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We study the long-time asymptotics of the Cauchy problem
solutions.

modified Korteweg — de Vries equation

Qt(xat) +6q2(x,t)qx(w,t) +szx(xat) = 07 T C R7 t> 07 (1)

C, T — —0Q,
q(x,0) = go(z) ~ {
Cy, T — +00.

Camassa-Holm equation

Up — Uggr + 20Uy + 3Uly = 2UpUgy + UlUzgr, T € Rt > 0,(2)

¢, T — —00, a+w
u(z,0) = ug(z) ~ : s > 0.
Ce, T — +00, Cr +Ww

<



Cauchy problem for the modified Korteweg — de Vries eq.

Cauchy problem for the modified Korteweg — de Vries equation

The large time asymptotic behavior of the solution of the Cauchy
problem for the modified Korteweg — de Vries equation (MKdV)

qe(x, 1) + 6¢° (2, 1) gu (2, 1) + qoaa (2, 1) = 0, z €R, ¢ >0, (1)
Q(m’o) = QO(x)a (3)
with step-like initial data go(x), which tends rapidly to constants as
T — +oo:
qgo(z) = e, = —00, qo(z) = ¢y, T — F00, I>c>c >0. J
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Cauchy problem for the modified Korteweg — de Vries equation

The large time asymptotic behavior of the solution of the Cauchy
problem for the modified Korteweg — de Vries equation (MKdV)

qt(2,t) + 6¢%(2, )42 (2, t) + Guoa(,8) =0, 2 €R, t 20, (1)
q(x,O) - QO(‘T)a (3)
with step-like initial data go(x), which tends rapidly to constants as
r — £00:
qgo(z) = e, = —00, qo(z) = ¢y, T — F00, l>c >c >0. J

0 +o0
/ lgo(z) — ci|e®®ldz + / lgo(z) — cc|e®®!dz < oco.
—0o0 0

0 +00
/ e i ) = s = / 2la(@. ) — colda < oo
J J




Cauchy problem for the modified Korteweg — de Vries eq.

x=(- 6cI2 +12¢) L X =(4c+2c)t

Regions in (x,t)—half-plane

Dy ={(z,t): z<(=6c+12c2 —e)t} g=ci+o (1)

Dy ={(z,t): (—6c2 +12c2 + &)t <z < (4c? + 2¢2 — &)t} modulated elliptic wave
Do= {(z,t) : (4c? +2c2 — &)t — Nlogt < @ < (4c? + 2¢2—)t} asymptotic solitons
D3 = {(z,t): x> (4c? + 2c¢2—)t} solitons on background c,
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Theorem (Kotlyarov, M: 2010) Take ¢, = 0,¢; = ¢ > 0. Then
IL  for (z,t) € Do={(z,t):—(6c*—e)t<w<(4c*te)t} and t — +o0

q(z,t) = qa (& t) + Ot 2/3) E=—

where

O(mi+ itB(§) + iA(E))
O(itB(t,§) + iA(E))

ger(§,t) = /& — d?(§)

Here ©(z) is the Jacobi theta-function, associated with the Riemann
surface of function w(k, &) = \/(k2 + ¢2) (k2 + d2(€)) , d =d(¢) is

increasing function, defined for £ € ( ,%), determined by c,

a(=£)=0d(5)=c

B(¢&) is determined by ¢, A(§) is determined by 7(.) and c.

c
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cg>ce >0, t— —o0
Theorem 4.2.1 rarefaction wave

1. For (z,t) a,t):—6ci—)t<a<(6cZe)t} and t — —oco

q(x,t) = \/g-ko 1).

Theorem 4.3.1

dispersive tail domain

L. For (z,t) € D{(x, t)z>—6ci+e)t} and t — —o0

2
X cos [16]t| (c—t -
2

¢(&) is a bounded function of &, determined by r(.).

— @+ 0O ()

)
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The Cauchy problem for the Camassa-Holm equation

Ut — Utzr + 2WUg + 3ulty = 2UzUzy + Vlzez, T € R, T >0,

u(z,0) = uo(z) — {

Cy, r — +00, crt+w

> 0. (2a)
¢, T — —09Q, Ce +w

Without loss of generality we can assume that ¢ = 0,w =1,¢f = ¢ > —1.

¢ € (—1,0) — rarefaction, ¢ € (0, +00)compressive

m(z,t) = u(z,t) — uge(x, t). (a "momentum" variable) y
We suppose that there exists a global classical solution that satisfies
m(z,0)+w >0 (=Vz,t: m(z,t)+w>0.) (T=00), c>m(z0) (5)}
[eCol=lmez, 0~ cH-o)mo e, Obmes e, 0]) deoo, Co > & i= 7—=—,
4(c+ w)

R

1, x >0,

s f(1+ )2, = cH s e O 0,0 da<oo, Hw) = {5 £ 20

)
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x=0l,l x=0C x=wl| =06 x=0ft  x=o
t t

x=adt x=odt

1<5<3

x=0gt

Y=oc) ¥ x=0l

0<5<1

Dy :q(a,t) = e +o (1)
D1 : modulated elliptic asymptotics
Ds : possible solitons, otherwise ¢(z,t) = ¢, +0 (1)
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e B —

Theorem (oscillatory sector)
II. For (z,t) € De{x,t):((ote)t<w<2(ctw — )t} and ¢ — +oco asymptotics is given
parametrically by formulas

{fc =y —2it(g — gc)(i/2) + c(§) + E(tB(£) + A(S)) + o(1),

m%w“;iﬁgi+rngama+A@»—Hm»+dm e=¢,

u(z,t) = a(y(z,t),t)

where
g OUU = AG/2) + 70U — AG/2))
E(U) =108 5 i 4G/2) £ 700U + AGi/2))’
2m2w c
PO == [,
(5 ) wtarzy - VACH)

Here ©(z) is the Jacobi theta-function, associated with the Riemann surface of
function w(k, &) = /(k2 + &2)(k2 + d2(€)) , d = d(£) is increasing function, defined
for £ € (£2,&1), determined by c,

d(§2) =0,d(&) =¢

B is determined by ¢, A is determined by r(.) and c.
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