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B. and Reitzner

n—2
2 3(n—1)n 1 Kk(n—2 1
EV, =1— - 7+E (71)( )7
n+1 4 (n+1)3 k / (k+3)3
k=0

79(n71)n Z ( n—2 )( 4 )2k23j2+j3
2 1, -+ 5 a7 Nk, k2

At Hisg=n—2
ky+ko+k3=4
J1s--sd5 k15 ko k3 >0
X B(jo + 2j3 + 3ja + 3j5 + ko + 2kz + 1,3j1 + 2jo + j3 + 2ky + ko + 1)
X B(n+1,j5 + k3 + 1) B(2j1 +j2 + ki + 1,5 +2)
X 3Fo(s + k3, n+ 1,271 +jo + ki + Lijs + k3 +n+2,2j1 + jo +js + k1 +3; 1)

+6(n—1)n Z ( " _'271.4) (121) (Z)3f2+f3

iy -
At Hig=n—2
H+h=2
3+y=2
J1s---ad5sl sk 3,14 >0

X B(ja+2j3+3ja+3js+h+1ls+3,31+2p+j3+h+5k+3)
X B(n+1,js + 1l +1) B2j1 +j2 + h +1,j5 + 3)
x3FhUs+h+1,n+1,2h +jpp+h+Ljs+la+n+2,21+jp+js+h+41).
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m “Classical” Hypergeometric Function:

2F1(a1,00; f1;x) =
araz x  ay(ag + 1az(az +1) x?

B AtD 2
o= (o) k(o2)r XX
_kz:% Bk KV

where () = a(a+1) - (a+ k —1).
m Generalized Hypergeometric Function:

aFg(at, az,... a4, /327---,55'X) =

(al)k(a2)k (ova)k x*
Z (B)(B2)k -+ (BB)k k!

k
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The first non-trivial values are:

1 2
Ev,= B3 _ T ~ 0.0173
720 15015
2
BVeo > _ T ~ 0.0434
288 6006
12 2
Ev, = 120 8 ~ 0.0728
1680 323323
7 21172
Evy = 20 il ~0.1028

2880 554268

41369 2282972
EVg = - il ~ 0.1320
302400 47805615

11129 46172
EVy = o0 _ o7 ~ 0.1600
67200 817190

41 172
EVip — 641303 30580617 ~ 0.1864
332640 4775249765

Eve, — 37723 64454387 ~ 02113
1= 172800 ~ 9116385915 ~E
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For the ellipsoid:

9

EVi= - ~ 0.0126
EVs = % ~ 0.0315
3105
EVe = - ~ 0.0528
58786
1
Ev, — 5L ~ 0.0747
7106
Evp = 52333 ~ 0.0963
8 = 408595 =
Evy = 0958 ~ 0.1170
= 312455 ~E
BV — 04370 ~ 0.1368
107 5956811 e
710478
EVi = ——tO ~ 0.1555
1= 4569617
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The values are related by:
EVs = g EVy,

7 35

EV; = -EVeg — — EV.

T=5 BV 4,

EVy = g EVg —21EVs + 63 EVa,
11 1 2

EVi = 7 EVig — ? EVg + 231 EVg — ? EVs.
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Identity of the values EV,, for dimension d = 3:
Form=23, ...
m—1
Boi (2m+1
EVomir = 3 (2% —1)2£ EVopm-
2m+1 kZ::l( )= o 1 JEVam-2k+2,

where the constants By, are the Bernoulli numbers

1 1 1 1
6 42’ 8

%,..--
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For arbitrary dimensions d and m € N:

B k d+2m
EVyiom = Z (22k - 1) ; <2k _q >]Evd+2m+1—2k-
k=1
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For arbitrary dimensions d and m € N:

B k d+2m
EVyiom = Z (22k - 1) ; <2k _q >]Evd+2m+1—2k-
k=1

Without Bernoulli numbers:

122! y(d+2m
IEVd—i—2m = 5 Z (—1)k ! ( K )Evd+2m—k-
k=1
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k | sign | ck(x)
1] + 0
2| — 0
3| + 6
4| — 9
5 + 5
6| — 1
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Cowan's conjecture

Let x1, ..., X, be points in RY (not necessarily distinct) with
K, = conv{xi,...,x,}, and let x be an additional point in RY.

c(x) =#{{h,...,ik} C{1,...,n} 1 x € conv{xp,...,x; }},
where #B is the number of elements in a set B. Then

n {(—1)‘“’“’“, if x € relintK,,

~1D)F g (x) =
kz::l( ) Kx) 0, if x ¢ relintK,.
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k | sign ak
0| + 1
1] — 6
2| + 5
3| — 1
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Kabluchko, Last, Zaporozhets 2017

Let T be a polytope in R™ with non-empty interior intT. Let

L C R™ be an affine subspace of dimension m — d. Denote by aj
the number of k-dimensional faces of T which are intersected by
L, where k =10,...,m. Then

Mk (=D LAintT #0,
2. (-1 ak_{o, if LNintT = 0.
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Efron’s identity

EV,
EN, 1 = 1)(1-
1 =(n+1) ( voIK)
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Efron’s identity

EV, 1 Il“--’:NnJrl

wlK ~ ~ n+l
EVKk —Eﬁ (1— Nn+k>
(volK)* i=1 nti
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Efron’s identity

Evn B _ ENnJrl
volK — n+1
EVk k N
(volK)* i=1 n

EVK ( 1 ! )
(VOIK)k n+k
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ForneNand/=1,...,n
/ n—j
(”): _1/ n _1./ / IEVJ .
A= () 2 () o

p,(") denotes the probability that N, = .



