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Coherent States

Schrodinger 26
Glauber ‘605
Klauder '60%

e Quantum States behaving in many respects Classically

e Particularly suited for 1/2-Classical Analysis, Quantum
Optics, Signal Processing, Quantum Information,...

e Photons radiated by classical current sources are in
Coherent States, for each mode.

e E-M field produced by LASERS are Coherent States
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Goals

1) Construct a reservoir of infinitely many coherent states

e Infinite vol. limit, fixed particle density “a la" Araki-Woods ‘63

A. Fixed number N of modes
B. Continuous density distribution p(k)of modes

=> implies random phases

2) Representations of the Infinite Coherent States (ICS)

3) Analyze the dynamics of small systems in contact with ICS
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Setup

Non-interacting particles in a box A =[-L/2,L/2]¢ c R?

e Single particle:  L*(A,dxz) with Period. Bdry. Cond.

AN

e Fourier: fe LA, de) — P(3F2%) > f
ﬁ _ L—d/Z/ e—ikajf(x)dx , f(a:) _ L—d/2 Z eikxﬁ;
A ke2r74d

e Fock space:

AN

F =P.>0 (12(2_Wzd))®symm with vacuum
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Se.l-u continued
P

e Creation/annihilation ops

a*(f): Z fka}z , Where ap=3%1 %2 a*(eikx)g_l

27 7 d
ke2rz

e Field & Weyl ops
0P = b Syt + B & W(H =0

S. 1. |
W(HW(g) = e 29w (F+7)

P

'j/\/\

C*-algebra gen. by {W(f),f} <=> algebra gen. by {a(f),f}
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Se.l-u continued
P

e A state 1N :"Observables” — C is charact. by
— 3 2
[ B(J) = nW(7), all fe L7(A df”)] Expectation fctl.

e Any E:L*(A,dx) »> C s.t

EQO) =1

EN=E-f
S Ko azper™ e ) E(fi— fi) = 0,
V K > 1,z € C, fr € L*(A, dx)

determines a regular state on the Weyl C*-algebra

o Example:  Epok(f) = (2, W(HQ) = e 3/
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N-mode Coherent States
* p|Ck N mOdes kllvvkg\f < Q%Zd/ N C-numbers a1,..., N

e Finite volume coherent state

N T O .
[ T—e 777 G Jdusplacemen’r op.

ay, Qg number op. of mode k;
j 7
s.t. <\Tfa,jakfi}> = |oy;|? # particles in mode k;
J J
Remarks:

displacement op. is a Weyl op.

iv2Re ZN: 5{"]?/ .
T Expectation fctl.
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N-mode Infinite Vol. Limit

e Scaling:
Let ki,...,kN E R¢ be fixed modes, and n; = TLj(L) S 7

L—o0

s.t. Kj(L) = 2mnj(L)/L —— kj, j=1,...,N

Let pj =loy]’/L? be fixed densities of part. in mode k
i.e. aj(L) = L¥2 /p; e%  with 6, a phase

Theorem:

V f e LIRS, dz) N LA(RY,dz) with  f(k) = [pae ™ f(z)dz

(» I ™
lim <@,W(f)(ﬁ> — Ex(f) = e—ilIfI? giRe T, e\ /2p; Jlky)
L—o0

- 3
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Continuous Density of Modes

Strategy: take N to infinity after infinite vol. limit

e Recall expectation fnctl:

En(f) = e 1lfI? giRe il e 9 y/20; [lks)

e Let p(k) be a given density of modes support. in [-R, R}

s.t. p(k)dk spatial density of part. with momenta in dk

e Discretization

2R 2R

= (— = —) € RY
@3 (E+J1N, — R+ jamr) €
]1,...,]d€{1,2,...,N}
Ak; = (2R/N)?

pi = plk;)Ak;
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Continuous Density of Modes

continued
Sum in En(f): with 6(k) a phase function
ST e 2 Flky) = @RINZ N e 00D fap(ky) Flk)

