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Spikes and point processes

» neuronal activity : electric impulses = spikes

From G Pouzat, CHRS UMR 8112

» The interesting information from these spikes is related to the time
of their appearance and their length(rather than their shape or
intensity)

= Point processes On RT.



Poisson processes and Hawkes processes

On (Q,F,P), N is a point process

» Its distribution is caracterized by its conditional intensity process

At) = At|F) = ’limo %IP( an event takes place in [t, t + h]|F:)
—
= "E[dNt|F;]" (F:)= adapted filtration

» Poisson Process

> A(t) deterministic

» intervals between events are independent
» Hawkes Process

S A = {r o he-T)}

» When h is positive : self-excitation, when h is negative inhibition



Multidimensional Hawkes processes

» M neurones interracting : self or inter excitation or inhibition. We
observe M point processes non independent.

» Conditional intensity of the process m :

AP () = L 3™ K 0)

(=140 <,

» Remarks
> h&m) is the excitation function of m by £.
> h{™ can be negative.
» Stationary process if the spectral radius of matrix

| = (f;" |h§"’)(u)|du)1< is < 1.

<tm<M
» The functions h&m) have support : [0, Smax]

[Reynaud-Bouret et al., 2013]



Example of bi-dimensionnal Hawkes processes
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Objectives

» Bayesian estimation 6 = {{u(’”)}m:lmM, {hém)}(z,m)e{1,...,/w}2}-
> exists : Lasso estimates [Hansen et al., 2014] .

» Hardly anything in the Bayesian framework [Rasmussen, 2013], K.
Heller



Bayesian inference

v

0= {{V(m)}mzl.../\/la {hém)}(ﬁ,m)e{l,...,M}z}

Observations N on M neurones during [0, T]

v

v

Likelihood : n,, = number of jumps for neuron m, and

Tl(m), ey T,S:) jump times for neurone m, m < M

L(N; 0) = exp Z Zlog)\(m)(T"’) / A (y

m=1 j=1

v

Posterior (pseudo) :

w(dO)L(N; 6)

7(dO|N) = ()

v

Depends on N[, .7



Posterior concentration on 0 : T — 400

e Posterior concentration If * = true parameter, e = o(1)

Eg- [N(d(6,0%) > e7|N)] = o(1)



General Theorem on posterior concentration rates G& VdV
(07)

» Kullback- Leibler Condition
N ({K(po~,7,po,7) < TeT; V(pos,7,P0,7) S Ter}) > e T
> Tests 307 7(05) < e (¢FATer st

b7 Eg- (67) = o(1); sup Eg (1 —¢7) < e (cFATF
0€0%;d(0,0*)>Ber

Then
Mn(d(e,0") > Mer|N)



Application to Hawkes processes

» Parameter space :

O = {(I/g,hkyg, k,t < M); hee >0, v >0, llpll < 1 }
———

For stationarity

p = (pke)ke<m, Pke= /hk,Z(X)dX

» Metrics : Ly and L; stochastic

dy,7(0,0%) / Z\)\ee—/\ee* t)dt,
|6 — 6 Hl:Z|W—Vz|+2||hk,é—hk,z||1
¢ 0k

/\59 —Vg-i—Z/ hkg t—u)de

Smax

» Observations Ni_;, 71 = (N{,t < T, < M).



Concentration in d; 1

e True 6* = (v*, h*) with v* > 0 and |p*|| < 1. If
» KL :dc > 0 such that

Nl —v*| < erimaxhex — hg |2 < er(loglog T) 12) 5 =T

> Sieve : 307 C ©, N(0F) = o(e~CTT)
> Entropy :
log N(eT,O7, [|.[l1) S Ter

Th
en )

2
Tes

E* [7 (d1,7(6%,0) > Mer|N)] <



How does it work : (1) concentration in di T

» Prove that
V0 € {|lv —v*| < erimaxek |hek — hj g ll2 < e7/loglog T}

KLr(0%,0) < kTeF, P* (07(0) — (7(0%) < —(k + 1) Te7) <
> tests : 61 € ©1, S; = {0, d1,7(0%,0) € (jer,(J + 1)eT)}.
Al = {t; Ao, > Ao+ (1)},

Bo, = max (I{N*(A1) — N(A1; 0%) > jTer/8} v I{N(AS) — N“(AS; 0%) >,

then

E* (o, ¢0,)+  sup  E* [Eg (lo,lpes, (1 — ¢g,)[Go)] < 2e~ 0 Terlinie

[[0—01]|1<jcoeT



weak conditions - examples of priors
_ » y
pr~Tp hie=hie/pre ™ Th, v~

» Histograms

- jid, D jid
P = Oke8res &ki = & Oke~ Be(p)

and g has distribution given by

J
wj iid
ZT = (5,541), 2z ~ Be(q), ZWJ_]'

Jizi=
J—-1~ ,P(a)v (WJ7J € {ZJ = 1}) ~ D(aJ7 e an)a
(slu"' 7SJ) ~ rls
If h* are Holder 3 then

< (T//loglog T log T)=A/A+1) g <1



Mixtures of Betas : Adaptive extimation over Holder classes

» Prior model

1
hk,e:</ ga’EdM(e)> , gae(x) = Beta( @ ,3>
0 + 1_6 €

M : signed bounded measure on [0, 1].

