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D€ Z[M.--,Kﬂ oF DEGREE 7

[%° THAT FoR |x\="T GEWERrIC NUMBERS
W Z ( size T") Are Assomg D O) Tmes)

AR )=k  ARINE HYPERSUAFACE

. rurerested N V! Z)
Vi (2)* P HASSE PRINCIPLE

Vi) (INFINITE
Vp(Z) SATISFIES

oR EVeN 2ARBKI DVENSE
sTRONG APPROXIMATION.

n=2: TBINARY QUADRATIE  FeRMS

covep. R+ WELL BEHWAVED (N TERMS
OF LoCAL To Gle8AL PRINCI PLES

Cover L GQAUSS' THEOR Y
gass~ NUMBERS INTERVEN E |
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TF V IS HomogeENEoUS FoR
AN AEFINE  LINEAR GROVP ACTron ONE

CAN SAY QUITE A LoT.
EXAMPLES:

(L) mRi: D(X) = Tl' Ly ()

L (x)  LINEAR Foms , 1€ D Is #
NORM FoRmM . DIRICHLET 's  UNIT THEOREM
AND THe THEO©RY OF NORMs ©F ELEMBATS

IN ORPERS ALLOW Fok A STUDY
(AGAIN  class NUMBERS INTERVENE )

() DiScRMNANTS ©F cuB(eS

2 3, Oy
Distagty 0= 1850035 2 12 2, -4 X%~ # 3 %%
BLES DisecR., OF

J?-fo;'

e DEGREE & N 4 VARIA
DINARY cVBLCS.
Tl (Z) ACTS LINEARLY ©N Xk(z)

Witk FileTELY MA RU@ oRBtTS
(‘ﬂ(h)\/ 'S HZ‘&RD To STuDy)
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AN TyPrealy SrMécL

¥
Z%(k) ~ _ﬁ k DAVENPORT )
ek (08

AD 1T (S ERXPECTED THAT A TPesiTIVE
pRoPoRTioN ©OF R's  HAE Lr)zo ( (E

INtAE: ¢ ) . COHEN- LENSTA HEVR\STIES

Goh A GENERAL D UTTLE IS KNOW N
apooT X, (Z) ©OR Any oF THEE PRBLEMS,

WE DISCUSS SoemE AfRANAE YARIETIES

THAT ARE DEFINED OVER Z. AND FoR
wWhieH THE (s A NON-LINEAR  DFSCENT

CROLVP ©F MORHISMS AeTiNE ON V.

TRESE, ARISE AS CHRRACTEAR VARIETIES
FoR REPASENTATIoNS OF
T’T(Z-sj‘n ) — S\"2.

WE RESTRICT To THE CASE 6F cuBic SuRFACES
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TNTEGRAL PUNTS ON AFANE CUBIC SURFACES

———

TORT : ARE Wegtt UNDERSTOOD THANKS TO
———  DpRicHLET's UNIT THEREM,
XR‘. DC"DC,)%:"'L

SPUT CASE:
B (R) = dg(k) ¥ oF DIVISERS

RES FAcTORRS

ﬁN‘?ﬁDTROP|C cASE " )(k: N (x',z"'xa) =R
N — NORMm ForRM ©F coble ORDPER ([Z
gy Tee UNIT GROUP NB)=2 .

conTRo LLED
EVER SATISFIES STRoNG ATPROYNAT

NoTE: ani) N

p—

——

3 3 _3
X A g 5 =k

15 IKkNownN ABVT X (Z).
ket T (7).
X (Z) +@ e

VERY L TTLE
.LocAL CONGRUENCE 0BSTRUCTION
HASSE TRINCIPLE : TF R34,5@) 'S

s Xe(@ |=0 7
fiE STRONGEST ForM OF STRoNE APAROXIMATIEN FAILS
_THELENE/ )

CASSEL S, HEATH- N .COLLIOTE
(cAssELs, H BRowN wrTTENBERG
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MARKOFF LIKE SURFACE S

MAIN ExpAMPLE:

x i 2 2 < k
R . DC‘-I-'DQ_+>C3—-‘J:(2,_23=

A key feature 45 thaet X, has a
«@Mﬂe ,_g,rbu-F O-F mar/ahc‘scms (omt'ug -ﬁ-om

\Viete Tromsformations

FCX XLg, X3 “+hen xc,x,' +he
two solutions +o The zua&mﬂc eiua.-h‘o'h
R, Suntches the roots

