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Generalized Heisenberg Algebra - GHA

HA† =A†f(H)

AH =f(H)A

[A,A†] =f(H)�H

H† = H(H, A,A†)

f(H) = H+ 1 ->    Heisenberg algebra H ! N

(adimensional Hamiltonian)

C = A†A�H = AA† � f(H)

[H, A†] =A†(f(H)�H)

[H, A] =� (f(H)�H)A

[A,A†] =f(H)�H

H = A†A+ ✏0

f: a monotonically increasing function (differentiable) 



Generalized Heisenberg Algebra - GHA

|0i

representation theory

: state with the lowest eigenvalue of H 

H(A†|ni) = A†f(H)|ni = f(✏n)(A
†|ni) = ✏n+1A

†|ni

H|0i = ✏0|0i
HA† =A†f(H)

AH =f(H)A

[A,A†] =f(H)�H

A†|0i : eigenstate of Hwith eigenvalue f(✏0) ✏1 = f(✏0)

HA†|0i = A†f(H)|0i = f(✏0)A
†|0i1)

) A†|ni is an eigenvector of the Hamiltonian with 

eigenvalue ✏n+1

A†|ni / |n+ 1i✏n+1 = f(✏n) = f (n+1)(✏0)



Generalized Heisenberg Algebra - GHA

H|0i = ✏0|0iH|ni = ✏n|ni A|0i = 0

HA† =A†f(H)

AH =f(H)A

[A,A†] =f(H)�H

f(H)A|ni = AH|ni = ✏nA|ni = f(✏n�1)A|ni2)

A|ni / |n� 1i ! ✏n�1

N |ni = n|ni



representation theory

) A|0i = 0

H|ni = ✏n|ni

N2
n = ✏n+1 � ✏0

A†|ni = Nn|n+ 1i

A|ni = Nn�1|n� 1i

=
p
✏n+1 � ✏0 |n+ 1i

=
p
✏n � ✏0 |n� 1i

N |ni = n|ni



Heisenberg algebra

f(↵) = ↵+ 1

deformed Heisenberg algebra - f(H) = rH+ s

[N,A†] =A†

[N,A] =�A

[A,A†] =1

H = N + 1/2

r > 1 r < 1

f(H) = r H + s - álgebra de Heisenberg deformada

r > 1 r < 1

q-oscillators N2
n�1 =

rn � 1

r � 1



coherent state

A|zi = z|zi |zi =
X

n�0

cn|ni

A|zi =
X

n�0

cnA|ni =
X

n�1

cn
p
✏n � ✏0 |n� 1i

=
X

m�0

cm+1

p
✏m+1 � ✏0 |mi

n ! m+ 1

z|zi =
X

m�0

cmz|mi

cm+1

p
✏m+1 � ✏0 = zcm ! cm+1 =

zp
✏m+1 � ✏0

cm

continuity, normalization and 

resolution of identity

|zi /
X

n�0

znpQn
k=1(✏k � ✏0)

|ni



infinite square-well potential

 n(x) =
p

2/L sin(n⇡x/L)

 L !

H|ni =n2 |ni (n � 1)

A†|ni =
p

(n+ 1)2 � 1 |n+ 1i
A|ni =

p
n2 � 1 |n� 1i

Nn�1 =
p
n2 � 1

(A|1i = 0)

[H, A†] =2A†pH+A†

[H, A] =� 2
p
HA�A

[A,A†] =2
p
H+ 1

H = N2

0 L

H =
p2

2m
! en = bn2 (n � 1)

b =⇡2/2mL2; e1 = b

✏n+1 =(n+ 1)2 = (
p
✏n + 1)2

f(x) =
�p

x+ 1
�2



physical realization of the operators

H =� L

2

⇡

2

d

2

dx

2

A =

r
1 +

2

N

✓
�L

⇡

d

dx

sin

⇡x

L

+N cos

⇡x

L

◆

A

†
=

✓
L

⇡

sin

⇡x

L

d

dx

+ cos

⇡x

L

N

◆r
1 +

2

N



ladder operators

 n(x) =

r
2

L

sin
n⇡x

L

N n(x) = n n(x)

A n(x) =

r
2

L

r
1 +

2

N

✓
�L

⇡

d

dx

⇣
sin

⇡x

L

sin

n⇡x

L

⌘
+N

⇣
cos

⇡x

L

sin

n⇡x

L

⌘◆

A n(x) = (n� 1)

r
1 +

2

N

 n�1(x) =
p

n

2 � 1 n�1(x)

A

†
 n(x) =

r
1 +

2

n

✓
L

⇡

sin

⇡x

L

d

dx

+N cos

⇡x

L

◆
 n(x)

A

† n(x) =
p
n

2 + 2n n+1(x) =
p
(n+ 1)2 � 1 n+1(x)

A 1(x) = 0



nonlinear coherent states

A|ziNL = z|ziNL

|ziNL = NNL(|z|)
1X

n=1

zn�1

p
(n2 � 1)!

|ni

(z 2 C)

N 2
NL(|z|) =

" 1X

n=1

|z|2(n�1)

(n2 � 1)!

