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Bézier Curves

J Bernstein Basis (Bernstein, 1912)

k n—k
n t—a b—t
nt) = =0.1.....n.

e Basis of the linear space IP,, of polynomials of degree n.

e 0 < Bl(t)<1 fortela,b.
o> _Bl(t)=1 foranyteR.

o LBI(t) =n(b—a) (Bp~L(t) — By L(1)).
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Bézier Curves

d Bézier curves (Bézier-de Casteljau 1960)

[:P(t)=> Bp(t)Py; telab]; PR
k=0

e P(a) = Py and P(b) = P,.
e The curve I' lies in the convex hull of the points Py, P, ..., P,.
e P'(a)=n(b—a)(P, — Fy) and P'(b) =n(b—a)(P, — P,_1).

m=) The curve I' is tangent to the end-segments of the polygon
(Po, P1,...,Pp).
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Bézier Curves

d Bernstein Representation of Polynomials
[':P(t)=> Bp(t)Py; telab]; P eR
k=0

l§ B

R 2

(de Casteljau algorithm, blossom, degree elevation, splines,...)
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Degree Elevation Algorithm

J Degree Elevation of Bézier Curves
¢ ]P)n C IP>n+1

P(t)y=>1_oBr(t)P, =
e New control points
P =p, PV =P,

PV = kP 4+ (1 k)P

QPnCPn+1CPn+2CH- E)(1)=PO })4(1)=P3

e=) [terating degree elevation leads to a sequence of control

polygons.
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Degree Elevation

J Degree Elevation of Bézier Curves

})O(l) _ E) P4(1) _ P3
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Degree Elevation

d Convergence of Degree EIevation

ZBk Pk_ZBk )P,

h
Theorem (Farin, 1969)

The sequence of control polygons generated by the degree elevation
algorithm converges uniformly to the underlying Bézier curve.
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Generalizing Degree Elevation Algorithm

d Nested Sequence of Linear Function Spaces

lePrcPyC...CP,C...CC%(a,b])

P,, : the linear space of polynomials of degree n over |a, b|.

d Bernstein Basis in Each Space

k n—k
n t—a b—t
B" — =0.1.....n.

e B(t) >0 forte€a,bl

o> Br(t)=1 for any t € [a,b].

e B vanishes exactly k times at ¢ and (n — k) times at b.
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Extended Chebyshev Spaces

 Definition
An (n + 1)-dimensional space E,, C C*°(][a,b] is said to be
an Extended Chebyshev space (in short, EC-space) on |a, b]
if any non-zero element F' € [E,, vanishes at most n times on

la, b] counting multiplicities.

 Definition
(By, BT, ...,BJ) is said to be a Bernstein basis of E,, over (a,b) if

e B(t) >0 fort €la,b.
o> _,Br(t)=1 for any t € [a,b].

e B} vanishes exactly k times at a and (n — k) times at b.
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Existence of Bernstein Bases

d Theorem (Mazure, 2009)

Assume that 1 € E,,. E,, possesses a Bernstein basis over (a, b)
if and only if DE,, is an (n-dim) EC-space over |a, b|, where
DE, = {F'/F € E,}.

J Definition

[E,, is said to be good for design if it contains constants

and DE,, is an (n-dim) EC-space over [a, b].
==) Development of all CAGD algorithms in [E,,.

(Bézier curves, de Casteljau algorithm, blossom, dimension elevation, splines,...)
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Spaces Good for Design

d Examples

o (1,t,t%,...,t" 2 cosht,sinht) span a space good for design
on any interval [a,b] C R.

o (1,t,t%,...,t" 2 cost,sint) span a space good for design

on any interval |a,b| C |a,a + 7[. (Cycloidal spaces)

e Given real numbers 0 =rg < ry < ...r,, (70, t™, ... t"™)

span a space good for design on any [a,b] C]0, cc[. (Miintz spaces)

e Given any real numbers ay,as,...,a, € R\ |a,b],
(1, t_lal : t_1a2 e t_la ) span a space good for design over |a, b].
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Dimension Elevation

d Setting
e [a,b] a fixed interval. E,, C E, 11 both good for design over |a, b|.
e (By,B?T,...,B) Bernstein basis of E,, over (a,b).

