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What is a DAC recurrence?
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What is a DAC recurrence?

Karatsuba’s polynomial multiplication

a = ag(z) + x¥ay (), b= bo(x) + z"b; (2)

ab = agxb0+xk((ao+a1)x(bo—|—bl)—agxbo—alxbl)—l—xzkalxbl



What is a DAC recurrence?

Karatsuba’s polynomial multiplication
400000
300000

Up = QU[%"I + Uz +4(n—1) -

n>2, withuy =0, u; =1
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What is a DAC recurrence?

Gray code as usual binary code
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What is a DAC recurrence?

Gray code as usual binary code

Udn
Ugn+1
Ugn+2
U4n+3

by case type

2uay,

—4uy, + 3uo, + U2n41,
—4duy, + uop + 3u2n+17
2U2n+1,

with ug = 0.



What is a DAC recurrence?

From floor and ceil type to by case type: obvious!

Up = 2u[nF+U| 0| +4(n—1), n>2, with ug =0, u; =1,
[51775]

Uy = Uy + 81 — 4, with ug =0
Un+1 = 2Up4+1 + Uy + 8N, with u; =1
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What is a DAC recurrence?

But from by case type to floor and ceil type?

Udn
Ugn+1
U4n+2
U4n+3

2uay,

—4uy + 3ug, + u2n41,
—4uy, + ugpy + 3u2n+1,
2U2n+1,

with Ug = 0.



Algebraic machinery




Algebraic machinery: Linear operators

u(z) = Z Upx"

u(x) formal series in K[[z]] (1) sequence in KN

Both are exactly the same object.
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Algebraic machinery: Linear operators

u(z) = Z upx"”

n>0

radix b > 2 Mahler operator ~ Mu(x) = u(z®)
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Algebraic machinery: Linear operators

u(z) = Z upx"”

n>0

radix b > 2 Mahler operator ~ Mu(x) = u(z®)

0 <r <b section operator Tj,u(z) = Z Uppopr T
k>0
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Algebraic machinery: Linear operators

u(z) = Z upx"”

n>0

radix b > 2 Mahler operator ~ Mu(x) = u(z®)

0 <r <b section operator Tj,u(z) = Z Uppopr T
k>0

forward shift — Su(z) = Z Upy12"
n>0
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Algebraic machinery: Linear operators

u(z) = Z upx"”

n>0

radix b > 2 Mahler operator ~ Mu(x) = u(z®)

0 <r <b section operator Tj,u(z) = Z Uppopr T
k>0

forward shift — Su(z) = Z Upy12"
n>0

backward shift zu(zr) = Z Up_ 12"



Algebraic machinery: Linear operators
radix b = 2, by far the most usual case

Mahler operator

Mu(z) = ug +uga? + ugz? + -
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Algebraic machinery: Linear operators
radix b = 2, by far the most usual case

Mahler operator
Mu(z) = ug + upx? + uga? 4.
section operator

2

Toou(z) =uy +ugx +ugr® +ugz®+---  even part

Toau(z) =ur Husx + usz?  Hurzd + - odd part
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Algebraic machinery: Linear operators

radix b = 2, by far the most usual case

Mahler operator
Mu(z) = ug

section operator
T ou(x) = ug
Trau(z) = w

forward shift
Su(x) = uy

backward shift

zu(z) =

+ u1x2

+ugx + ugz?

“+usx + U5$2

+usx + U3x2

uUgx + u1x2

+ UQx4

+ugz® + -

+uzz® 4 -

Fugr® + -

—|—u2:L‘3 + u3x4

even part

odd part

20

151



Algebraic machinery: Basic functional properties

TyoM =1, Ty, M =0 1<r<bd obvious
Mz = 2M obvious

STy, = Tb’er the same, but. ..

21 /151



Algebraic machinery: Basic functional properties

STy, = Tbme, the same, but. ..

Ty pu(r) = up FUp T + U AU+

Sbu(:n) = uy F U1 T + UpyoT? A UppzTS 4 -

22 /151



Algebraic machinery: Basic functional properties

STy, = Tb’er, the same, but. ..

