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Bayesian nonparametric applications

e textual data [Chen et al., 2013]

e random sparse graphs [Caron and
Fox, 2017]

e species sampling [Arbel et al.,
2017]

e diversity indices estimation
[Cerquetti, 2014]

e nonparametric mixture modeling
[De Blasi et al., 2015]

e feature allocation [Broderick et al.,
2013]

e ranked data [Caron et al., 2014] g [ —
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e nonparametric mixture modeling
[De Blasi et al., 2015]

e feature allocation [Broderick et al.,
2013]

e ranked data [Caron et al., 2014]

e textual data [Chen et al., 2013]
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e species sampling [Arbel et al.,
2017]

o diversity indices estimation

[Cerquetti, 2014]
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Why Gibbs-type priors instead of Dirichlet process?

Xi,... X|P X P, and P~ Q,

ko <n, X{,... an, Ny, ..., Nk

n

Gibbs-type: most natural generalization
of the Dirichlet process [De Blasi et al.,
2015]

e More flexible clustering control

e Power-law vs log rate

Dirichlet process by Ferguson [1973]: P ~ DP(6, Go)

P[Xo11 €| X" =

TG+ anax*()

Log rate for number of clusters k, < 0 logn
v d
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Why Gibbs-type priors instead of Dirichlet process?
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Xi,...Xp|P~ P,and P~ Q,
kn <, X{y.oo X0, m, oo, nk

n

n

Gibbs-type: most natural generalization
of the Dirichlet process [De Blasi et al.,
2015]

e More flexible clustering control

e Power-law vs log rate
Pitman—Yor process by Pitman and Yor [1997]: P ~ PY(«, 0, Go), o € (0,1)

kn

S (n — ) ()

Jj=1

0+ ak, 1

P[Xn1 € | X"] = a1 @Ot

Power law rate for number of clusters k, =< Sn“
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Why Gibbs-type priors instead of Dirichlet process?

Xi,... X|P X P, and P~ Q,

kngnr X1*7""7X:,,v n, ..., Nk

n

Gibbs-type: most natural generalization
of the Dirichlet process [De Blasi et al.,
2015]

e More flexible clustering control

o Power-law vs log rate

Gibbs-type processes by Pitman [2003]; Gnedin and Pitman [2006]:
P~ Gibbs(oz, (mG),,’k, Go), a<l

k
n \/ﬂ Vﬂ .
P[X,1 €| X" = 7\7:"“ Go(.) + 7\/“;“ > (= )dx- ()

j=1
K random variable a.s. finite if « < 0

kn =<4 Olognifa=0 e
Sn® if a € (0,1), (S random variable). &zw
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Highly flexible, but barely tractable

Vi.k, parameterized by a positive function h such that h(t)f.(t) is a density
where f, is the density of a positive a-stable r.v

+o0
_ 7ozk,, n 1—akp o
Vik, = F(n ~aky) / / fa((1 — p)t)dpdt
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Highly flexible, but barely tractable

Vi.k, parameterized by a positive function h such that h(t)f.(t) is a density
where f, is the density of a positive a-stable r.v
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Highly flexible, but barely tractable

Vi.k, parameterized by a positive function h such that h(t)f.(t) is a density
where f, is the density of a positive a-stable r.v

+o0
_ 7ozk,, n—1—akp o
Vo ky = F(n —aky) / / fo((1 — p)t)dpdt

Gibbs-type processes include
e Dirichlet process as a limiting case when a — 0

e Normalized a-stable process: h(t) =1

—0 _T(6+1)
r(6/a+1)

e Normalized generalized gamma process: h(t) = exp(3® — St)

k. + nh—1 .
_ore’ n—13 _ 1ayi _i
Vioke = () Z( ; >( T )r(kn a,T)

e Pitman—Yor process: h(t) =t
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Highly flexible, but barely tractable

Vi.k, parameterized by a positive function h such that h(t)f.(t) is a density
where f, is the density of a positive a-stable r.v

+o0
_ 7ozk,, n—1—akp o
Vo ky = F(n —aky) / / fo((1 — p)t)dpdt

Gibbs-type processes include
e Dirichlet process as a limiting case when a — 0

e Normalized a-stable process: h(t) =1

—0 _T(6+1)
r(6/a+1)

e Normalized generalized gamma process: h(t) = exp(3® — St)

akne™ X (n—1 i
Vo) = —— - ey [k, — =
o = T 2 ( ; )( %) ( a’T)

Outside of these: no explicit expression for weights

e Pitman—Yor process: h(t) =t

yd
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Efficient approximation of predictive weights

