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| SETTING

m K9:={K CRY: K d-dimensional convex body}.

m KeK9 deN, X,...,Xq € K independent
random points:

Vi :=volconv(Xo, ..., Xg).
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| SETTING

m K9:={K CRY: K d-dimensional convex body}.

m KeK9 deN, X,...,Xq € K independent
random points:

Vi :=volconv(Xo, ..., Xg).

m Consider EV,@ for K € K9, d € N.
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.~ KNOWN MOMENTS

m EV/ is known for...

A\ Triangles (Reed 1974; Alagar 1977),

/| Convex quadrangles (k =1) (Herglotz 1933),
) Convex polygons (k =1) (Buchta 1984),

B Balls (Kingman 1969; Miles 1971),

A Tetrahedra (k = 1) (Buchta & Reitzner 1993, 2001; Mannion
1994),

Cubes (k = 1) (Zinanif2003).
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|~ EXTREMA

Which regions K give the maximum and the minimum?
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|~ EXTREMA

Which regions K give the maximum and the minimum?

m Blaschke-Groemer inequality

EVE ... . . . .
K- is minimal if and only if K is an ellipsoid.

> vol Kk
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|~ EXTREMA

Which regions K give the maximum and the minimum?

m Blaschke-Groemer inequality

>

voll’(<k is minimal if and only if K is an ellipsoid.
m Maximality of the triangle
k

. . EVE . : . . . .
» In dimension 2, Vo”’(ﬂ( is maximal if and only if K is a triangle.
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|~ EXTREMA

Which regions K give the maximum and the minimum?

m Blaschke-Groemer inequality

>

voll’(<k is minimal if and only if K is an ellipsoid.
m Maximality of the triangle
k

. . EVE . : . . . .
» In dimension 2, Vo”’(ﬂ( is maximal if and only if K is a triangle.

» Higher dimensions?
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.~ INCLUSION OF CONVEX BODY IN ANOTHER

4
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|~ INCLUSION OF CONVEX BODY IN ANOTHER

Does K C L imply EVx <EV,?
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|~ INCLUSION OF CONVEX BODY IN ANOTHER

Does K C L imply EVE <EV/?
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|~ SHORT HISTORY

2006 M. Meckes: Does K C L imply EVx <EV,?
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|~ SHORT HISTORY

2006 M. Meckes: Does K C L imply EVx <EV,?

Weak conjecture
Thereis a ¢ >0 s.t. KC L implies EVk < c?EV,.
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|~ SHORT HISTORY

2006 M. Meckes: Does K C L imply EVx <EV,?

Weak conjecture
Thereis a ¢ >0 s.t. KC L implies EVk < c?EV,.

2008 M. Reitzner: Does K C L imply
EX;EK V0|C0nV(Xo, ce 7Xn71) S EXiELvolconv(Xg, N 7Xn71)?
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|~ SHORT HISTORY

2006 M. Meckes: Does K C L imply EVx <EV,?

Weak conjecture
Thereis a ¢ >0 s.t. KC L implies EVk < c?EV,.

2008 M. Reitzner: Does K C L imply
EX;EK vol conv(Xo, ce 7Xn71) S EXI.ELvol COhV(XO, N 7Xn71)?
2012 L. Rademacher:
» Monotonicity of EVk does not hold in general.
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|~ SHORT HISTORY

2006 M. Meckes: Does K C L imply EVx <EV,?

Weak conjecture
Thereis a ¢ >0 s.t. KC L implies EVk < c?EV,.