Rl((%hxl) "33) = (JC,_DC;' X, Xz,%3)
SémieMﬁ wie Th Rz,) RB’ R:’—.’I_ .
n is the group of pobymoniel morphisns
of A> gewerated by R, R, R ,szw‘:a'ﬂ'm
Dc[— fhe coords aud Sw't"l‘Mg the sQA«ns o,(‘

P’rews Xk(Z)
Froce.M
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SUcH SURFACES AND AVTOMORHISMS
ARISE IN  VARIDIS CONTEXTS

) X |Is THE CHARACTER VARIETY ©OF
RE?RESENTRTIONK OF 'ﬂ'.(Zm) INTO SLZ
HERE ng s A 7 - puNcTURED CURVE
o GENUS 9. Is THE MAPPNG

cLASS GRrovp WiTh FTS AcTion oN X

7 AND X, ARSE (N THE STUOY
o THE NONLINEAR MoNo DR OM Y GRouP OF THE

PaNLEVE VI  EQUATION
pynames OF [T ON  *x R) (W, FoLDMAN):
. Fol k<o 1 AcTS PRoPERLY ON Xp (R)

ERGoDICALLY ON THE

, FoR pgr<iht [T ACTS
yTs Awd PRoPeRyy ONM

COMPACT (COmPoNE
THE OTHERS
Cheu . cAplgy cubie AeTon IS UAE
) Wﬁ\/ IN SUITABLE €O oRPS,
p<Rp<0 , P AcTs ERewdlcAlly oN  Xe(R),

. kvyz0 THERE 13 AN oPEN WADERING
DomAIN [N X (IR)



In all cases we have the group I' =1 of affine
polynomial morphisms generated by the Vieta
transformations, acting on S and S(Z), (p large).

So Markoff’s cubic surface
S4 Cayley’s cubic surface

Sy(R) for different k:

k=2and k=8
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DICPHANTINE _ANALYSIS OF X (%) :
opRr T (TomT wiTH 4. CHOSH)

: MARKOFF's EQUATION
Xp(Z) conssTS OF TWo
P ORBITS (op0)=THlowo) , [T (33,3)

. k=t (CAI# cudle) |5 ESSENTIALY
LINEARITADVE AND 13 VER) DIFFERENT To
any oTHE R, We oMT T

USING rl ONE CAN VSE DE SCENT

0 Swow THAT 'g(k) Tue NUMBER OF ORBITS
of [ ON Xk(z) 15 FINITE (MARKDFF, HURWIT 2
MORDELL) .

' k=0

OUR FIRST INTEREST IS h(R) =0 THAT IS

X (2)= P -

GENERLC R'S:

THe CONGRUENCE obSTRUCTIONS ARE oot 4 5 7
R=3(w AnND k=3,6 (?) ARE  1MPeSSIBLE,




|2
Wwe Avod Twese R's AS WELL AS THesE
Fok WHICH THERE IS AN o€ X (Z) werH
2}, Tuese ks ARe ExpLiCiT
ED AND ARE OF 2ERO
,W )
AININE R'S HAVE DENS(TY

z;eS0,2,%
AD  CAN Bg STVD

DENSITY. THE REM

<K: k Generiel~ T
#9 RsK: k gnerie § K.
Fop TWESE GENERIC k's THERE ARE Mo
LocAL oBsTVCTIONS AND b(k)=0 1S
A FAILURE ©F THE HASSE PRINCIPLE,
. BHARGAVA CUBES AND MARKOFE

y — %3

A7
Vanvs

ys-f - x'

THREE SLICINGS GIvE
_ X, =V-|3b3 |t 23 _.xz.)t, =|z, .
Ml - ["3' af,'] QNl (-:“- I])Mz—[J.. %\N{‘f’ \} : M3 [1; 1_;),“3
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T"ESE Glve THREE RECI PROCAL &VAWA‘T(C PoRMS
& = (w‘%"’“)“‘z“' (1 “?'ﬁ""a;)uv+ (xzxa—xz)v"
Gy = (o325 ~%) U (l-\'w:'—x.“-z;')uu— + (%% -2\
QB - (JC.O(;- 13) u? -+ ( 0+>¢;’—2:,‘:,¢t>uu + (x,x;"xa) U_?.