2
Ty ru(x) = up FUpyr T + Uppr T

2
STy pu(r) = Uprr  FU4r® + Uspir®

b 2 3
Ty S*u(w) = upyr  +U2bpr®” + Ugpyr T

Sb“(l‘) =up TUp41T + Ub+2£€2

gy a4

Flgpirz® + -

g’ 4

+upyaz® + -
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Algebraic machinery: Basic functional properties

STy, = Tbme, the same, but. ..

Proposition

The sections of a rational function are rational functions.

Proof
feK(z), S*f € F with dim F < oo,
g="Torf, Skg =TS f € T, , F with dim T}, ,.F < oo O

motto : a subspace left stable by the operator(s)

24 /151



Algebraic machinery: Basic functional properties

Tb,r(fMg) = (Tb,rf)g

Y a"TMT,, =1
0<r<b



Algebraic machinery: Basic functional properties

Ty (f(2)g(2%)) = (Ty, f(x))g(x) useful for products

Z 2Ty f(:nb) — f(z) It is .possible .to rebgild a
function from its sections.

0<r<b
Example
T 143z 1 1+3z  1-6z
2005 (1 +22)  z(1-4a)’ 213 (1+2z)  22(1—4da)’
1 % 1 +ax 1 — 622 143z 5
- €T = =
x2(1 — 422) z4(1—42?) 23 (1+ 22)

1 x TQ’()f(€E2) + xTZ,lf(xz) = f(‘T)



Definition of DAC recurrences

DIVIDE ET IMPERA
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Definition of DAC recurrences
Definition
A (linear) Mahler equation is an equation
lo(z)u(x) + El(x)u(a:b) 4+ -+ Kd(x)u(ﬂcbd) = v(x)

where ¢y(z), 1(x), ..., Lg(x) and v(z) are polynomials in K[z].

L(z, M) = o(z)+b () M+~ +Lg(x) M, L(z, M)u(x) = v(z)

motto : a subspace left stable by the operator(s)

28 /151



Definition of DAC recurrences

Definition
A divide-and-conquer recurrence is the translation in terms of
sequence of a Mahler equation.

29 /151



Definition of DAC recurrences

Definition
u, = 0if v € Nxg

Example

(z + 22%)u(z) — (1 + 2)u(z?) + u(z*) =0,

Um—1 + 2Upm—o —Um —Um_1 tum = 0,
ug + 2ug —Us — Uy —|—ug =0,
u1g + 2ug —uu = us Fun =0,
u11 + 2u1g —Ug — UL +uz =0,
U1 + 2u11 —U13 — Ug +uiz =0,

b=2
m >0
m = 10
m =11
m =12
m =13

30 /151



Definition of DAC recurrences

Example
(z + 22H)u(x) — (1 + z)u(2?) +u(z?) =0, b=2
Ump—1 + 2Up—2 —Uzp — Um_1 +tum =0, m >0
ug + 2usg —us =0, m = 10
u19 + 2ug — us =0, m =11
u11 + 2u1g —Ug +ug =0, m =12
u1g + 2u11 — Ug =0, m =13

fractional type

31 /151



Comparison of types

Three types for the same thing, that’s a lot!




Comparison of types: Generating functions

» reference type = fractional type

tm = Um—s t(x) = :stu(xbk:)

33 /151



Comparison of types: Generating functions

» floor and ceil type

tm = U nts | t(z) = g (1+z+ -+ 2" Hu(ah)

b

q—1
— (1 +z 442" Z Up 2"
n=0

r—1 '
—x " Z x'ug
i=0
s=bq+r, |r| <b,sgn(r) =sgn(s)

ceil ad libitum symmetrical Euclidean division

[%-‘ = {nﬂle corrective term = 0 for —oo < s <0

34 /151



Comparison of types: Generating functions

» by case type

tm = Upkts t(x) = Ty u(r)—a ™1 E Upjr

s=bg+r,0<r<b
natural Euclidean division

corrective term = 0 for —oco < s < b

35 /151



Comparison of types: Generating functions

neglecting details:

tm = Um_s t(z) = a;su(xbk)
b
tm = U nts | tz)= =z °(1+z+- -+ 2" Hu(zh)
b = Upkts t(z) = 1Ty yu(z)
» fractional type ........... ... Mahler operator
» floor and ceil type ............. .. ... Mahler operator