o (BT BT B;ffjf%) Bernstein basis of E,, 11 over (a,b).
n—+1

ZBk Pk_ZB"“ S A D

d Theorem
There exist aq, as,...,a, €]0,1[, independent of P, such that

PM =p, PV, =P,

P]gl) = apPr_1 + (1 — Oék)Pk, Ek=1,2,....n
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Dimension Elevation

d Geometrical Interpretation

e [a,b] a fixed interval. E,, C E, 1 both good for design over |a, b|.

n n—+1
P(t)=Y Brt)P =Y Bpt'(t)PY, P, P eR™
k=0 k=0
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Dimension Elevation Algorithm

d Nested Sequence of Spaces Good for Design

leEsCEy,C...CE,CE,;1 C...CC(a,b])

()= Bi(OP = By (1P
k=0 k=0

J Main Question =z>-~ P> -7
When does the sequence of control polygons, generated

by the dimension elevation algorithm, converges to the

underlying Bézier curve 7
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Muntz Spaces

d Nested Sequence of Muntz Spaces
e Apo = (r1,72,...,Tn,...) a strictly increasing sequence of positive

real numbers.

o E,(As) := Span{1,t™ t™, ... t™} is a space good for design

on any interval [a,b] C]0, col.

leE1(Ax) CEx(Ax) ... CEL(A) C ... C C(a,b)).

Main Question: Characterize the sequences A, for which the dimension

elevation algorithm converges to the underlying curve ?
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Schur Functions and Bernstein Bases

J Schur Functions

e A = (A1, A2,...,\,) is a real partition if
AM>XA—1>XA3—-2>...>\,—(n—1) > —n.

e The Schur function S, indexed by a real partition A is defined by

Aji+n—j
det(u;’ J1<i.i<n ~ Sx(ut, ..., Uy)
Sx(uy, ..., uy) = L =0I= 0 Sy (U, ., Uy) =
" H1§7;<j§n(ui — uy) " Sx(1,1,...,1)
o If A\, \o,..., A\, are positive integers, then we recover the classical

notion of integer partitions and Schur functions

Sx(u1, U, ..., Up) € Zlu1, U,y ..., Uy
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Bernstein Bases in Muntz Spaces

J Schur Functions and Bernstein Bases (R.A, 2013)
o E,(As) := Span{1,t™ t™2 ... t'™}.

Theorem. The Bernstein basis of the space E,,(A,) over (a,b) is given by

n S’ (0) (a[n—k]7b[k])g/\(a[n—k]jb[k]’ab/t) 1 PN
B (t) = A A ALBR(¢),

— t
S}\(a[n+1—k]7 bl ])Sk(a[n—k]’ b[k+1]) k

where A = (A1, A2, ..., A\n) and MO = (X, ..., \,) with
Me =T —Tk1—(n—k+1), k=1,2,...,n.

e The ratio b/a is a shape parameter.

m=) [t is sufficient to study dimension elevation over intervals of the form

la,1],a > 0.
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Dimension Elevation in Muntz spaces

J Dimension Elevation Algorithm

o A, =(r1,72,---y7n), Apr1= (1,72, ..., Ty Tha1)
P(t) = Yo Bia (0P = S350 Bkl (0.

e New control points P R)% P

PN =pr, P =P,

P = &Py + (1 — &) P

— Ek have ver Yy complicated CXpI'GSSiOIl
P 1 P

mm=) A direct proof of a convergence theorem is unlikely
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Degree Elevation

J Degree Elevation of Bézier Curves

})O(l) _ E) P4(1) _ P3
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Dimension Elevation in Muntz spaces

d Example
® A3 — (1,3,4), An_|_1 — (1,3,4,6)

o0 1 3 4 | 6]