THEY HAVE COMMON DIScRIMINANTT

A (ot 260, 263 ) = (1xce a3 g% ) (o 2 )iy
Which TURNS ouT To BE AN "X ACT CAUECE FUNCTON
FoR DESCENT: UNDER  Ri, Ra, Rs

B 150 ~Abe) = 36 (xaxs)[2 (n-5)+8-0(% )1

A, (o) - &)= %% G [30%9) Ho )54 ]

Ayb) - A GO 2, (=22 (K AT O]
Ths LEADS To "CHosH ReDUEED Form "

FoR k>SS AND GENERIC
Fe=iue R : 3w sl '>‘*f*“1'+‘§+uc"wa’k}

TN EvERy PowT of  F (Z)- .3 Nz’

(RRESPONDS To A UNIQUE [T~ ORBIT OF

Xel@) wen (05,%) = (<4t 00)

THIS ALLWS'“F‘oR A NuMERICAL AND ANALYTIE
%% STUDY oF Xp(Z) ,hlk







LAST PICTURE 13 FOR
k= 3658 , h(k)=¢
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FIGURE 3. Percentages of Hasse failures.

NUMERICS SVUGGEST THAT
THe NUMBER OF HASSE FAILURES

Witk Rek 15 O(K®) werw
B=0.35-
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THEOREM 1.
< o~ KEK)
/ 4?( - _ % : as K-—%o
s<Rk=<K 36
THEOREM 2"-
THERE ARE INBINITELY  MANY  GEAERIC R's

(A-r LEAST K% wirH R=K) For Wt icH h(r)=0,
“THAT IS HASSE FAILURES.

n [}
‘t#EoREM' D s
A POSITIVE PROPORTION e

THERE %
(Benzric) k's FoR Witiek hek)# O THAT (s HASSE IS

“TRVE .

coMMENTS ON PROOFS :

)  WiTH THE ExXpLICIT GHoSH REDUCTION THRUEM
4 1S PROVEN By THE USUAL [NTEGER POINTS IA A
TENTACLED REGioN ARGUMENT.
() THEOREM 2  USES CLoRAL QRUADRATC ReciPrRoUTY

o DEFNE A "RRAVER- MANIN “ TYPE oBSTRUCTION
Wit RE®(p) AN

coming FROM  Xje amocl p
PRopERTIES ©OF THE cAyLey CuBle mod p , T IS
AN ARGUMBNT OF MORDELL .

CcLOSELy RELATED To
) THEODREM 3 I3 BASED ON SOME TEcHNIQUE S

of BOURGAIN AND FucHs N TyE STUD
y O
CORVATURES N INTECRAL APo(me PACKINGS .



ExampLES OF HASSE  FAILUKES

R= +av* WITH
U HAUWG AtL 1Ts  PRiME FASTORS t1uod §)
o VeSO, 13, TUT (med ).
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DIOPHANTIAE ,quL‘ys:s OF X,(2Z)

PART IL (JanT WiH BOURGAIW AND GAMBURD)
gjoué— APPROKIMATION.!

Onee we Have 2 € X (Z) we
gt =132 C KelZ) sbied (except
by ey Spoeriel R Rt are easily determinest )
(s> alreasty 2aishi  oense xk)
dvel One cem ask b stomy ﬂFp'oacc'wﬁ‘m.
That s whether  fv 9% 1

mod 9, .

X\Q(Z‘) — Xk(zéz) 1§ O\do?
Remj e f7 action MOalZ jt‘ue.s
G ‘&OW‘"‘WPW.SM

,—7 _ Permu{:c-ﬁms ( Xk(gizﬂ

)

et Flo %ués{‘fd\a (S howr bﬂl} (S
[ «Cma«ﬂe ? |
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. ]E.F y ¥ wtetion P )
bramsitive ZMWXR(ZQ'Z;% ('Mo'te—
[Xk(zlzzﬂoa ‘Lz) Then we -Have S“&r‘mg
,a,ﬂpfoactma:l’idh [
. What we cen Show (a/t least 4 =P
a Fr(w@) AS ﬂM 'ﬂ"" 07'6"-"6-3 &Ge 6.5

e 6S PD

M'&ab(‘ 'fOf’m OF sf'rvng *ﬂnﬂ‘oxima:ﬁ‘on,

This 1S Ferha.Fs gwte M‘)‘Jﬂwg
mk 5 Accorand to fesulls 9 D, Zosies

(kr—o) ol M. Mirealkhom . W
[ awd move Genet clarade Lrreties )

|5 xeX (2): x|« T5 | ~og T )2
ety ) -
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FNTE ORBITS OF [T ON A3(@-) ..
EoRMULATE THE

