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1. A brief historical panorama

2. Some new results



Why the problem is interesting



First solutions: eigenstates of the Hamiltonian

Circular gauge:

Fock V 
Bemerkung zur quantelung des harmonischen oszillators im magnetfeld 
Z. Phys. 47, 446–8 (1928)   – Laguerre polynomials

Landau gauge

L. Landau, Diamagnetismus der Metalle Z. Phys. 64, 629-637 (1930)
--- Hermite polynomials

Gaussian wave packets:
Darwin C G 1927, Free motion in wave mechanics,
Proc. R. Soc. London A 117, 258--93



Linear integrals of motion – center of orbit coordinates

Relative coordinates



Angular momentum operator





M. H. JOHNSON AND B. A. LIPPMANN, Phys. Rev. 76 (1949), 828-832
Motion in a constant magnetic field



l=m-n



Here m means l



The common eigenstate of the operators a and b 
can be considered as the simplest coherent state 
of a charged particle in the uniform magnetic field.

Zh. Eksp. Teor. Fiz. 55, 1014 (1968)



Similar constructions:

Feldman A. and Kahn A.H., Landau diamagnetism from the coherent states
of an electron in a uniform magnetic field. 
Phys. Rev. B (1970) 1 4584–4589.
   [circular gauge]

Tam W.G., Coherent states and the invariance group of a charged particle 
in a uniform magnetic field. Physica (1971) 54 557–572. 

[circular and Landau gauge]

COHERENT STATES OF AN ELECTRON IN A HOMOGENEOUS CONSTANT 
MAGNETIC FIELD AND THE ZERO MAGNETIC FIELD LIMIT
VARRO S.,                   JOURNAL OF PHYSICS A, Vol. 17, pp. 1631-1638, (1984)



“Partially coherent” (“semi-coherent”) states



Various generalizations

The minimum-uncertainty coherent states for Landau levels
Dehghani A., Fakhri H., Mojaveri B.
JOURNAL OF MATHEMATICAL PHYSICS 53, 123527 (2012) 

su (1, 1) COHERENT STATES BY LEVELS WITH DIFFERENT ENERGY

For a given m

Here m=l



Klauder-Perelomov coherent states



su (1, 1) COHERENT STATES BY LEVELS WITH THE SAME ENERGY



su(2) COHERENT STATES



Properties (squeezing, photon statistics):
 
Alireza Dehghani  and Bashir Mojaveri,

Eur. Phys. J. D (2013), 67, 264
Generalized su(2) coherent states for the Landau levels
and their nonclassical properties



The same states were constructed earlier in

M. Novaes and J. P. Gazeau, J. Phys. A: Math. Gen.  (2003) 199–212
Multidimensional generalized coherent states



Dehghani A., Fakhri H., Mojaveri B.
JOURNAL OF MATHEMATICAL PHYSICS 53, 123527 (2012)



Actually, these are squeezed and correlated states

V.V.Dodonov, E.V.Kurmyshev, V.I.Man'ko: "Correlated coherent states",
    in ``Classical and Quantum Effects in Electrodynamics'',
    ed. A.A.Komar, Proceedings of Lebedev Physics Institute, v.176
    (Nauka, Moscow, 1986, p.128-150; 
     Nova Science, Commack, N.Y., 1988, p.169-199)

NEW SQUEEZED LANDAU STATES
ARAGONE C., 
PHYSICS LETTERS A, Vol. 175, 377-381 (1993)

 Squeezed states of a particle in magnetic field
Ozana M. and Shelankov A.L. 
PHYSICS OF THE SOLID STATE 40, 1276-1282 (1998)



su(1, 1)-Barut–Girardello coherent states for Landau levels
H. Fakhri, J. Phys. A: Math. Gen.  (2004) 5203–5210

COHERENT STATES FOR LANDAU LEVELS: 
ALGEBRAIC AND THERMODYNAMICAL PROPERTIES
Aremua I., Hounkonnou M.N., Baloitcha E.,
REPORTS ON MATHEMATICAL PHYSICS   76   247-269 (2015)



Displaced Landau states

Wen-Long Yang and Jing-Ling Chen,
PHYSICAL REVIEW A 75, 024101(2007)
Berry’s phase for coherent states of Landau levels

Discrete coherent states for higher Landau levels
L.D. Abreu, P. Balazs, M. de Gosson, Z. Mouayn
Annals of Physics 363 (2015) 337–353



Generalization: nonlinear coherent state

K Kowalski and J Rembielinski,
J. Phys. A: Math. Gen.  (2005) 38 8247–8258

J.P. Gazeau, M.C. Baldiotti, D.M. Gitman,
Physics Letters A 373 (2009) 1916–1920





Time-dependent coherent states



I. A. MALKIN, V. I. MAN'KO, and D. A. TRIFONOV
SOVIET PHYSICS JETP 31, no. 2 (AUGUST, 1970), p.386-390
[Zh. Eksp. Teor. Fiz. 58, 721-729 (February, 1970)] Submitted August 14, 1969
EVOLUTION OF COHERENT STATES OF A CHARGED PARTICLE 
IN A VARIABLE MAGNETIC FIELD

Malkin I.A., Man’ko V.I. and Trifonov D.A., 
Coherent states and transition probabilities in a time-dependent 
electromagnetic field. Phys. Rev. D (1970) 2 1371–1385.

Dodonov V.V., Malkin I.A. and Man’ko V.I., 
Coherent states of a charged particle in a time-dependent uniform 
electromagnetic field of a plane current. Physica (1972) 59 241–256.

Malkin I.A., Man’ko V.I. and Trifonov D.A., 
Linear adiabatic invariants and coherent states. 
J. Math. Phys. (1973) 14 576–582.