2008 M. Reitzner: Does K C L imply
EX;EK vol conv(Xo, ce 7Xn71) S EXiELvol COHV(XO, N 7Xn71)?
2012 L. Rademacher:

» Monotonicity of EVk does not hold in general.
» Meckes' weak conjecture is equivalent to the Hyperplane
Conjecture.
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.~ MONOTONICITY OF MOMENTS OF Vk

Theorem (Rademacher '12; R. & Reitzner '16; Kunis, R. & Reitzner '17+)

Let d,k €N, d > 2. Then there exist two d-dimensional convex
bodies K, L satisfying K C L and EV[; > EVL" unless d =2 and
k e {1,2}.

m Rademacher (2012): d #3, k=1
m R. & Reitzner (2016): d € {2,3}, k>1
m Kunis, R. & Reitzner (2017+): d =3, k=1
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.~ AN EQUIVALENT PROBLEM

Lemma (Rademacher 2012)

Let d, k € N. The following statements are equivalent:
(i) For each K,L € K9, K C L implies EV/; < EVL".
(i) For each K € K9 and each x € bd K,

EVE <EVE ..

m Notation: K € K9, x € K, X1,...,Xy € K independent
random points:

Vi 1= volconv(x, X1, ..., Xqg).
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.~ RANDOM SIMPLICES WITH ONE POINT FIXED

] EV}?X is known for...

@ Balls: x midpoint ,
¢ Halfballs: x midpoint of the ball
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.~ RANDOM SIMPLICES WITH ONE POINT FIXED

] EV[;_X is known for...

@ Balls: x midpoint ,
¢ Halfballs: x midpoint of the ball
/. Triangles (k =1): x anywhere,
/| Quadrangles (k =1): x anywhere.
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.~ RANDOM SIMPLICES WITH ONE POINT FIXED

] EV[;_X is known for...

@ Balls: x midpoint ,

¢y Halfballs: x midpoint of the ball ,
/. Triangles (k =1): x anywhere,

/| Quadrangles (k =1): x anywhere.

m Busemann random simplex inequality
Vk
K,x

> vol Kk

is minimal if and only if K is an ellipsoid centered at x.
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.~ RANDOM SIMPLICES WITH ONE POINT FIXED

] EV}?X is known for...

@ Balls: x midpoint ,

¢y Halfballs: x midpoint of the ball ,
/. Triangles (k =1): x anywhere,

/| Quadrangles (k =1): x anywhere.

m Busemann random simplex inequality
k

= Vol':(’: is minimal if and only if K is an ellipsoid centered at x.
EV{
» Restricted to x € bd K, vol’;’i is minimal if and only if K is

half of an ellipsoid centered at x.
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|~ QUESTION OF INTEREST

m For d <2,k €N, are there K € K9, x € bd K satisfying

EVE >EVE 7

m Two candidates:

» Halfball and the origin o,
» Simplex (and x the midpoint of a facet).

BENJAMIN REICHENWALLNER VOLUMES OF CONVEX HULLS



UNIVERSITAT
Mathematik SALZBURG

.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for k > 8 and
» the k-th moment in dimension 3 for k > 2.

BENJAMIN REICHENWALLNER VOLUMES OF CONVEX HULLS



UNIVERSITAT
Mathematik SALZBURG

.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for k > 8 and
» the k-th moment in dimension 3 for k > 2.
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.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for k > 8 and
» the k-th moment in dimension 3 for k > 2.

m Triangle as a counterexample for k > 3 in dimension 2:
» Reed 1974, Alagar 1977:

EVEX 12 L k2
AT Sl PR} T PR PR TG Y SRS (6(“1)2*(”2)2;(;) )
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.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for kK > 8 and
» the k-th moment in dimension 3 for k > 2.

m Triangle as a counterexample for k > 3 in dimension 2:
» Reed 1974, Alagar 1977:

EVEX 12 L k2
AT Sl PR} T PR PR TG Y SRS (6(“1)2*(”2)2;(;) )

» R. & Reitzner 2016 (c center of an edge of T):

k+1
EV—FC . 23—k i(k+2)—1+1
vol Tk _(k+1)(k+2)2(k+3) / ’
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.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for k > 8 and
» the k-th moment in dimension 3 for k > 2.

m Triangle as a counterexample for k > 3 in dimension 2:

107! + o
o] [ B
. 1 | 0.092593... FOHoERRES
103 + . 2 | 0.013889... [FOHexfEeR
° 3 | 0.002667... [lH0ley S
104 + 4 | 0.000602... [F{0N0[okkNEESS
5 | 0.000153... [FoH0l[0ZE{0R
10° 6 | 0.000043... [F0H0l0JoRke[FE:
I e e e ! k 7 | 0.000013... FHOR0l0[o[ojelciunn
1 2 3 4.5 6 7
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.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for k > 8 and
» the k-th moment in dimension 3 for k > 2.

m Triangle as a counterexample for k > 3 in dimension 2:

m Tetrahedron as a counterexample for k =1 in dimension 3:
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.~ SKETCH OF PROOF

m Halfball as a counterexample for:
» all moments in dimensions d > 4,
» the k-th moment in dimension 2 for k > 8 and
» the k-th moment in dimension 3 for k > 2.

m Triangle as a counterexample for k > 3 in dimension 2:

m Tetrahedron as a counterexample for k =1 in dimension 3:

» Buchta & Reitzner 2001:

EVy: 13 s
= - —0.01739...
vol T 720 15015 739
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.~ BUCHTA & REITZNER 2001

n—2

EV7(q 2 3(n—1)n 1 n—2 1
g A 7+§ (—1)k( )7
vol T n+1 4 (n+1)3 k /7 (k+3)3
k=0

_9(n—1)n j : ( n—2 )( 4 )ka 32t7
2 s - adal Nkis ko

Jite e ig=n—2
ky+ky+k3=4
J1s---2d5,k1 ko k3 >0
X B(j2 +2j3 + 3ja + 3j5 + ko + 2k3 + 1, 3j1 + 2jo + j3 + 2kg + ko +1)
X B(n+1,js + ks +1) B(2j1 +jo + ki +1,j5 +2)
X 3Fo (s + k3, n+1,2j1 +jo + ki + 1ijs + k3 +n+2, 2j1 +jo +js + k1 +3; 1)

+6(n—1)n Z (jl,n.._.z,j‘,) (121) (123)3j2+j3

Jite e ig=n—2
I+l =2
I3+ig=2
J1s--id5.5k,3,14>0
X B(j2+2j3+3ja+3js+hb+la+3,31+2p+3+h +15+3)
X B(n+1,js + Iy +1) B(2j1 +jo +h +1,j5+3)
X 3F(s +lat1,n+1,21 +jp+ h +1js +la +n+2,2j1 +jo +js + h +41).
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- TETRAHEDRON IN A TETRAHEDRON T

m With ¢ = (x¢,Yc,2c) and X; = (xi,yi,zi):

Xe Ye zc 1
1 x1 y1 z1 1

V1= |=det
7<= 6 x2 y2 z2 1
x3 y3 z3 1
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- TETRAHEDRON IN A TETRAHEDRON T

m With ¢ = (x¢,Yc,2c) and X; = (xi,yi,zi):

Xe Ye zc 1
1 x1 y1 z1 1

V1= |=det
7<= 6 x2 y2 z2 1
x3 y3 z3 1

m Even moments of V1 . with vol T = 1:

3
8 K Ak 2k I,l m,-! n,-!
E\/zk == -1)" 3 I I —
T.c ™ 32k—3 ISZ (1) ki,...,kis paiet (li +mji+n; +3)!
ki=2k -
1
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|~ APPROXIMATION GOAL

m V7 is not larger than 1/3.
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|~ APPROXIMATION GOAL

m V7 is not larger than 1/3.
m We approximate the absolute value function in the interval
[0,1/3] by a polynomial
n
P(x) = Z aix?
i=0

for some n € N such that P(x) > |x| for all x € [0,1/3].
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|~ APPROXIMATION GOAL

m V7 is not larger than 1/3.
m We approximate the absolute value function in the interval
[0,1/3] by a polynomial