. _1 S(l)(a a b)S(2 2,1,1)(a,a,a,a,b)
Su(a,b) = a™" 5 b)S b
(1, 1)(a,aa ) (211)(CLCLCL )

o lim, ,0&1 (au 1) — %- PO =

=) Working with Hy!\ (¢) := limg—0 By 4 _(%).
(Gelfond-Bernstein basis)
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Gelfond-Bézier Curves

J Dimension Elevation for Gelfond-Bézier Curves
oA =(7,,1,,....7,) A .. =0,0,...7,7,.)

n—+1

P(t) = En:H;;A t) Py = Z a4 ()P
k=0

e New control points

P(l) P P(l) - P

n+l n

7
PV =-p +(1——)Pk
n+l

PO _ p B‘(l) — P3
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Corner Cutting Schemes

J Dimension Elevation for Gelfond-Bézier Curves

P(t) = Z Bj n (t) Py
k=0

})0(1) _ })0 P4(1) _ P3
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Corner Cutting Schemes

d Example 1

100 1terations

A, =[1,2,3] = A, =[1,2,3

8,10,...,2i,...]
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Corner Cutting Schemes

d Example 2

100 1terations

4, =[1,2,3] = A, =[12,3]16,25,...,i%,...]
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Corner Cutting Schemes

d Example 3

100 1terations

LR
4 5 ]

l

4,=[1,2,3] = A, =[1,2,3
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Corner Cutting Schemes

d Examples

8,10,...,2i,...] — = +00

Convergent 4, =[1,2,3] = A_ =[12,3

16,25,...,i%,..] Y — <+

l

Non convergent 4, =[1,2,3] = A_ =[1,2,3

LI S
4 5 ]

Non convergent 4, =[1,2,3] = A_ =[1,2,3

1 . |
2—=+oo =) lim7, =+ and — = 4

1 n—>o -~ 7,

l 1
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Dimension Elevation of Gelfond-Bézier Curves

J Convergence Theorem p PV P

o A, =(1,1,0sl, 7, 5T )

**9"n% " n+l12 " n+2°°°°

E)(l) _ })0 Py p

n+l n

r

n+l

PO = p 4 (1 —’”—k)a
PV =P

Theorem (R.A, 2013)

The sequence of control polygons obtained by dimension elevation

converges uniformly to the underlying Gelfond-Bézier curve

if and only 1f
: 1
limr, =+ and — = 4

n—>0oo -
T h
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Dimension Elevation of Muntz-Bézier Curves

d How to Go Back to the Interval [a,1] ?

(t) P, = ZBMO@ (t) Ry,

ZE<OO

k

e The de Casteljau algorithm and Chebyshev blossoming still make sense
over [0, 1]

o Clarkson-Erdés-Schwartz inequality || P’||j01-¢ < ¢(Aosc, €)]|P||1—e.1]
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Dimension Elevation in Muntz Spaces

Jd A New Emergence of the Muntz Condition

Theorem (R.A, 2013)
For a sequence Ay, = (71,72,...,7p,...) of strictly increasing positive

real numbers such that lim,,_,,, 7, = 00, the convergence of dimension

elevation to the underlying curves is equivalent to

Zri:—l-oo

Theorem(Miintz, 1912; Schwartz, 1944)

The space Span(1,t™,t™,...,t"™ ...) is a dense subset of C([a,b]) with
la,b] C [0, 00] if and only if
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Dimension Elevation vs Density

d Corollary

For a sequence Ao, = (r1,72,...,7p,...) of strictly increasing positive
real numbers such that lim,,_, r, = oo, the convergence of dimension
elevation to the underlying curves is equivalent to the density of the space

Up>1E, in C(|a,b]) endowed with the uniform norm.

Question: Is this equivalence an isolated fact or a general one ?
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Polynomial Bernstein Operators

d Explicit Expression

lePiCcPy,C...CP,C...C Ca,b])

e B, : C(la,b]) — P,
k=0

e B,, linear positive operator.

e B, reproduces every elements of P;.