> by case type ...t section operators

36 /151



Comparison of types: Some links

floor and ceil type recurrence

Mabhler equation ——— fractional type recurrence

system for sections by case type recurrence



Comparison of types: Some links

floor and ceil type recurrence

Mabhler equation ——— fractional type recurrence

system for sections by case type recurrence



Comparison of types: Some links

floor and ceil type recurrence

Mabhler equation ——— fractional type recurrence

. _—
system for sections «——— by case type recurrence



Comparison of types: Some links

floor and ceil type recurrence

Mabhler equation ——— fractional type recurrence

. —_—
system for sections «——— by case type recurrence ~——

10 / 151



Comparison of types: Mahler and sections

Theorem

If u is a formal series which is a solution of a non trivial Mahler
equation, then, under the action of the section operators, it
generates a finite dimensional K(x)-space.

Conversely, if the iterated sections of a formal series u remain
in a finite dimensional K(x)-space, then u is a solution a non
trivial Mahler equation.

variation on

@ Gilles Christol, Teturo Kamae, Michel Mendés France, and Gérard
Rauzy.
Suites algébriques, automates et substitutions.
Bull. Soc. Math. France, 108(4):401-419, 1980.

motto : a subspace left stable by the operator(s)



Comparison of types: All links

floor and ceil type recurrence

Mahler equation ——— fractional type recurrence

. B ——— e
system for sections «—— by case type recurrence ~——

strongly connected graph



Comparison of types: Types equivalence

Theorem
For a sequence (uy,) with support in N>o and for its generating
function u(zx), with a given integer b > 2,

> a fractional type recurrence,

v

a floor and ceil type recurrence,
> a by case type equation,

> a Mahler equation,

> a system about the sections,

all have the same expressiveness.



Anatoli Karatsuba
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Anatoli Karatsuba

UnZQU[%W‘f‘UL J—i—4(n—1) n>2,

n
2

with ©(0) =0, u(1) =1



Anatoli Karatsuba

un:2u[%1+uL%J+4(n—1) n> 2,

with ©(0) =0, u(1) =1
3

(1—x)?

zu(z) — (14 2)(2 + z)u(2?) = —2* + 4

16 / 151



Anatoli Karatsuba

UnZQU[%W‘f‘UL J—i—4(n—1) n> 2,

n
2




Anatoli Karatsuba

UnZQU[%W‘f‘UL J—i—4(n—1) n> 2,

n
2

with ©(0) =0, u(1) =1

3

zu(z) — (1+2)(2 + 2)u(z?) = —2* + 4(1 — )2

Um—1 — (2um +3'LLmT—1 +UmT—2) =4(m—1)

Uop_1 = 2ug + up_1 + 8k — 4, k>2,

uop, = 3uy + 8k, k>1

18 /151



Anatoli Karatsuba

1— 10z + 22
AT ) T
(1—x)? ’ x (1—x)?

19 /151



Anatoli Karatsuba

Up = 2u “+u +4(n—1
s Y
23 > uUm_1—Qum+3um_1+tum_2)
zu(z)7(1+z)(2+z)u(zz) = 71‘2+472 2 2 2
1—=x) =4(m — 1)
T (@) 3u(z) + 4z + 42
u(z) = 3u(z
20 (1 —a)2 uggp—1 = 2up +up_1 +8k —4
2+ 1 — 10z + z? ugp = 3uy + 8k

u(z) —

T ju(z) = - a—o2




Frank Gray
March 17, 1953

Filed Nov. 13, 1947

F. GRAY
PULSE CODE COMMUNICATION

2,632,058

4 Sheets-Sheet 1




Frank Gray

Ugn = 2u2n7
Ugnt1 = —4uy + 3u2p + U2n41
Ugnt2 = —4Uy + U2y + SU2p41

Udn+3 = 2U2p41

o
¥

w



Frank Gray

Udp = 2Us2p, up =0
Ugn+1 = —4Up + uzp + Uzni1
Udnt2 = —4up + uzp + 3uznt1

Udn+3 = 2U2p+1

Trou(z) = 2T5 pu(x)
Tyau(z) = —4u(z) + 3T ou(z) + Toqu(z)
Tipu(z) = —4u(z) + Tou(z) + 3o 1u(z)
Tysu(z) = 215 ju(x)

