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Motivations

Fun
tional programming language
Compute prime 31.

= true

Theorem prover

Check Euclid_dvdX.

forall m n p : nat,

prime p -> (p %| m ^ n) = (p %| m) && (0 < n)
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Motivations

Theorem Name : Statement.

Proof.

Qed.
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Outline

Toy Example

Erdös Dis
repan
y

Ternary Goldba
h Conje
ture
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Toy Example

Magi
 Tri
k

32­
ard de
k


ard guessing tri
k
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Steps

1. Shuffle the de
k by multiple 
uts

2. Pi
k five people in the audien
e

3. Give a 
ard to ea
h parti
ipant

4. Test mind­reading

5. Guess 
ards
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Pi
k
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Test
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Test
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Guess
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Magi
 Tri
k

Test : 25 = 32

Shuffle

•••••
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En
oding

Suits

Ranks
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De
oding
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De
oding
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De
oding
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De
oding
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De
oding
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De
oding
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De
oding
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Dire
t Verifi
ation

Re
ursive definition

s0 = [0, 0, 0, 0, 0]

s1 = [0, 0, 0, 0, 1]

. . .

sn+1 = [sn,2, sn,3, sn,4, sn,5, sn,1 + sn,3]

Property

uniq [ si | i < 32 ]
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Indire
t Verifi
ation

sn = [an−5, an−4, an−3, an−2, an−1]

a−n = 0 0 < n

a0 = 1

an = an−5 + an−3 0 < n

P = X5 +X2 + 1 (F2[X])

1/P =
∑

i≥0

aiX
i
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Indire
t Verifi
ation

(1 +X31)/P = X26 +X23 +X21 +X20 +X17 +X16 +X15 +X14 +X13

+X9 +X8 +X6 +X5 +X4 +X2 + 1
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irreducible P
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Erdös Dis
repan
y
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Erdös Dis
repan
y
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Sat Solver

Problem :

Is it possible to put n pigeons in m holes in such a
way that each hole contains at most one pigeon?

En
oding :

vi,p pigeon i is in hole p

vi,1 ∨ vi,2 ∨ · · · ∨ vi,m n clauses

¬vi,p ∨ ¬vi,q n(m2 −m)/2 clauses
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Sat Solver

vi

vj

vk

vl

⊥
vl

¬vi ∨ ¬vj ∨ ¬vl

VS + UP + BJ + L
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b c
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b c
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b c d e
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b c d e

¬a ∨ ¬c
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Sat Solver

b ∨ d

¬a ∨ ¬c ∨ d

¬c ∨ e

¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c

a b
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Sat Solver

vi

vj

vk

vl

⊥
vl

¬vi ∨ ¬vj ∨ ¬vl

VS + UP + BJ + L
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Sat Proof

Resolution

v ∨ C ¬v ∨ C ′

C ∨ C ′

Example

¬a ∨ ¬c ∨ d

¬c ∨ e ¬a ∨ ¬d ∨ ¬e
¬a ∨ ¬c ∨ ¬d

¬a ∨ ¬c
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Sat Proof

3 2

1 0

14 13

21 23

20 19 79

12 11

18 16 15 81 78 80

8 7

5 6 9 83 4 76

77 84

80 85

81 85

82 85

78 86

17 88 89

15 87 89

18 91 89 90
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Erdös Dis
repan
y

For every infinite sequence (xn) (xi ∈ {−1, 1}),
for every C, there exists (k, d) such that

|
d∑

i=1

xki| > C
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Erdös Dis
repan
y for C = 1

k =1 (+1 , ? , ? , ? , ? , ? , ? , ? , ? , ? , ? , ? )

k =2 (+1 , -1 , ? , ? , ? , ? , ? , ? , ? , ? , ? , ? )

k =1 (+1 , -1 , ? , +1 , ? , ? , ? , ? , ? , ? , ? , ? )

k =3 (+1 , -1 , -1 , +1 , ? , ? , ? , ? , ? , ? , ? , ? )

k =1 (+1 , -1 , -1 , +1 , ? ,+1 , ? , ? , ? , ? , ? , ? )

k =4 (+1 , -1 , -1 , +1 , -1 ,+1 , ? , ? , ? , ? , ? , ? )

k =1 (+1 , -1 , -1 , +1 , -1 ,+1 , ? , -1 , ? , ? , ? , ? )

k =5 (+1 , -1 , -1 , +1 , -1 ,+1 ,+1 , -1 , ? , ? , ? , ? )

k =1 (+1 , -1 , -1 , +1 , -1 ,+1 ,+1 , -1 , ? , +1 , ? , ? )

k =6 (+1 , -1 , -1 , +1 , -1 ,+1 ,+1 , -1 , -1 , +1 , ? , ? )

k =1 (+1 , -1 , -1 , +1 , -1 ,+1 ,+1 , -1 , -1 , +1 , ? , -1 )

k =3 (+1 , -1 , -1 , +1 , -1 ,+1 ,+1 , -1 , -1 , +1 ,+1 , -1 )
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Erdös Dis
repan
y for C = 2