#�1

=
|z|2

I2(2|z|)
0  |z| < 1
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A|ni =
p

n2 � 1 |n� 1i|ziNL =
X

n�1

cn|ni



D operators

D =
1p

N + 2
A

D† =A† 1p
N + 2

H = (D†D + 1)2

D|1i = 0D|ni = 1p
N + 2

A |ni =
p
n� 1 |n� 1i

D†|ni =A† 1p
N + 2

|ni =
p
n |n+ 1i

⇥
D,D†⇤ =1
⇥
N,D†⇤ =D†

[N,D] =�D



linear coherent states

D|ni =
p
n� 1 |n� 1i D|1i = 0

|ziL = e
�|z|2

2

1X

n=1

zn�1

p
(n� 1)!

|ni

D|ziL = z|ziL (z 2 C)

|ziL =
X

n�1

cn|ni

|ni ! sin
n⇡x

L



canonical conjugate operators 

⇠ =
Lp
2
(D +D†)

⇢ =i
~p
2L

(D† �D)

[⇠, ⇢] = i~

⇥
D,D†⇤ =1
⇥
N,D†⇤ =D†

[N,D] =�D



cs uncertainty relation

h⇠iz = hz|⇠|ziL =
Lp
2
hz|D +D†|ziL =

p
2LR(z) ,

h⇢iz = hz|⇢|ziL = i
~

L
p
2
hz|D† �D|ziL =

p
2 ~
L

I(z)

h⇠2iz = hz|⇠2|ziL =
L2

2
hz|D2 + (D†)2 +DD† +D†D|ziL

=
L2

2
(z2 + z̄2 + 2|z|2 + 1) ,

h⇢2iz = hz|⇢2|ziL = � ~2
2L2

hz|D2 + (D†)2 �DD† �D†D|ziL

= � ~2
2L2

(z2 + z̄2 � 2|z|2 � 1)



uncertainty relation

�⇠ =
p
h⇠2iz � h⇠i2z =

Lp
2
,

�⇢ =
p
h⇢2iz � h⇢i2z =

~
L
p
2

�⇠�⇢ =
~
2



cs time evolution

U(t) = exp(�iHt/~)

h⇠(t)i; h⇢(t)i; h⇠(t)2i; h⇢(t)2i �⇠(t)�⇢(t)

U(t) |ziL = e�iHt/~ |ziL

= e�|z|2/2 X

n�1

zn�1

p
(n� 1)!

e�iHt/~ |ni

= e�|z|2/2 X

n�1

zn�1

p
(n� 1)!

e�ibn2t/~ |ni
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analogous Hamiltonian - Dr Jekyll and Mr Hyde

⇠ =
Lp
2
(D +D†)

⇢ =i
~p
2L

(D† �D)
[⇠, ⇢] = i~

D =
1p
2L

⇠ +
Lp
2

d

d⇠

D† =
1p
2L

⇠ � Lp
2

d

d⇠

H = (D†D + 1)2

=
⇡2~2
2mL2


HHO +

1

2

�2

⇢ = �i~ d

d⇠

⇠

H =
⇡2~2
2mL2


�L2

2

d2

d⇠2
+

1

2L2
⇠2 +

1

2

�2



HHO =


� ~2
2m

d2

d⇠2
+

m!2

2
⇠2
�

! =
~

mL2

H�n(x) = En�n(x)

same spectrum!

�n(y) = (⇡L2)�1/4 1

2nn!
Hn(y)e

�y2/2

En =

✓
⇡2~2
2mL2

◆
(n+ 1)2 n � 0

H =
⇡2~2
2mL2


�L2

2

d2

d⇠2
+

1

2L2
⇠2 +

1

2

�2



summary

• GHA -> CS

 

• ISWP -> A, A+  and D, D+


• nonlinear and linear cs 


• conjugate variables 


• analogous Hamiltonian
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