The matrix
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0 0
0 0
0 0
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has the inverse
) 0 0 0 0
() (52) 0 0 0
(2—3) - (2—3) (:—3) 0 0

(71)n(n11) (71)n+1 En;2; (71)n+.2 En;3; . (71)2.n72 Ei; O
(_1)n+1 (ngl) (_1)n+2 ng2 (_1)n+3 ng3 . (_1)2n71 1 (_1)2n(8)

jrk(n—J
- <(_1) " (” o k))j,k—l,l..n
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For any real numbers ¢y, ..., ¢y
() _ N~ pig (™) BV
Zc/p —ZA i -,
= (vol KYY
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For any real numbers ¢y, ..., ¢y
() Evg_j
ZC/P =2 Nl 2
s (vol KY

where the difference operator is defined by Acj = ¢j41 — ¢, i.e.

o= (1]
=0
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Special case: ¢, =n—1
/ c/ Acy A2C/ An_ZC/ An_lcl A"¢
0 n -1 0 - 0 0 0
1 n—1 -1 0 0 0
2 n—2 -1 0 0
n—2 2 -1 0
n—1 1 -1
n 0
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Special case: ¢, =n—1
/ c/ Acy A2C/ An_2C/ An_lcl A"¢
0 n —1 0 0 0 0
1 n—1 -1 0 0 0
2 n—2 -1 0 0
n—2 2 -1 0
n—1 1 -1
n 0
n n _ n EVJ_-
ENp =" C/PE,n_)/ = ZAJC()(.) — L
s = J ) (volKY
EV,,_l IEVn—l
1+ Dok "( voIK)
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Special case: ¢; = (n — 1)?
/ c Ac A2C/ A3C/ An_2C/ An_IC/ A"¢
0 n’ 2n+1 2 0 0 0 0
1 (n—1)> —-2n+3 2 0 0 0
2 (n—2)? -2n+5 2 0 0
n—3 9 -5 2 0
n—2 4 -3 2
n—1 1 -1
n 0




UNIVERSITAT

SALZBURG
Special case: ¢; = (n — 1)?
/ c Ac A2C/ A3C/ cee A"72C/ An71C/ A"¢
0 n’ 2n+1 2 0 0 0 0
1 (n—1)> —-2n+3 2 0o .- 0 0
2 (n—2)? -2n+5 2 0 0
n—3 9 -5 2 0
n—2 4 -3 2
n—1 1 -1
n 0

i " EV/_.
EN? = ap”, = Ne(" o
z; P ; "\J ) (volK)

1=

EVo1  n(n—1) EVZ,

=n 2n+1
n 4+ (—2n )n o~ 3 (voIK)2




UNIVERSITAT
SALZBURG

B. 2017+

There are polynomials p}k)(n) of degree k in n such that

EVI_,
(vol KY~

k
ENK =" pi(n)
j=0
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B. 2017+
There are polynomials p}k)(n) of degree k in n such that

EVI_,
(vol KY~

k
ENS =" pi(n)
j=0

Denoting the Stirling numbers of the second kind by {’f} these
polynomials are given by

k .
; i\ |k
A2 = 3 () {4}
i=j
with ngy = n!

CEDIR
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Stirling numbers of the second kind
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Stirling numbers of the second kind

m Recurrence relation:

U=+
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Stirling numbers of the second kind

m Recurrence relation:
n+1 n n
U
m With (x), =x(x —1)(x = 2)---(x —n+1)

Zn: {Z}(X)" =x"

k=0
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Alternatively, there are polynomials q}k)(n) of degree k —j in n,

such that )
IEV,JH-
(vol KY’

k
k
ENy =3 a3 (n) ng)
=0
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Alternatively, there are polynomials q}k)(n) of degree k —j in n,
such that

EVI_,
(vol KY’

k
k
ENy =3 a3 (n) ng)
=0

with
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k k Vj
EN,’,( — (k) (k)
jgopj (n) (vol K)J JZO % "0) (vol K)J
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EV/ . kK EV/ .
EN, =S p (n)—2=L =57 ¢ (n) n; e
JZO ! (voIK)J J-ZO / (J)(VO|K)J
Evn 1
ENp =+ (=n)~ 0k
IEVn—l
=+ e
EV,_ EV?2
2_ 2 9,2 n—1 2 n—2
EN; = n“ + (—2n° + n) VolK +(n n)(voIK)2
EV,_ EV?2
— n2 _ n—1 n—2
=n +( 2n+1)n(1) volK +(1)n(2)(V0|K)2
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Thank you for your attention!
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Stirling numbers of the first kind

m Recurrence relation:

n+1
k

n

an

+

n
k—1

m With (x)(" = x(x 4+ 1)(x +2) -+ (x + n— 1)

o[

k=0