Arbitrary sequen
e (xn) of 1161 elements

Express the 
onstraints using 
lauses

Boolean en
oding

xi = ⊤ xi has value +1
xi = ⊥ xi has value -1

Every partial sum of odd length 
an be

en
oded by a boolean.
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Erdös Dis
repan
y for C = 2

yi3 = xi1 + xi2 + xi3 is between -2 and 2

xi1 ∨ xi2 ∨ xi3
¬xi1 ∨¬xi2 ∨¬xi3
xi1 ∨ xi2 ∨ ¬yi3
¬xi1 ∨¬xi2 ∨ yi3

xi1 ∨ xi3 ∨ ¬yi3
¬xi1 ∨¬xi3 ∨ yi3

xi2 ∨ xi3 ∨ ¬yi3
¬xi2 ∨¬xi3 ∨ yi3
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Erdös Dis
repan
y for C = 2

En
oding :

4206 variables, 25142 
lauses

Glu
ose takes 30 min to prove unsatisfiability

and the proof is 2 Gb.
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Erdös Dis
repan
y in Coq

Lemma Erdos :

forall x_ : nat -> bool, exists k, exists d,

‘| \ sum_(1 <= i < d) [x_ (k * i)] | > 2.

Che
king Time: 5 min

Pro
ess Size: 2 Gb

Compiled File: 1 Mb

Map’16 – p.29



Erdös Dis
repan
y in Coq

What has been done?

Verified proof-cheker for resolution

Verified translatation

How has it been done?

Preprocessing

Use some “impure features”
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Ternary Goldba
h Conje
ture
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Ternary Goldba
h Conje
ture

“Every odd number greater than 5 can be
expressed as the sum of three primes”

7 = 5 + 2 + 2

9 = 3 + 3 + 3

11 = 3 + 3 + 5

13 = 3 + 5 + 5

15 = 5 + 5 + 5

17 = 7 + 5 + 5

. . .
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Ternary Goldba
h Conje
ture
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Proving Prime

Parti
ular Prime

Many Primes
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Proving a Prime

Suppose we want to prove that

n = 1000000000000066600000000000001

is prime.
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Primality Certifi
ate

Suppose we want to prove that

n = 1000000000000066600000000000001

is prime.

Find an a of �big� order m

am = 1 mod n

∀p, prime p ∧ p |m ⇒ am/p 6= 1 mod n

If m ≥ √
n, n is prime.
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Primality Certifi
ate

Suppose we want to prove that

n = 1000000000000066600000000000001

is prime.

Find an a of �big� order m

am = 1 mod n

∀p, prime p ∧ p |m ⇒ gcd(am/p − 1, n) = 1

If m ≥ √
n, n is prime.
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Primality Certifi
ate

Suppose we want to prove that

n = 1000000000000066600000000000001

is prime.

Find an a of �big� order m

am = 1 mod n

∀p, prime p ∧ p |m ⇒ gcd(am/p − 1, n) = 1

If m ≥ √
n, n is prime.

Problem: partial fa
torization of n− 1
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Primality Certifi
ate
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Primality Certifi
ate
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Primality Certifi
ate
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Proving Many Primes

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
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Erathosthenes

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
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Erathosthenes

What is a reasonable algorithm?

Compressing

C = [1; 7; 11; 13; 17; 19; 23; 27; 29]

n = 30(p/9) + C[p mod 9]

Jumping

J [7] = [(29, 4, 0), (19, 6, 1), (23, 6, 1), (27, 2, 0), (1, 2, 1),

(17, 4, 1), (7, 2, 1), (11, 2, 1), (13, 2, 1)]
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Ternary Goldba
h Conje
ture

Idea:

[p1, p2, . . . , pn] su
h that pi+1 ≤ pi + A

If BGC holds under A, TGC holds under pn + A.

n− pi = 2q = pj + pk

Computation:

A = 41018

Candidate:

Fast: Proth mumbers k 2h + 1

Slow: Probable prime.
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Ternary Goldba
h Conje
ture

Lemma Goldbach_main :

(forall n : Z,

Zeven n ->

4 ≤ n ≤ 4 * 10 ^ 18 ->

exists p1 p2 : Z, prime p1 ∧ prime p2 ∧ n = p1 + p2) ->

forall n : Z,

Zodd n ->

7 ≤ n ≤ 22240000000000 * 2 ^ 52 ->

exists p1 p2 p3 : Z,

prime p1 ∧ prime p2 ∧ prime p3 ∧ n = p1 + p2 + p3
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Ternary Goldba
h Conje
ture

What made it possible?

556 files

Frame: 4 1010 252

Size : 86 Gb

227 Non Proth

RunTime: 5 days with 24 
ores
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Binary Goldba
h Conje
ture
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Binary Goldba
h Conje
ture

n = pi + pj

n = 3325581707333960528 pi = 9781

Highly optimised program

770 years
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Con
lusions

Proving and Computing

Careful Computing

Parallelising with theorems
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