TRANSITVITY PROPERTIES OF M WE
NEeR FIRST o C-LASSIFY THE FINITE

ORBITS (N CHARACTERISTIC 2eR0 AS THEIE
occVR [N Z/rz FoR CBRTAIN P'S.

tﬁ!E OREM 4 : THERE ARE FNITEY
MANY FINITE [7 —0oRBITS on xk(@)

AND THESE MAY Be DETERMINED EFRECTIVELY |

s DETERMINATION HAS RL®

BEEN CARRIED ©OULT BY DPB RoviN| MARROCCO
(AND Lis oVYy | TYRHYy Fo R THE 4 -HOED
SPuERE) (N THEER CLASSIFIcATON of THE
pAINLEUE®S VI's WHICH ARE MLESRAIC FUNCTIoNS

of .

TN ORDER ‘To

REMARKABLY THI

T I (Cl':l_)__ ,‘—4—‘,-\'—\’ ):ll‘l—i.
-2 |2

y Sla-0a-R) o, pe ¥e), Sae-)
(\"%\"[ T (et



P46 SUITABLE CoORDNATES FOR THE

SoLTIONS  J1ELD THE MARKOEF SURFACES
AND THE (NONLINEAR )MWV@DR@M): GROV P
corRESPONDT To [T ] MOREOVER FiNITE
DRBITS CORRESPeND To A LGEBRAIC  SolTiens |

S

MAIN CONTECTURE

Xo ,[1 As ABOE. FoR p LAKRGE
Tee [1- ORBITS N xh(Z/%z) CONSIST
OF THE ( APR1oR DETERMINED) FIN:TELY AMN)'
X (®R) oRDITS THAT OCCLR (N Xh(z/fl)
aup THE CoMPLEMENT OF THEE Xk (Zhz)
el (s A SNGLE (BIG) 7 -oRBIT (R#¢).

P

gc: k=0 , MARKOFF EQUATION, THE
ONLY FNiTE & crR@r (S 5(0,0)0;3)
so THAT [T AcTs TRASITIVE Ly

on XE(Z/T'Z )
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THEREM S5: (GAnT ORET) :
FoR S50 AnND LARGE TTHERE

s A [ orRET O < x*(Zhz) FR

Wi cH lXu(Z/rz> \&(f)] “FE

('note that [XK(Z/?Z)I 2~ Pz ) )
AND EVERY [1-ORBT (N X" Z,z) ws
size AT LEAST (Llogp Y3

WE can PROVE THE MA CONTECTURE AS LonG

As P-1

ToEs NoT HAVE A VERy LAR

FAcoR EG -P—i:m[ Is PROBLEAATIC,
HiGHLY

VeRy Faw PRIMES HAVE TS | SupoTH

PROPERTY A D HEWNCE WE PRoVE. THE
possi8LY

MAIN CONTEcTURE  BXCRPT A FoR
smALL SET oF  FRIMES .
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THeOREM & @ THE SET ©F PRIMES E FR
WhicH THE MAIN CoNTECTURE TFAILS SAUSFIES

I{Pea 'P<T‘}l<<’r RR £%0

TEREM F :  C C.MEIRL Axd D.PUDER )
FoR f=o ( MARKOFF's SURFACE) AND

PI(w) AND FeR Which [T ACTS TRANSITIVELY
N XF (Z4z) ) Te IMAGE OF [1 ™~

Tue PeRMUTATIONS OF X: (Zfpz) 'S As
LAPGE AS IT CAN BE ( ALTERNATING oR SymMiric
G&os)e)

MARKOF F NUMEERs- (k=e )