> Why?

E | Beta a ,g =¢, var| Beta a ,g :6(1_6)
1—€ ¢ 1—€ ¢ «

|

T T T T T
00 02 04 06 08 10 00 02 04 06 08 10

beta, eps=0.1 alph=1,10,50 beta wrong



Why postitive part of mixtures of Betas?

> (R. 08) : Vf € H(B, L), there exists fi such that
s 1
lgos ~ Flle = 0@ ™"). ()= [ gn()R()de
0
and 3P = Z,‘J:1 w;d(c;), J S Va(log )32
ga,ts — ga,pllz = O(a” ')
» Prior

JNP(a)v (|W1|7"' 7|WJ|)ND(0‘/J7"' 70‘/-/)7 \/&Nr(ao,bo)

with .
wi=Glwl, G e{-1,1} iid, ¢ % Beta(a1,bn)

» Posterior concentration rate : adative

er < T—ﬁ/(2/3+1)(|og T)q



Concentration in Ly :

10— Oolls = D¢ [ve — vi | + 20k ek — A illn

di 7(6,60%) fo [Ao(t) — Xo=(t)|dt : non explicit

Theorem

Under the same assumptions and if
N(lloll > 1~ uoer) < =T
then IMy > 0

E*[M(16 = 6%[l1 > Moer|N)] = o(1)




From d; 1 to L3

E* [M({d,7(6,0") < er}n{[|0 —0%[[1 > MoeT|N)]

<P* (DT < e_CT62T> + GCTezT/ E™ [Py [d1,7(0", 0) < er[Go]] dM(0
16—6%|l2>Moer



e Point estimators 7 = E[f|N] satisfies
Po- (I = Flls Ser) =1

e Fasy conditions Compared to Hansen et al. — who had a stronger
condition on the type dictionnary



Simulation study

e Prior : random histogram

Z,k

hey = 5“ ZH“ T

(1/2)

. MAKE 14 p(a)

log ve ~ N (3,1), Wf’k ~ Be(1/2) x In N (ptar, 52)



Vyp = 20

Scenario 1 : We first consider K = 2 neurons and piecewise constant
interactions :

h11=30T0002, h21=30L0001, #M2=30L0o1,002 Hh22=0.

Scenario 2 : In this scenario, we mimic K = 8 neurons belonging to
three independent groups. The non-null interactions are the
piecewise constant functions defined as :

hay =h31 =hy2=h13=hy3=hgs=hse=he7=hsg=301I00.02-

~
'(’f,/'

o




Results Scenario 1 : K=2 — v

Posterior density
5
Distribution of the posterior mean

Figure: Results for scenario 1. On the left, posterior distribution of (v, 12)
with T =5, T =10 and T = 20 for one dataset. On the right, distribution of

the posterior mean of (v1,v2) (IE [V (NE™) ,-,7[0’71]) over the 25
25

. sim=1...
simulated datasets.



Scenario 1, K=2. Estimation of the (hgk)e¢,k=1,2 using the regular prior
(left) continuous prior (right). The gray region indicates the credible region for
he,«(t) (delimited by the 5% and 95% percentiles of the posterior distribution).
The true hg is in plain line, the posterior expectation and posterior median for
he,«(t) are in dotted and dashed lines respectively.



Results for Scenario 2 : K=8-1,
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Results for scenario 2 for one given dataset. Posterior estimation of
the interaction graph for T = 10 on the left and T = 20 on the right, for one
randomly chosen dataset. Level of grey and width of the edges proportional to
the posterior estimated probability of P(8sx = 1|(N:™), in[0,T])-



Results for scenario 2 over the 25 simulated datasets. Posterior
estimation of the interaction graph for T = 10 on the left and T = 20 on the
right. Level of grey and width of the edges are proportional to the posterior
estimated probability of 2= S°2° _ P(6px = 1|(N5™); info,77)-

sim=1



Intensities
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Theory for L; posterior concentration rates under quite weak
assumptions

Only for non negative hy

Simulations : too slow for the moment to treat many neurons. Ok
for <= 10 (just) — How about the mixture of Beta or other priors?

Understanding credible regions
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