Fiore G. and  Gouba L.
Class of invariants for the two-dimensional time-dependent 
Landau problem and harmonic oscillator in a magnetic field
JOURNAL OF MATHEMATICAL PHYSICS 52   103509   (2011) 



How to calculate the coherent state wave function 
                 in the simplest way?



V.V.Dodonov and V.I.Man'ko: Invariants and the evolution of
nonstationary quantum systems, Proceedings of Lebedev Physics 
Institute, v.183 (Nauka, Moscou, 1987; 
Nova Science, Commack, N.Y., 1989)





Coherent states of a relativistic charged particle in magnetic field

Problems with time evolution (temporal stability),
since the spectrum is not equidistant.

A possible solution: to use the proper time representation and
the null plane variables

V.V.Dodonov, I.A.Malkin, V.I.Man'ko: 
"Coherent states and Green functions of relativistic quadratic systems", 
Physica, 1976, v.82A, p.113-133

V.G.Bagrov, I.L.Buchbinder, D.M.Gitman, 1976,
    J. Phys. A, v.9, no.11, p.1955-1965
Coherent states of a relativistic particle 
in an external electromagnetic field

I.M.Ternov and V.G.Bagrov, 1983, Ann. Physik,40,p.2-9
    On coherent states of relativistic particles



Recent article: E. Colavita, S. Hacyan, 2014, Ann. Phys. 342, 205-213
Coherent quantum states of a relativistic particle in an electromagnetic 
plane wave and a parallel magnetic field 



Relativistic coherent states and charge structure of the 
coordinate and momentum operators
Lev BI. Semenov AA, Usenko CV, Klauder JR,
PHYSICAL REVIEW  A  66, 022115 (2002)

They used the even part of the annihilation operator, that can be 
considered as a deformed annihilation operator.
As the result, they arrived at the nonlinear coherent state



Generalizations: “photon-added states”

Generation of excited coherent states for a charged particle 
in a uniform magnetic field
B. Mojaveri and A. Dehghani
Journal of Mathematical Physics 56, 041704 (2015)

Such states for a harmonic oscillator were introduced in:

G. S. Agarwal and K. Tara, Phys. Rev. A 43, 492 (1991).



Coherent states in the combination of homogeneous and 
Aharonov-Bohm magnetic fields

J. Phys. A: Math. Theor. 43 (2010) 354016 
Coherent states of non-relativistic electron in the magnetic–solenoid field
V G Bagrov, S P Gavrilov, D M Gitman and D P Meira Filho

J. Phys. A: Math. Theor. 45 (2012) 244008 
Completeness for coherent states in a magnetic-solenoid field
V G Bagrov, S P Gavrilov, D M Gitman and K. Gorska



Further generalizations: supersymmetries

DYNAMICAL AND KINEMATICAL SUPERSYMMETRIES 
OF THE QUANTUM HARMONIC-OSCILLATOR 
AND THE MOTION IN A CONSTANT MAGNETIC-FIELD
BECKERS J., DEHIN D., HUSSIN V.
JOURNAL OF PHYSICS A   21   651-667 (1988) 

Spin-orbit coupling  (bosons+fermions)

SUSY partner Hamiltonians



Semiclassical and quantum motions on the non-commutative plane
M.C. Baldiotti, J.P. Gazeau, D.M. Gitman
Physics Letters A 373 (2009) 3937–3943

QM  on non-commutative plane



Non-Euclidean geometries:

Coherent states for a 2-sphere with a magnetic field
2012 J. Phys. A: Math. Theor. 45 244025
Brian C Hall and Jeffrey J Mitchell

Coherent states attached to Landau levels on the Poincare disc
Mouayn Z
JOURNAL OF PHYSICS A 38  9309-9316 (2005)

Coherent states attached to Landau levels on the Riemann sphere
Mouayn Z
REPORTS ON MATHEMATICAL PHYSICS 55  269-276 (2005)  



Generalizations: semi-coherent states

Mathews, P.M., Eswaran, K.: Nuovo Cimento B 17, 332 (1973)
“Semi-Coherent States of the Quantum Harmonic Oscillator”

V V Dodonov and M B Renó,
Nonclassical properties of `semi-coherent' quantum states,
J. Phys. A, v.39, no.23, p. 7411-7422 (2006)

A. Dehghani and B. Mojaveri, Int J Theor Phys (2015) 54:3507–3515,
“New Semi Coherent States: Nonclassical Properties”



Geometrical squeezed states of a charged particle
in a time-dependent magnetic field
V.V. Dodonov, V.I. Man'ko, P.G. Polynkin
Physics Letters A 188 (1994) 232-238



How to create squeezed states from the coherent ones?







Parametric resonance





 

 

We study two-dimensional Gaussian packets with a 
fixed value of mean angular momentum. 
                   The main question is: 
what is the minimal energy of such packets?

isotropic oscillator: 

      But what is the minimal mean value of energy 
      for superpositions of energy eigenstates with 
       a fixed mean value of angular momentum 



  

  
This value is achieved in superpositions of states with 
zero value of radial quantum number and the same signs 
of angular quantum numbers m:

Do such Gaussian packets exist?

What can happen for mixed quantum states?



Pure quantum states
of the 2D harmonic oscillator











The physical meaning of parameters





Angular momentum and Energy fluctuations







Looking for mixed states



We have 10 real parameters





The natural first step is to minimize function with L=const 

The condition of fixed purity:

7 real parameters remain



Very special case, permitting a simple analytical solution:

But this results does not go to

Why ?



Because the statistical operator ρ must be 
nonnegatively definite

The consequence of this property is 
the nonnegative deniteness of matrix

Some conditions:









Homogeneous magnetic field



Pure states:



Mixed states:







Open questions
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