X :>C.l +>c,+x3 2,%¢,9¢, Xy = O
« MARKOFF TRIPLES ARE SolLTtoNs 2
To (x) WiTH %24 (1. (L) Gwes ALL)

. MARKOEE NUMBERS ™M  ARe NUMBERS

WHiCH ARE CO-oRDINATE S ©
TRIPLES . . MARKoFE
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OUR RESULTS GIVE (AT LEAST FoR THese

p's FoR  WHEH TRANS(TWITY I3 PROVED )

THAT THE ONLY CONGRUENCES ON MARKOFE

NUM BBRS ARE THE ' DBV'O‘JS" ONES (FROBENW$>

= MIR ZAKHANI )

CooNTIN G ( ZAGIER )

> r C(&;T)Z , ¢ ¥o
m=T
me M

ThEoREM § 1 ALMOST AlL MARKSFF NUMBERS
_ ARe COMPoSITE |

21 =°(Z_4-),AST-+@
pP=T meT
P Pﬂ'\‘l\\c meM
PEM
COMMENTS ©N PROOFS .

“he | DEHN TWIisTs' D, W [T
D (DC.,'JC-,,,'X,)) — (xl)"c"z"x’nzz)

AN simitARLY FoR Dy D3
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PRESERVE THE conic SECTIONS OF X
~\
X, 1 PLANE % =%,

Anp DS >
A D 4 i N 3 = ‘>Z) . s &
<uggPs ouvT A SuBSET OF THE Codte SecTien,

TF THE ORDER ©F —4e RoTATIoN D, ATING
i THIS PLANE IS oPTIMALY (N THE H?

seTTinG (AND INEWe TR IN  THE & SETTING)
TueN THE [ ORET OF T ConTANS THS
ENTIRE CONC SEcTION. SO THE BASie (DEA

<o SHow THAT ONE CAN INCREASE THE
ORDERS OF THERE DEHN TWISTS By MoVING
o TOINTS N (TS ORRIT . Dow&E So ReEP2ATEDLY

EVENTVALLY LEADS 7O CONNECTING  BVERY
3€ X;(Z/‘z) 1o e GANT ORAT,
A KEY PRoRLEM THAT INTERVENES

s -To &GWwE AN UPPER BOUND
o THE NUMBER ©F 3SOLTIONS To
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3"'%:’?.{._;‘[ )L%—,

\-£
TeH, ,Medy |, (H\=Hl =P
Witk H By SuBehovps oF  IEY [oR

pus—"y

F;:) THE TRIVAL  LIER BOUND I3

2, 1Hal AND WE SEEK A BouND

T
& 'H|] WITH T< 41
5 Kls p= One CAv PROCEED USIé
WEIL'S RIEMANN HYypoTHES!S FoR CURVES
OVER FINMITE FleLDds .
TF 15 SMALER s IS ©F
No USE AND WE oRTAN THE Bew:s.re.
PounND BY ONE OF TNWNO JVIETHOPS N
\ WwANeM!
(A) STEPANev 's ~AUX! LLARY ME;"ZD

(B) TBOURGAINS PROTECTIVE
SZ2EMEREDI —TROTTER  THEOREM over Ty
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ForR THE FNTE R BRBITS OF [
Wwe USe THE TAME DE#N TwisTs WhAE
ORDERS MUST D& GNITE. THS

LEADS TO THE EQUA’T\oN

e P (e gt §- Oiek Na e
=k

To BE SOLVED WiITH Ayda,da (N
RooTs OF ULNITY

LA'NG'S @:M CcoNTEcTURE AN TS
EFFECTIVE SelUTINS AllowW ONE To
Fnd TRE (TYPleAly) FENTBYY/ MANY

ssLuTioNs . THE  FNs l‘l-—okm'rs
ARE THEN ApsTRIcTED To LIE (N THESE

g1 Te SEBTS.
As WE NOTED THE MARKO=F SURFACES ARE
TuST TheE CIRST OF THE AFFINE cHARACTER
yARIETIES Fop Weett THE MAPPIN € cL ASS
DESCENT

Grov? Is A PoOWERFULL TeeL Fo R
AND DIoPHANTINE ANALY SIS . FoR T (2:'3>V\)

PETER WHANG HAS MADE A SIeNIFICANT START
IN Tois STUPY .




