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Goal

Given:

e f:Q — R"and Df : Q — R"™" derivative matrix, 2 C R”

e C:Q — R™" symmetric, positive definite

e For M : Q — R™" let M’ be the orbital derivative defined by

(M'(x))j = VM(x); - £(x).

Goal: Find M symmetric and positive definite, solving

DfT(x)M(x) + M(x)Df(x) + M'(x) = —C(x), x€Q.
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Riemannian Contraction Metric

Consider x = f(x)

Theorem

Let ) # G C R" be a compact, connected and positively invariant set

and M be a Riemannian contraction metric in G, i.e.

e M€ CYG,R™"), such that M(x) is symmetric and positive
definite for all x € G.

o Df(x)T M(x) + M(x)Df (x) + M'(x) is negative definite for all
xeG.

Then there exists one and only one equilibrium in xq in G; xy is
exponentially stable and G is a subset of the basin of attraction A(xp).

ot
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e W = Hilbert Space
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General Definition

e W = Hilbert Space
e L(W)={L: W — W :linear and bounded}

o H(Q; W) ={f:Q — W} Hilbert space

Definition

The Hilbert space H(2; W) is called a reproducing kernel Hilbert
space if there is a function ® : Q x Q — L(W) with

1. (-, x)a € H(; W) forall x e Q and all v € W.

2. (f(x),a)w = (f,P(-, x)a)y for all f € H(2; W), all x € Q and all

ae W.
The function @ is called the reproducing kernel of H(2; W).
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Elementary Properties

1. The reproducing kernel ® of a Hilbert space H(Q2; W) is uniquely
determined.
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Elementary Properties

1. The reproducing kernel ® of a Hilbert space H(Q2; W) is uniquely
determined.
2. The reproducing kernel satisfies ®(x,y)* = ®(y, x) for all x,y € Q.
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Elementary Properties

Lemma

1. The reproducing kernel ® of a Hilbert space H(Q2; W) is uniquely
determined.

2. The reproducing kernel satisfies ®(x,y)* = ®(y, x) for all x,y € Q.

3. The reproducing kernel is positive semi-definite, i.e. it satisfies

N
Z (ai, ®(xi, X))y >0
ij=1
forall x1,...,xy € Q2 and all ay,...,ay € W.
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Interpolation

Theorem
If x1,...,xy are pairwise distinct points from Q) and if f1,...,fy € W
are given, then there is exactly one interpolant of the form

N
=D ®ox)a;
Jj=1

which satisfies s¢(x;) = f;, 1 < i < N.
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Generalised Interpolation

Theorem

Let H be a Hilbert space. Let \1,..., Ay € H* be linearly
independent linear functionals with Riesz representers vy, ...,vy € H.
Then the element s* € H which solves

min{||s||y : s € H with \j(s) = f;,1 < j < N}
is given by

N
5§ = E B Vi,
=1

where the coefficients are determined by AxB = f with the positive
definite matrix Ay = (ajx) having entries aj = X\ij(vik) = (Vi, Vi) H-
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Special Case

Theorem

Assume that {aj}jcy is an orthonormal basis of W. Then, the Riesz
representer of a functional A € H(Q; W)* is given by

Z)\ x)a)oy, x € Q.
jed
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Special Case

Assume that {aj}jcy is an orthonormal basis of W. Then, the Riesz
representer of a functional A € H(Q; W)* is given by

Z)\ x)a)oy, x € Q.
jed

s* —Zﬁkz/\y aj)aj,

= jed
the coefficients 8 € R are determlned by
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Specific Setting

W =R™" or W = §™",
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Specific Setting

W =R™" or W = ™7,

n

(. Byw =D By, a=(ay),B=(By)

i,j=1
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Specific Setting

W =R™" or W = §™",

(@ Byw =Y aghy,  a=(ag), 8= ()
ij=1

A kernel @ is now a mapping
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Specific Setting