P(x) = Z aix?
i=0

for some n € N such that P(x) > |x| for all x € [0,1/3].
m Then EP(V7 ) >EVr .
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|~ APPROXIMATION GOAL

m V7 is not larger than 1/3.
m We approximate the absolute value function in the interval
[0,1/3] by a polynomial

= Za,’X2i
i=0
for some n € N such that P(x) > |x| for all x € [0,1/3].

m Then EP(V7 ) >EVr .
m Furthermore, EP(V7 ) =E> L ja;iV TC =" Oa,EVTC
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.~ FIRST IDEA

m Solve the linear program

n i 1
m,in;a,-EV%”c st. P(x)>x,x¢€ {0,3] .
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.~ FIRST IDEA

m Solve the linear program

1 ; 1
mPinZ;a,-EV%’,C sit. P(xp) > x¢, x¢ € [0,3] ,£=0,...,L.
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.~ FIRST IDEA

m Solve the linear program

2
3
m For n=12 and L =100: EP(V7 ) > 0.01746 > EV7.

n
mPinZa,-EV%’;C sit. P(xp) > x¢, x¢ € [0, ] ,£=0,...,L.
i=0
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.~ FIRST IDEA

m Solve the linear program
2
3

m For n=12 and L =100: EP(V7 ) > 0.01746 > EV7.
m For n=13 and L =1000, we get the estimate

EP(VT )~ 0.0173716 <EV7 =0.0173982...

n
mPinZa,-EV%’;C sit. P(xp) > x¢, x¢ € [0, ] ,£=0,...,L.
i=0
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A LEMMA

Lemma
Let meN, n=2m+1, and 0 < xp < -+ < X;p, be given. Then the
system of equations

P(x;)=x; and P'(x;)=1 forj=0,---,m

determines the polynomial P(x) = Y""_;a;x?" uniquely and implies

that P(x) > |x| for all x € R.
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|~ APPROXIMATION

m For n=13:

» solve the linear program

n
. . 1
min -E,O a,-]EV%C sit. P(xg) > xg, x¢ € [07 3] ,0=0,...,L,
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.~ APPROXIMATION

m For n=13:

» solve the linear program

n
. . 1
min é a,-]EV%C sit. P(xg) > xg, x¢ € {073] ,0=0,...,L,

» compute the interpolation nodes with the absolute value
function numerically,
1 2 2 5 4

> rationalize these points to { g5, 35, 15, 76+ 10+ 35 15 | »

BENJAMIN REICHENWALLNER VOLUMES OF CONVEX HULLS



HUNIVERSIT'A'T
Mathematik SALZBURG

.~ APPROXIMATION

m For n=13:

» solve the linear program

n
. . 1
min é a,-]EV%C sit. P(xg) > xg, x¢ € {073] ,0=0,...,L,

» compute the interpolation nodes with the absolute value
function numerically,
1 2 2 5 4
> rationalize these points to { g5, 35, 15, 76+ 10+ 35 15 | »
» solve the interpolation problem exactly:

EVr<EP(V1,)

T/ _02157162003548441204206380074563695206736787227938 1650093007 7456473045 56888 704811 54067289161 77539584714665872679760706400830685507508152285050465854826727651
5302749010505056531 5525352024407 186724180134 T4T1652937573234276503 3318164759001 2204 1632645466907674944125021 3680 35824590200 1900564 372601 102456655640000000000
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.~ APPROXIMATION

m For n=13:

» solve the linear program

n
. . 1
min é a,-]EV%C sit. P(xg) > xg, x¢ € {073] ,0=0,...,L,

» compute the interpolation nodes with the absolute value
function numerically,
1 2 2 5 4
> rationalize these points to { g5, 35, 15, 76+ 10+ 35 15 | »
» solve the interpolation problem exactly:

EVr<EP(V1,)

T/ _02157162003548441204206380074563695206736787227938 1650093007 7456473045 56888 704811 54067289161 77539584714665872679760706400830685507508152285050465854826727651
5302749010505056531 5525352024407 186724180134 T4T1652937573234276503 3318164759001 2204 1632645466907674944125021 3680 35824590200 1900564 372601 102456655640000000000

