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Generalized Heisenberg Algebra - GHA

(FH, A, AT) HT =2  (adimensional Hamiltonian)
HAT =ATf(H) [H, AT =A(f(H) - H)
AH =f(H)A - [H A== (f(H)-H)A
A, AT =f(H) —H (A, AT =f(H)—H
C=ATA—H=AAT - f(H) H=A"A+ ¢

f: a monotonically increasing function (differentiable)

f(H)=H+1 -> Heisenberg algebra H— N



Generalized Heisenberg Algebra - GHA
representation theory

0) : state with the lowest eigenvalue of H
HAT =AT f(H)
H[0) = €0[0) AH =f(H)A

A A =f(H) - H
1) HAT0) = ATF(7)|0) = f(eo)AT|0) (A, AT =f(H)

AT|0) : eigenstate of H with eigenvalue f(eo) e1 = f(€o)

H(AT|n)) = ATf(H)|n) = f(en)(AT|n)) = €n41AT|n)

ent1 = flen) = " (e0) Atln) o |n + 1)

= A'ln) is an eigenvector of the Hamiltonian with
eigenvalue ¢,



Generalized Heisenberg Algebra - GHA

H|n) = e, |n) H|0) = €y|0) Al0) =0

HAT =AT f(H)
AH =f(H)A
[A7 AT] :f(%) —H

2)  f(H)AIn) = AH|n) = en A|n) = flen—1)Aln)

An) x|n—1) — €p—1

N|n) = nln)



representation theory

H|n) = enln)

Atn) = Ny|n+1) = \/ent1 —eo|n+1)

An) =N,_1In—1) = e, —eg|n — 1)
Nln) = nn)
N2 — €n+1 — €0

n

= A|0) =0



o)

Heisenberg algebra

[N, AT
fla)=a+1 N, A

(A, AT

L

H=N+1/2

— AT

deformed Heisenberg algebra - f(#) =1 +s

fl o)

/

L

r <1




coherent state

Alz) = z|z) 2) = Z cnln)

n>0

Alz) =Y caAln) =Y cavfen —eoln — 1) n—m+1

n>0 n>1

— ;: Cm+1 \/em—l—l — €0 |m>

m >0
z|z) = S: Crn2|M)

m >0
Cm—+1 \/€m+1 — €0 — 2Cmp, — Cm4+1 — © Cm

VEm+1 — €0

2) o Z z n)  confinuity, normalization and

n>0 V=1 (e = €o) resolution of identity



infinite square-well potential

2

Hzgm en =bn? (n>1)

_ b=m"/2mL*; e =b

. _} eni1 = (n+1)2 = (Ve + 1)2

~ f(z) = (Vo +1)°

0 L
U, () = \/2/L sin(nrz/L)

H =N~
H, AT =2ATVH + A H|n) =n*|n) (n>1)

H, Al = — 2VHA - A ATln) =v/(n +1)2 = 1|n+1)
A, AT =2V/H + 1 Aln) =vn2 —1|n—1) (A[]1) =0)

Np_1 = \/TLQ —1



physical realization of the operators

L? d?
H =
2 dx?
2 L d
A:\/1+N< desin%%—Ncosw—;)

L Tr d T 2
Jf: 1 |
A <7TSII1de|COSLN>\/1—|—



ladder operators

2 . nnx B
¥, (2) — \E in 27 N, (2) = n¥, (2)

\/ \/ 2 S. wT;xr . nNnx ) N ( wTxr . nNnx )
in — | — sin ——
. S111 T COS T S111 T

AV, (x) = (n — 1)\/1 + % U,_1(z) = vVn2—17,_1(z)

2 (L , mx d TX
(x) + - < sin ——— cos L) U, (x)

AT, () = vVn2+2n 0,1 (2) = V(n+ 1)2 = 10,44 ()




nonlinear coherent states




D operators

1

D = A
VN +2
D —AT
VN +2
1
D|n>:\/N+2A]n>:\/n—1\n_1> D|1) =0
1
DT|n>:AT\/N+2\n>:\/ﬁ]n+1>
D, D] =1
‘N, D'| =D1

H = (D'D +1)?

[N,D]=—-D




linear coherent states

Dny=+vn—-1|n—1) D|1) =0

D|z)r, = z|2) L, (z € C)




canonical conjugate operators

L
5_—2(D+DT)
D. D] =1 .
3 : =i—— (D" — D)
N, D'| =D1 P NGTs
N,D]=—D




CS uncertainty relation

L

(&), = (z|¢]2)L = ﬁz\D + DT2)p = V2LR(2),
_ b _ V2h
(p)= = (zlpl2)r = i~ ﬂ<zufr Dlz)p = ~——1(z)

2
(€2). = (z|e?|2)1, = - (:AD? + (D)2 + DD' + DIDJ:),

L2
— 7(z2 + 22+ 22| + 1),
h2
(0%)2 = (21?|2)1 = =575 (2ID* + (D)2 = DD = DTDJ2),

2 477 =2z = 1)




uncertainty relation

AE = /(). (€2 = %
Ap =/ (p?). —(p)? = LL\@



cs time evolution

U(t) = exp(—tHt/h)

U(t)|2)r = e/ " 2)

o217 /zz 2" —z?—tt/h|n>

n>1 \/(n o 1
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analogous Hamiltonian - Dr Jekyll and Mr Hyde

L
f
p—@\@L

¢ =—=(D + DY)

(D' - D)

— —ih—
p=—the

H =

(DD +1)?

&, p| =ik

1 L d

V2d¢
1 L d

RNV TARNCYT:

o —

L? d? 1
2 de?

7T2h2 |:

2m L2 212

| 52_|__

~ omL?

7.‘_2 hQ

1 2
o+ 3




H

7T2 h2
T 9mL2

|

h? d? mw?
Hyo = | ’
HO { 2m de2 2 5}
h
W =
mL?
a1, 11’ B
ettt Hon(@) =
1 )
_ 2\—1/4 —y°/2
Pn(y) = (mL7) " oo Ha(y)e
7T2h2
E, = 1)?
<2mL2>(n+ )

same spectrum!



summary

GHA -> CS

ISWP -> A, A* and D, Dt
nonlinear and linear cs
conjugate variables

analogous Hamiltonian
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