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How it began: point patterns obtained by PALM techniques 2

Aim: characterize clustering
by pair correlation function
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Pair correlation function of an isotropic stationary point process X

_ Palm intensity of X at distance r to typical point
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Pair correlation function of an isotropic stationary point process X 3

The pair correlation function is invariant to independent thinning of the
process.
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The pair correlation function is invariant to independent thinning of the
process.
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Aim: characterize clustering
by pair correlation function
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Thinning the patterns to 500 points. ..

3.0

original pair correlation of X:
pcf (X)
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Thinning the patterns to 500 points. ..
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Thinning the patterns to 500 points. ..

original pair correlation of X:
pcf (X)

indep.thinning, retain 500 points:
pcf (X[sample (npoints(X), 500)1)

first 500 points:
pcf (X[1:5001)
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Thinning the patterns to 500 points. ..

original pair correlation of X:
pcf (X)

indep.thinning, retain 500 points:
pcf (X[sample (npoints(X), 500)1)

first 500 points:
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Photo Activated Localization Microscopy 6

Principle of Single-Molecule Localization Microscopy

Initial Viewfield Photoactivate Molecules

Dark Photoswitchers  (a)

Localize
*  Molecules

Figure 1

Published 2006, Method of the Year 2008, Nobel Prize in Chemistry 2014
(Betzig, Hell, Moerner)

Source: http://zeiss-campus.magnet.fsu.edu



Photo Activated Localization Microscopy 6

Molecule positions estimated from digital images by maximum likelihood

Fitting Single-Molecule Pixel Data to a Gaussian Function

Full Width at Half Maximum

—

Centerline it A
Localized I
Raw Data Gaussian Fit Function Data Point

Figure 3

Source: http://zeiss-campus.magnet.fsu.edu



Assumptions about the data

Scientific hypothesis on PALM images:
» Points represent positions of fluorescent molecules,
» molecules fluoresce independently of each other.
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Assumptions about the data

Scientific hypothesis on PALM images:
» Points represent positions of fluorescent molecules,

» molecules fluoresce independently of each other.

Data:
> points registered in sequence of video frames,
» frame number available (range:[1400, 8000]).
L~ analyse as space-time or marked point pattern;
inspect data in 3D, as points in R? x frames.
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A Model for the data 8

Ground process: cluster process X

» Parent process Y
» cluster template Cy

» independent clusters C(y) ~ Cy + y,
forally e Y

» superposition of clusters

x=Jcw).

yey




A Model for the data

Parent dependent marking

» Notation: m(u) mark of point v,
mark space M. . -
» Location family of mark distributions e s '_ e e '.‘,'
for the clusters: {My, 0 € ©}. v ol ~ --_-:..3_'-' -
» Parent process is i.i.d. marked, woeg - a
m(y) ~ T, with values in ©. *r R
» Points u € C(y) are i.i.d. marked with PR ) R
m(u) ~ Mm(y). = ';'.'_; L ST v
R et S
Resulting cluster marked cluster process |, w-..'_" b
(CMCpp) is mark stationary: Palm mark dis- | . gm* o - 3
tribution P Y AIIERRY
!. > .e'- ° e
: L PR

M({dm)=EMz(dm), T ~T,

is independent of location.




Statistical characterization of clustering in mark space (time) 9

Appropriate model for the data:
» Mark distributions My have small variance,
» distribution T of location parameter spreads widely.

I~ Points close to each other in space have preferentially similar frame
marks.

Want: a statistics that shows that spatial clusters cover only a close
range of marks (frames).



Statistical characterization of relation between marks and location 10

Stoyan’s mark correlation function for stationary isotropic point process
X: f measureable function on M x M
E[f(m(u), m(v))|u,v € X]
kf(r) = )
E[f (M1, Mp)]
lu—v| =r, My, My ~ M, indep.

» If X is independently marked, k¢(r) = 1.

» For (quasi) continuous marks, the usual choice is
f(ml, m2) = mpms.



Mark correlation and range of dependence in time (mark space) 11

» Under the model, |m(u) — m(v)] is small for points from same
cluster, but likely to be large for points from different clusters.

» Choose f(my, my) = 1(|my — my| € [t, t + A]), thus

ke(r) = Pr(Im(u) — m(v)| € [t,t + A]|u,v € X, ||u—v| =)
f Pr(|m(u) — m(v)| € [t,t+ A]|u,v € X)

— an odds ratio.