53 /151



Frank Gray

Ugn = 2u2na up =0
Ugnt1 = —4uy + 3u2p + U2n41
Ugnt2 = —4Uy + U2y + SU2p41

Udn+3 = 2U2p41

Trou(z) = 2T5 pu(x)
Tyau(x) = —4u(x) + 3Th gu(w) + Tou(x)
Tyou(x) = —4u(x) + Topu(x) 4+ 3T 1u(x)
Tyzu(z) = 275 ju(x)

vi(x) = u(x), vo(z) = Topu(x), v3(z) = Tru(x)

54 /151



Frank Gray

Trou(x) = 2T gu(x)
Tyau(x) = —4u(x) + 3To gu(z) + Tru(x)
Tyou(x) = —4u(z) + Trpu(z) + 312 1u(x)
Tyzu(z) = 2T5 ju(x)



Frank Gray

Ty ovi(x) = vo(x)
Ty gv2(x) = 2vz(x)
Ty ovz(x) = —4vi(x) + 3vz(x) + v3(2)

0 0 —4 0 -4 0 1
Ag=1|1 2 3 Ai=]10 1 0 C=|0].
0 0 1 1 3 2 0




Frank Gray

vi(x) = u(x), vo(z) = Trpu(x), v3(z) = Tru(x)

0 0 —4 0 -4 0 1
Ag=1|1 2 3 Ai;=1]0 1 0 C=1|0].

00 1 1 3 2 0
[vi(z) va(z) v3(z) | v(z) = Togv(x?) + 2Ty 1v(2?)

0 0 —4
:[vl(xZ) vg(a:2) U3($2)]|:1 2 3]

0 0 1

0 -4 0
—i—:):[vl(xz) UQ(ZCZ) v3($2)][0 1 0]



Frank Gray

[vi(z) va(z) v3(z) ] v(z) = Togv(2?) + 2Ty 1v(2?)

0 0 —4
:[Ul(l‘Q) v2($2) U3($2)]|:1 2 3]

0 0 1

0 -4 0
—|—:U[vl(x2) UQ(IL’Q) U3($2)]|:0 1 0]



Frank Gray

V(2®)A(z")A(2*) A(x)C

~~ I~

0
S

~— ~— ~—

3

~
8

3

[a\]

8
S

8

~—

3



Frank Gray

V(2®)A(z Az A(z)C

4 column vectors in dimension 3

60 /151



Frank Gray

0 —4zx —4
Alz)=1| 1 2+4=x 3
r 3z 142z

1 0 —4x? — 42t —Adx — 1222 — 8% — 8z* — 122° — 426
Mz)=0 1 2+322+2* 4450+ 722+ 623+ 22% + 32° + 2
0 2% 22+ 32*+225% 2+ 322+ 223 + 62* + 725 + 525 + 427
_ 0 -
o (L o)1 +2%)
x

(14 2)(1 + 22 + 223 + %)
x(1+ x?)
1




Frank Gray

0

5 (1+ m)g(;l + 1)
(14 2)(1 + 2z + 223 + %)
x(1+22)
1

r(1+z?)u(z)—(142) (14224223 + 2 u(z?) +2(14+2) (1+22) (142 u(z?) = 0



Frank Gray

to summarize:

from
Trou(z) = 2T5 pu(x)
Tyau(x) = —4u(x) + 3To gu(w) + Tou(x)
Tyou(x) = —4u(x) + Topu(x) + 3T 1u(x)
T4,3u(x) = 2T2 1u(a:)