" (n—k)a+kb_
t:Z( - B2 (t).
k=0
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Chebyshev-Bernstein Operators

d Construction
leEiCEyC...CE,CE,;1 C...CC*(la,b|)

e Let U € E; be a strictly increasing function over |a, b].
U(t) =) uenBi ().
k=0

The Bernstein operator B, : C(|a,b]) — E,, reproducing U
is defined by:

k=0

where fk,n — U_l(uk,n), Ek=20,1,...,n.
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Chebyshev-Bernstein Operators

J Main Question

leEiCEyC...CE, CE,;1 C...CC(la,b|)

When does the Bernstein operators B,, converge
to the identity 7 i.e.;

lim ||[B,F — Fl|l.c =0 forany F € C([a,b]).
n—oo

=) U (E, is a dense subset of C(|a,b]) endowed with

the uniform norm.
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Dimension Elevation vs Bernstein Operators

leEiCE;C...CE,CE,11 C...CC*(a,b])

d Dimension Elevation (CAGD)

Q
un'
Jt
N
Jr’
[9%)
Se
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Main Theorem

d Dimension Elevation vs Bernstein Operators

leEiCEyC...CE,CE,;1 C...CC*(la,b|)

Theorem(M.-L. Mazure, R. A, 2014)
There is equivalence between:
e Convergence of dimension elevation to the underlying curves

e Convergence of the Bernstein operators to the identity

Corollary

If dimension elevation converges to the underlying curves then U, >E,

is dense in C(|a, b]) endowed with the uniform norm
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leEiCEC...CE, CE 41 C...CC*(a,b])

Does the density of U, >1E, implies the convergence of dimension

elevation to the underlying curves ?
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leEiCEC...CE, CE 41 C...CC*(a,b])

Does the density of U, >1E, implies the convergence of dimension

elevation to the underlying curves ?

Answer: NO
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Dimension Elevation for Rational Spaces

d Nested Sequence of Rational Spaces

o A = (ai,az,...,a,,...) asequence of real numbers in R \ [a, b].
o E,(Ay) := Span{l, t—1a1> t_1a2 e t_la } is a space good for design

on the interval [a, b].

l1eEi(Ax) CE3(Ax) ... CEL(As) C ... € C%([a,b)).

Akhieser’s theorem (1956)
Un>1En(Ax) is dense in C'([a, b]) if and only if

Z \/(an —a)(a, —b) = +o0.
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Dimension Elevation for Rational Spaces

d Counter-Example
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Pélya's Theorem and Dimension Elevation

J Pdlya Theorem (1928)

Let P be a real univariate polynomial which is positive on the interval
[0, 00|. Then there exists an integer m such that the coefficients of the

polynomial (¢t 4 1)™P(t) are positive.

1 Definition

An infinite sequence By, = (b1, ba,...,b,,...) of positive numbers is said
to be Pdlya positive if, for any real polynomial P which is positive on the
interval [0, oo[, there exists an integer m such that all the coefficients of

the polynomial (¢t + by)(t + b2) ... (t + by, ) P(t) are positive.

m=) The sequence (1,1,...,1,...) is Pdlya positive
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Main Result for Rational Spaces

d Theorem (R.A, M.-L. Mazure, 2016)

A infinite sequence of poles Ay, = (a1,as,...,an,...) ensures the conver-
gence of dimension elevation to the underlying curves if and only if the infinite

sequence
a—a; a—as a— Gy
B.. — ( )

b—a; b—ay  b—a,’

is Pdlya positive.

d Theorem (Baker and Handelman, 1992)

An infinite sequence B, = (b1, bs,...,by,...) of positive numbers is Pdlya
positive if and only if

= 1
Z min (b, b—) = 400
n=1 n
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leEiCEy;C...CE,CE,11 C...CC*(a,b])

S —

Convergence of dimension elevation

to the underlying curves

Miintz Spac% /
~

a )
¢ Convergence of Bernstein operators

Density of U,>1E,, in C(]a, b]) o the iientity P
_/  Rational spaces ‘- _/

lim max  |Ugn — Uktin| =0
n—oo k=0,1,....n—1

® Uupn,k=0,1,...,n, the control points of any element of [,
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Thank you for your
attention
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