Range of dependence in time (mark space)

12

Results, A = 20:
» t=0: 1
emphasize points close in time
» t=20,t=40,t=060 o

T T T T T T T
0 50 100 150 200 250 300

r

interpretation: close points (distance r < 200), are more likely to have
similar frame numbers than different frame numbers.



Detecting relations between clusters 13

Theorem.

Let:

X be a cluster marked cluster process with pair correlation function gx,
Y its parent process,

C the distribution of a random point in template clusters C,

My, 0 € © the mark distributions of the clusters,

M the overall Palm mark distribution.

Let f be a function on IM? that fulfils, for independent My, M»:

=0, M{,M,~ forall 6 €©
Ef(Ml,MQ) ) 1, VI2 M97 or a €0,
>0, My,My~ M

then for the mark correlation function k¢ of X,
ke(r)gx(r) = gy(r),

where Y = C * Y is the randomly C-displaced parent process.



Proof: preliminaries 14

f-weighted second order factorial moment measure

( BlaB2 = EZ ))131( )le(V)

u,veX

independent marking:

aP(By, By) = Ef(My, My) EZ 15, (u)1p,(v), My, My ~ M, indep.

= u,veX

=a@)(By,B,)
I&” mark correlation function

ke(,) is the density of ozfrz) wrt. po?.



Proof, continued

15

independent locations (Poisson process)

oD (By, B)) = N(B1)A(B,) =: N*(B1,B2) A

&~ pair correlation function

g(,) is the density of a/® wrt. A2

intensity measure



Proof, continued 15

independent locations (Poisson process)
o D(By, By) = N(B1)AN(By) =: N*(B1,B2) A : intensity measure
&~ pair correlation function
g(,) is the density of a® wrt. A2
thus, with k¢ being the density of a(f2) wrt. pol?),
2

ke - g is the density of a;”) wrt. /A2,



Proof, continued further 16

Cluster marked process

( BlaB2 = EZ f )151( )]'Bz(v)

u,veX

€Y Y7 Am(u), m(v)) 15, (u)Le,(v)

YEY u,velC(y)

eSS Y A v)1g, (u)1g,(v)

y,y'€Y ueC(y) veC(y’)



Proof, continued further 16

Cluster marked process

o?(By, By) —EZ f(m v))1s, (u)1s,(v)
u,veX
3> fé Ef (m(u), m(v))1g, (u)15,(v)
YEY u,veC(y)

FEST ST S Ef(m(u), m(v))1e, (4)1a,(v)

y,y'€Y ueC(y) veC(y’)



Proof, continued further

16

Cluster marked process

o) (B1, By) fEZ f(m V)1, (u)1s,(

u,veX

- EZ Z Ky 131 132( )

YEY u,veC(y)

HEY Y Y pla

y,y'€Y ueC(y) veC(y’)

v)

)15, (

v)



Proof, continued further

16

Cluster marked process

( 31782 = EZ f )131(u)132( )

u,veX

= EZ Z Hc(y 151 152( )

YE€Y u,veC(y)

e Y S ule(u)is(v)

y:y'€Y ueC(y) veC(y’)
with f such that uc(,) =0,

—nEY S S eyt u)la (4 )

y.y'€Y ue€vel’



Proof, continued further

16

Cluster marked process

P (B1,B) = ES" F(m(u), m(v))1p, (u)1g,(v)

u,veX
= EZ Z Hey 131 ]'Bz( )
YEY u,veC(y)

+EZ S Y plg(u)lg(v

y,y'€Y ueC(y) veC(y’)
with f such that uc(,) =0,

=p VzEz 131 182(}/)

nyY

v: mean number of points in C

v)
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Cluster marked process

( (B1, Bo) —EZ f(m v))1g, (u)lg,(v)

u,veX

- EZ Z Hc(y 131 132( )

y€Y u,veC(y)

+EZ S>> pig(u)ls(

y,y'€Y ueC(y) veC(y’)
with f such that uc(,) =0,

=p V2EZ 1g,(y)15,(Y)

y.y'ey
= uv 2,02 )(Bl, By).

v)



Application to the data
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pair correlation function g(r)
mark correlation function k¢(r) with f(my, my) = |my — my




Application to the data

17

pair correlation function g(r)
mark correlation function k¢(r) with f(my, my) = |my — my

ke (r)g(r)




Fitted model: Cluster marked Poisson cluster process 18

Model for ground process:

Matérn cluster process
superimposed with
Poisson “noise”.
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Fitted model: Cluster marked Poisson cluster process

18

Model for ground process:

Matérn cluster process
superimposed with
Poisson “noise”.

Jiaxin Chen

fittet model