N—00

~ (N/2R)%/? /[_RR]de—”(k)\/zp(k) flk)ydk — oo

Ak = RNy

Take random phases
(9j = (Qj(CU) i.i.d. over [O, 27’(’] , distrib. U

Cure:

ENw(f) — € 4=||f”2 A ZJE{l ..... N}d &5 (w)

£(w) = 2R)Y2\/2p(k;) Ree @ F(k;) N indep. rand. var.
=> calls for CLT
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Continuous Density of Modes

continued
27 _
Fact: If A()=0 where  A(n) = /O dpu()e=m"
N7 N gw) > No(0,04(f)?) as N oo CLT

where  o,(f)* = | () (IFE) +Re (7(2) f(1)2) )

Thm. f El \\niceu Xw(f) 5.1'. I.|.6

EN,w(f)g E,(f) = e alfl*giRexu(f) [ Exp. Fctnl.

\_ _J
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Representation

Infinitely many particles => out of original Fock space

e C*-algebra gen. by {W(f),f} <=> algebra gen. by {aﬁ(f),f}
e GNS:

Given a state 77 on a C*-alg. A , 3 (H,n, D)

- (P —
a Hilbert sp. H st v Ac

n(A) = (¥, 7(A) V)
e ———

a normalized ¥ eH
a *-hom 7 : A — B(H)

e Infinite vol. limit:

E(f) = nW(f) = (L, 7(W(f)¥) onH

—_— \ ,
Known to be found
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Random phases GNS representation

Eu(f) = e alflPelexe()  with  Rexu(f) ~ N(0,0.(/)?)

Theorem:
H = Hp C F(L*(RY dx))
7Tw(I/V(f)) — WFock(f)eiReXw(f)
U —

QFock

e Represented random field & creation op's

3o(f) = Broalf)+Rexolf)
| UJZ(f) — a;ock(f) + % Xw(.f)' )

e In particular:

2, Chi squared law
<QFock7 CLZ'L (f)aw(f) QFOCk) — %|Xw(f)|
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N-level system coupled to a random ICS

Uniform distrib.: dp(8) = 52

ICS Hamiltonian: Hg =dl(e) with (k) = |k

N-Level system: Hg = diag(er,...,en) <=> {@j},

Free Hamiltonian: modulo technicalities

Hy=Hs® 1y +1s® Hg on” CN® F(L2(RY,dx))

Coupled Hamiltonian:
[H = Hy+ G ® 0,(9) = Ho+ G ® (Proa(g) + Rexw(g))J

where g ¢ I2(R? dx) form fact.
G = diag(g1,...,98) " non-demolition”
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N-level system coupled to a random ICS

continued

e Initial density matrix: Py = ps® [Q)(Q

L

arbitrary DM ICS with unif. random phases

e (Reduced) state at time t:
P(t) =e ™M pye™™ &  pg(t) = TrrP(t)

with entries pri(t) = (¢k, ps(t)er)
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N-level system coupled to a random ICS

continued

e Exact reduced DM:
pr(t) = pi(0) e~ HHer—er)

. ir 2 92 sin(et)—et 1 N2 1—cos(et)
¢ e—1t(gk—g;)ReXw(g) e§(9k—91 <Qa - g>e 5 (9k—a1) <954€2 9>

e Random phase [IE [e—iﬂgk—gl)Rexu(g)} :e—f(gk—gl>2|ﬁg|%]

 Averaged decoherence T(f) = 2(s 2 52)
Eor(0)]| = &= T @9 IVAIB o3 (0-00°TO) |, ()
|
t (k)| ~ 1/|k| d=3

L) ~ {'y 19(k)| "< g, e(k) = |k

[ICS => Gaussian decoherence] strong classical behavior.
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Closing remarks

e Expectation values of polynomials in a(f),a"(g)
* Averaged quasifreeness of random ICS

e Gauge invariance iff 1(2) =0

Thank you !
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