W =R™" or W = §™",

n

(. Byw =D By, a=(ay),B=(By)

ij=1
A kernel @ is now a mapping
P:QxQ—= LR™") or :QxQ— L(S™),

i.e. a tensor of order 4 represented as ® = (®jj¢) with

n

(P, y)a)y = Y Ol y)juens, @ € R7(S™)
k=1
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Sobolev Spaces

o H(Q,R™M) = H7(Q; R"™") or H7(2; S"™") component-wise.
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Sobolev Spaces

o H(Q,R™M) = H7(Q; R"™") or H7(2; S"™") component-wise.
e Inner product:

n

(M, S)poamony = > (Mij, S o ();
i=1
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Sobolev Spaces

o H(Q,R™M) = H7(Q; R"™") or H7(2; S"™") component-wise.
e Inner product:

n

(M, S)poamony = > (Mij, S o ();
i=1

e Reproducing kernel: Let ¢ : Q x Q — R be a reproducing kernel of
H?(£2) and set

d)(x,y),-jkg = gzﬁ(x,y)é;k(;jg, X,y € Q, 1< i,_j, k,f < n.
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Main Result

Theorem

Q C RY bounded, Lipschitz. o, > d/2. Let

F: HO(Q;R™M) — HT(Q;R™™) (F : HO(2; S™") — H™(Q;S"™"))
be linear and bounded. Finally, let X = {xy,...,xn} C Q be given
and let

A(km(/w) = ¢ F(M)(xx)ej, 1< k<N, fgfg

Then each )\E(U) belongs to the dual of H?(£2; R™ ") (H(; S"*")).
If they are linearly independent and if S denotes the optimal recovery
of M € H7(; R™"™) (H?(K2; S"™*")) then

T— d/2

IF(M) = F(S)lLc(@rrxny < Chy o "Ml e (@rnxn)-
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Contraction Metric

F(M)(x) := Df T (x)M(x) + M(x)Df (x) + VM(x) - f(x) = —C. (1)

Theorem

f e CI?I(R";R"), o > n/2+ 1. Let xg be an exponentially stable
equilibrium of x = f(x) with basin of attraction A(xp). Let C € S"*"
be a positive definite (constant) matrix and let M € C7(A(xp),S™")
be the solution of (1). Let K C Q C A(xo) be a positively invariant
and compact set, where Q is open with Lipschitz boundary. Finally,
let S be the optimal recovery. Then,

IM = Sllioksrxny < cl[F(M) = F(S)IlLo(smxn)
o—1—n/2
< Cha "PIMl o (agmmn)-

o
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I ————
The ODE

e The system:
X:_X+y7 y:X_zyv
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The ODE

e The system:
X:_X+y7 y:X_zyv

e Solution to the matrix valued PDE (C = /)

M(X)=< )

o(r) = (1—cr)*(2145(cr)* 42250(cr)® +1050(cr)? 4 250cr +25) +

Nl—= =
NI= NI

e The RBF:

with ¢ = 0.9 which is a reproducing kernel in H°(R?) with o = 5.5.
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a_{( y)ER?:x,y =—1,...,—2a,—a,0,0a,2a,...,1} with
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Errors
Xa = {(x,y) €R2 XY = —]_7_,,,—204,—04,0,04,2&,...,1} with
a=111" 1
92922y b+
€ = max [[5%(x) = M(x)llmex = max max [Sj(x) — M;(x)|
e = max [[F(S8%)(x)— F(M)(x)|max
Xexcheck
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Errors
Xoc = {(X7y) €R2 X,y = —17...,—20(,—0[70704,2a,..-,1} with
a=11 1" 1
929922y 25
o =5 5700~ MOl = max | ma [0 = My(x)
e = max [[F(S8%)(x)— F(M)(x)|max
XE Xcheck
a es e, /€ | ea €20/ €a
1/2 2.5724 1.2334

1/4 || 1.2833 | 2.0045 || 0.9169 1.3452
1/8 | 0.3516 | 3.6499 | 0.0124 73.9435
1/16 || 0.0329 | 10.6838 || 5.6040e-4 | 22.1271
1/32 || 0.0025 | 13.1918 | 1.6311e-5 | 34.3572
235 11.3137 11.3137
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Pictures

—det F(S)

Figure: Left: trace F(S)(x,y), right: —det F(S)(x,y). If both functions
are negative, then F(S)(x, y) is negative definite.
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Pictures

Figure: Left: traceS(x,y), right: det S(x,y). If both functions are positive,
then S(x,y) is positive definite.

Example Holger Wendland



Pictures

Figure: Left: Points used for RBF approximation and areas where
trace F(S)(x,y) =0 (red) and det F(S)(x,y) = 0 (green). Right: We have
plotted the curve of equal distance with respect to metric S(x), in particular

the set {x +v | (v —x)7S(x)(v — x) = const}.
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