to

z(1 + 2%)u(z)
— (1 +2)(1 4 2z + 22° + 2M)u(z?)
+2(1 + 2)(1 + 2%)(1 + 2Mu(z) = 0

63 /151



Frank Gray

z(1 + 2%)u(z)
— (1 +2)(1 4 2z + 22° + M) u(z?)
+2(1 + 2)(1 + 2%)(1 + zMu(z) = 0

Uy, + Up—2
~ (twpng) 20y + 20z e

2 (g Fupacs ) =0

4

64 /151



Frank Gray

to summarize:

from
Ugy, = 2U2p, up =0
U4n+1 = —4uy + 3uoy, + U2n+1
Udnt2 = —4up + U2p + 3u2p41

Udp+3 = 2U2p+41
to

Up+Up—_2 ug=0,u1 =1, ug =3
~ () +2u)3) +2ua2) T ujas))

2 (g s ) =0

65 /151



Frank Gray

z(1+ 12)u(z)
—(1+ :L‘)(1+21+2z3 +z4)u(12)
+2(1 4+ 2)(1 + 22)(1+zHu(z?) = 0

B ——

Tz, 0u(z) = 2T ou(z)

Up + Up_—2

_(“l’%‘J T T

+2<“l%J *“l%J) -’

Up—3 + Up—1

—Up—5 —3Up_4 —2Up_3 —2Up_3
=z = =z =

|

—3Uup_1 —un
P] 2

F2Up—7+2Up—6 +2Up—5 +2Upn_4
1 1 1 1

+2u 3 +2u 2 +2up_1 +2un =0
4 En 1 4

Ugn = 2u2p

Ty u(z) = —4du(z) + 3T270u(z) + Tou(x) +—————— Ugnt1 = —4un + 3uzn + uant1

Ty 2u(z) = —4u(z) + Ta ou(x) 4+ 3T2, 1 u(x)
Ty, 3u(x) = 2T2 1u(x)

Ugn+2 = —4un + u2n + 3uzn41

Ugp43 = 2U2n41

)

66
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Rational sequence




Rational sequence

Definition

A formal series (or a sequence) is rational wrt a numeration
system with radix b, or is b-rational, if under the action of the
section operators it generates a finite dimensionial K-vector
space.

@ Jean-Paul Allouche and Jeffrey Shallit.
The ring of k-regular sequences.
Theoret. Comput. Sci., 98(2):163-197, 1992.
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Rational sequence

Proposition
A b-rational series satisfies a non trivial Mahler equation for the
radiz b.

69 /151



Rational sequence

Proposition

A formal series u(xz) which satisfies a Mahler equation
(w € Nxo)

2u(e) = ey (@)u(a?) + - + cqla)u(@),

with polynomial coefficients, is b-rational.

70 /151



Rational sequence

Proposition

A formal series u(xz) which satisfies a Mahler equation
(w € Nxo)

u(@) = e1(@)u(a’) + -+ cala)u(a"),
with polynomial coefficients, is b-rational.

Proposition

A sequence (uy) which satisfies a fractional type recurrence

1s b-rational.



Rational sequence

Proposition

A formal series u(xz) which satisfies a Mahler equation
(w € Nxo)

u(@) = e1(@)u(a’) + -+ cala)u(a"),
with polynomial coefficients, is b-rational.

Proposition

A sequence (uy) which satisfies a fractional type recurrence

d s

k=1¢=—s b the true

. . DAC recurrences!
1s b-rational.



Linear representation

Theorem
The Nth coefficient of a b-rational series u(x) is expressed as

un =Ty, -+ Trou(0)

ifN = (T’g.. -TO)b-



Linear representation

Theorem

The Nth coefficient of a b-rational series u(x) is expressed as

unN = Tb,’r‘e o

ifN = (7’@ . -TO)b-

10 = (1010)2 u(z

1o ou(x

15015115 ou(x
To1T5 012115 ou(x

(
(
To1To pu(x
(
(
151 T2,0T2,1T2,0u(0

)=
)=
)=
)=
)=
)=

’ Tbﬂ”o u(o)

