:{O’b’f"’d) ~— JPT

As a consequence, JPT implies a proof of TR. However,
proofs of TR for orbifold Hurwitz are already obtained from
JPT by extracting the quasi-polynomiality property and
combining it with cut-and-join equation, but this implies
forgetting a lot of informations from JPT.

In order to obtain a new proof of JPT, an independent proof
of quasi-polynomiality is needed (and sufficient).
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