Discovery probability: exact

(2T | T

Voo [

Predictive distribution:

n Vﬂ n V” sKn
X1 €| X" = R Goll) £ 2 Sy — ) ()

yd
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Efficient approximation of predictive weights

Discovery probability: first order approximation
V kn k"
Virrsorr _ ko | <7>
Vi kn n n
Predictive distribution:

kn

S — )oxe ()

Jj=1

kn 1
2 Go() +

n n

P[Xoi1 € | X"] ~

At 1% order: any Gibbs-type boils down to normalized a-stable
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Efficient approximation of predictive weights

Discovery probability: ~ second order approximation

Vn+1,k,,+1 akn 0 (1)

= + " +o
n n

Vn,k,, n
Predictive distribution:

kn

S — )dx: ()

=t

0, + ak, 1
0, +n Go(-) + 6, +n

IP[X,,+1 (S ‘ X"] ~

At 2" order: any Gibbs-type boils down to Pitman—Yor with random precision
parameter 0, = p, (nk,fl/a) with ¢, being defined as pn(t) = —th'(t)/h(t)
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Sketch of proof by Laplace Approximation

v d
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Sketch of proof by Laplace Approximation

1. Rewrite discovery probability as expectation

Vi1, ko t1
it g p
Vok [ ]

according to density f,(p, t) oc t=*p" 1=k p(1) £, ((1 — p)t),
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Sketch of proof by Laplace Approximation

1. Rewrite discovery probability as expectation

Vi1, ko t1
Yrilktl gy p
Vok [ ]

according to density f,(p, t) oc t=*p" 1=k p(1) £, ((1 — p)t),

2. Using power law behavior k, < Sn®, differentiate density f, leads to
t, = nk;y ¥/
n - n

characterize its mode (t,, pn) by system ol ks

= P = g e +n
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Sketch of proof by Laplace Approximation

1. Rewrite discovery probability as expectation

Vi1, ko t1
Yrilktl gy p
Vok [ ]

according to density f,(p, t) oc t=*p" 1=k p(1) £, ((1 — p)t),

2. Using power law behavior k, < Sn®, differentiate density f, leads to

-1/«

h L d b t, < nk,

characterize its mode (t,, pn) by system L oplt)raks
Pr = =ty in

3. By Laplace approximation

Vn+1’k"+1 - goh(nk,fl/a) + akn

Voke Lph(nk,fl/a) +n
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Numerical illustration

Discovery probabilities plots: data generated from Zipf law parameter 1.5,
sample size n from 50 to 500 — defines some k, sequence
Normalized generalized gamma with oo = 0.75, 7 € {1, 3,10}.

a=0751=1 a=0751=3 a=0751=10
04 0.4 0.4
03 03 03
02 0.2 02
50 100 200 300 500 50 100 200 300 500 50 100 200 300 500
Vn+ 1,kp+1
Exact ————"—
Vn, kn

yd

hw.,?mjm/mmmm,
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Numerical illustration

Discovery probabilities plots: data generated from Zipf law parameter 1.5,
sample size n from 50 to 500 — defines some k, sequence
Normalized generalized gamma with oo = 0.75, 7 € {1, 3,10}.

a=0751=1 a=0751=3 a=0751=10
04 0.4 0.4
03 03 03
02 0.2 02
50 100 200 300 500 50 100 200 300 500 50 100 200 300 500
Vn+ 1,kp+1

ak
Exact , 15t order —2
n

Vn,k"
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Numerical illustration

Discovery probabilities plots: data generated from Zipf law parameter 1.5,
sample size n from 50 to 500 — defines some k, sequence
Normalized generalized gamma with oo = 0.75, 7 € {1, 3,10}.

a=0751=1 a=0751=3 a=0751=10
04 0.4 0.4
03 03 03
02 0.2 02
50 100 200 300 500 50 100 200 300 500 50 100 200 300 500

V, ak
Exact bkl qst order 250 ond orgep 20T G0
Vi ky n 60,+n

hw;ma/mmcmwu
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Numerical illustration
Discovery probabilities plots: data generated from Zipf law parameter 1.5,

sample size n from 50 to 500 — defines some k, sequence
Normalized generalized gamma with o = 0.75, 7 € {1, 3,10}.

Step time Total time:4.1h
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Monte Carlo computing time: exponential
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Conclusion

e In this talk we have presented a large n fast and reliable approximation to
Gibbs-type predictive weights

o Better understanding of the parameterization

e Make easier to use
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Conclusion

e In this talk we have presented a large n fast and reliable approximation to
Gibbs-type predictive weights

o Better understanding of the parameterization
e Make easier to use

Links

e paper on arXiv later this week
e R code available at http://www.julyanarbel.com/software

e Some random thoughts on https://statisfaction.wordpress.com/
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