Uy + uUrx + uzx + -
ug + u2x + U4:L‘ + -
U2 + ugx + uma: + -
U9 + urgr + u18x + -
u1o + u2e + ugow? + -

u10
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Linear representation

Definition
A linear representation of a b-rational series u(x) or
sequence (uy) is a triplet (L, A, C') made from
» a row vector L (initial values);
» a family of square matrices (A, )o<r<p (action);
» a column vector C' (coordinates),

with the same size and coeflicients in K, such that
’uN = LA’/‘g .. ‘A’I"OC

when
N =(rg...70)p-

75 /151



Linear representation

uN:LAn,--
when
N = (rg..
for the Gray code:
L=[00 1],
00 —4
A(): 1 2 3 ,Alz
00 1

LA, C

TO)b



Bestiary
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Divide and conquer algorithms

split/ merge

Subproblem

split/ merge

Compute Compute
Subproblem Subproblem

Subproblem

split / merge

Compute Compute
Subproblem Subproblem
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Divide and conquer algorithms

l7[s[s]2[1]o]5]4]
AN
[3[7]8[4]2]1]9[5[5]
YN
(3[4[2[7]8[1]o]s[5]
[7]9]8[5]
3[4[2[1]5[5]9[8]7]

sorting

binary search
extrema

kth smallest element
mergesort

quicksort

>

convex hull
nearest pair

algorithmic

geometry

Spit and zero pad

Spitand zero pad

a3[2[1[o]e[o]0

a7 ][5 ]e[e]o]a

FFT (n 2357 with og=85)

FFT 10 23,7 with =65)

o asodad] 2 [ o]

o [ar e 2 [ [

Recursive pointwise multiplication (mod 337)

binary powering

Karatsuba algorithm
Toom-Cook algorithm
Schénhage-Strassen algorithm

Voronoi diagram
maxima in dim > 2

e « pstiodad =

2 multipoint evaluation

verse T K
—{=[=[a s [0
e

7006852

s___
TomEEsE

algebraic computations

0 I:

Strassen multiplication

triangular matrix inversion

fast Fourier transform

singular values decomposition

eigenvalues/vectors of symmetric
tridiagonal matrices

matrix computations



Combinatorics on words
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Combinatorics on words

NETWORKS AND TELECOMMUNICATIONS SERIES

Formal Languages,
Automata and
Numeration Systems 1

Introduction to
Combinatorics on Words

Michel Rigo

WILEY

The goal is that, after reading
this book (or at least parts of this
book), the reader should be able
to fruitfully attend a conference
or a seminar in the field.

Michel Rigo

81



Combinatorics on words
The goal is that, after reading
this book (or at least parts of this
e book), the reader should be able
to fruitfully attend a conference
or a seminar in the field.

N. Pytheas Fogg Michel Rigo

Formal Languages,
Automata and

Numeration Systems Substitutions in
Dynamics, Arithmetics

and Combinatorics

Introduction to
Combinatorics on Words

Lecture Notes in Mathematics

Michel Rigo

WIL



Combinatorics on words

e1(n) number of 1’s in binary expansion of n
e11(n) Golay-Rudin-Shapiro sequence
(=1)€1(™) Thue-Morse sequence

| (71)61(?’") Newman-Slater-Coquet

] overlapping free words

Axel Thue Marston Morse

patterns counting

83
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Combinatorics on words

Wy = €
_ 1—R
W41 = w1

I’\ﬂq’
Gafese

paperfolding sequence
Rauzy’s fractal (irrelevant)

substitutions

84
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Combinatorics on words

a — ab
Wo =€ n b—ch
Wrt1 = Wi 1wy, . ad
d— cd

a — ab — abeb — abcbadeb — . ..
a:=1, b:=1, ¢:=0, d:=0
Woo = 0010011000110110...

imEunin)

O

paperfolding sequence
Rauzy’s fractal (irrelevant)

substitutions
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Combinatorics on words

a — ab
wo=e b—s cb
Wit = Wl ¢ — ad
u4n=O d—cd
Ugnio = 1 a — ab — abeb — abcbadch — . ..
a:=1, b:=1, ¢:=0, d:=0
U2n+1 = Un

W = 0010011000110110. ..

i e s supporte by contons to T OFIS Foundaton.
THE ON-LINE ENCYCLOPEDIA
OF INTEGER SEQUENCES®

founded in 1964 by N. J. A. Sloane

imEunin)