< 0.0173792 < EV1 = 0.01739...
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.~ INTERPOLATION POLYNOMIAL

104

100
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| SETTING

m Notation: K€ K9, 2<n<d+1, Xp,...,Xp_1 € K
independent random points, x € K:

VK[n] = V0|n_1 COnV(Xo, ce ,Xn_l),

VK[n],x = V0|n,1 conv(x, Xl, ce 7Xn71)'

BENJAMIN REICHENWALLNER VOLUMES OF CONVEX HULLS



UNIVERSITAT
Mathematik SALZBURG

| SETTING

m Notation: K€ K9, 2<n<d+1, Xp,...,Xp_1 € K
independent random points, x € K:

VK[n] = V0|n_1 COnV(Xo, ce ,Xn_l),

VK[n].x = V0|n,1 conv(x, Xl, cee ,X,,,l).

m Question: Does K C L imply

BV <BV,?
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VK[n] = V0|n_1 COnV(Xo, ce ,Xn_l),

VK[n].x = V0|n,1 conv(x, Xl, cee ,X,,,l).
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BV <BV,?
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.~ RESULT ON MONOTONICITY

Theorem (R. 2017+)

Let d,n,k €N, d>2 and 2 < n<d. Then there exist two d-dimensional
convex bodies K, L satisfying

KCL and EVy,>EVfi,
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.~ RESULT ON MONOTONICITY

Theorem (R. 2017+)

Let d,n,k €N, d>2 and 2 < n<d. Then there exist two d-dimensional
convex bodies K, L satisfying

KCL and EVy,>EVfi,

Lemma (Rademacher 2012)

Let d,n,k €N, 2< n<d+1. The following statements are equivalent:
(i) For each K,L€ K9, K C L implies EV/E[H] < EVL"[n].

(ii) For each K € K9 and each x € bd K,

k k
BV < BEV(a)x-
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.~ INDUCTION LEMMA

Lemma (R. 2017+)

Let d,n, k € N with 2 < n < d+1. If there exist K,L € K¢

satisfying
KCL and EVi, >EVfi,,

there also exist K/, L’ € 91 satisfying

K'CL' and BV, > BV,
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.~ SKETCH OF PROOF

m Hence, there exist counterexamples unless

» n=2or
» n=3and k € {1,2}.
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.~ SKETCH OF PROOF

m Hence, there exist counterexamples unless

» n=2or
» n=3and k € {1,2}.

m n=2: triangle T, B
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.~ SKETCH OF PROOF

m Hence, there exist counterexamples unless

» n=2or
» n=3and k € {1,2}.

m n=2: triangle T, B
2(5-K)/2 57/2 1 31 &)
> EVE,p) = et 21 (3555 30%).

91/2—k

> EVT2[2]‘32: k2 2F1( ’%31%,%) B A
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.~ SKETCH OF PROOF

m Hence, there exist counterexamples unless

» n=2or
» n=3and k € {1,2}.

m n=2: triangle T, B

2(5—kK)/2 27/2 1 1
> EVTQ[z] - —(k+2)(k+3)(k+4) 2F1 (E % 2! i)'

o1/2—k
SUMEL LT LY LN

T2[2],c2

w

m n=3: tetrahedron T3
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.~ SKETCH OF PROOF

m Hence, there exist counterexamples unless

» n=2or
» n=3and k € {1,2}.

m n=2: triangle T, B
2(5—kK)/2 27/2 1 3.1 (&)
> IEWTQ[z] - —(k+2)(k+3)(k+4) 2F1 (E % 2! i)'

_ s k+3.3.1 B
> EVT2[2] o~ kt2 2F1 (E v 1D §) A

m n=3: tetrahedron T3

2 EVT3[3],C3 < EQ( VT3[3],C3) < 0.046942 < EP( VT3[3]) < EVT3[3].
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.~ INTERPOLATION POLYNOMIALS

0.08
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