Dl:t]
%:EE; o

[ala:

paperfolding sequence
Rauzy’s fractal (irrelevant)

substitutions




Combinatorics on words

a — ab
wo =¢ b— cb
W41 = wklka
c— ad
Ugp =0 d — cd
Ugnio = 1 a — ab — abeb — abcbadch — . ..
a:=1,
U =
e RV [ TONMATIC
SEQUENCES
. ﬂ:l‘ Ej . ﬂ:l‘ Ej Theory, Applications, Generalizations
LD L&zzq# :
DG 3 oEeeh

paperfolding sequence
Rauzy’s fractal (irrelevant)

substitutions




Number theory

odd binomial coefficients

Josephus problem

sums of three squares

binary partitions

rational approximation (Stern-Brocot)

elementary number theory

0.9
0.8
0.7

0.6

algebraic series modulo p
discrepancy 0.3
transcendency 02

0.1

SOphiStiC&,ted number theory U(). 200 400 600 800 1000
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Moritz Stern, Achille Brocot
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Moritz Stern, Achille Brocot

134 42 52
121 50 44
114 54 58 36 40
101 38 56
91 46 34 60 48
1 84 26 20 53 4l
\ . /“ 71 22 18 28 24 45 37 57 49
/ 1 \ 61 62 32
1 2 5430 10 12 16 61 21 25 33 43 51
//// \\\\ ///f \\\\\ 4] 14 8 29 1759 35
i : 3 i 3 6 4 13 9 27 19 55 39
SN N N JY s on onmow
4 <
oo 1 3 7 1531
A A AT AN NN N TN
23 34 3% 5 4 51 8311 871 § 0 — T ———————
e TTE TS 135 513321 01 2 3 4 5 6 7 8 9 1011 1213
up =0, up =1, Ugp = Up, Unt1 = Up + Unt1
Un+2
n€Nsgr— 71, = € Qs¢ one-t-one

Un+1
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Part 11

Analysis
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Overview of Part 11
Slaves bound

Goal

Integers and words

Extraction of classical rational sequences
A mere idea

Joint spectral radius

Dilation equations

Theorem

A worked example
Linear representation
Joint spectral radius
Jordan reduction
Dilation equation
Cascade algorithm

|

What I did not speak about



Slaves bound




Slaves bound

source

@ Jon Louis Bentley, Dorothea Haken, and James B. Saxe.
A general method for solving divide-and-conquer recurrences.
SIGACT News, 12(3):36-44, September 1980.

a good version:

@ Alin Bostan, Frédéric Chyzak, Marc Giusti, Romain Lebreton,
Grégoire Lecerf, Bruno Salvy, and Eric Schost.
Algorithmes Efficaces en Calcul Formel.
Version provisoire disponible a 1'url
http://specfun.inria.fr/chyzak/mpri/poly.pdf, 2016.

94
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http://specfun.inria.fr/chyzak/mpri/poly.pdf

Slaves bound

Theorem

n tn, 1 > ng > b,
Let (¢,) be s.t. Ogcng{ acrn) +tn, fn>ng>

, with
K otherwise,

> b > 2 is an integer;

> a > 0 is a real number;

> k> is a real number;

> t a toll function
> non decreasing,
> such that a't,, < ty, < a’t, for some constants a’ > a’ > 1,
then
O(tyn) a > a,
Cn = O(tn log n) if a = a,
e On*=t,) ifd <a

with o = logy a, o/ = logy a’

95



Slaves bound

Karatsuba
Up= QU[%‘I L J + 4(n — 1)
U< 30[21 +4n
2
lo.

wp=9 - 3g[logy n]

5000001

400000

3000004

200000

100000

—_
—_
—_—
—_—
200 400 600 800 1000
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Slaves bound

500000 _—
—
400000 | -

Karatsuba 300000

Up= QU[%‘I L J + 4(n — 1) 200000

—
V< 30[21 +4n -
2 100000
wp=9 - 3g[logy n] ==
00 200 40 60 800 1000

b=2a=3d =2 a=1log3, o =logy2 =1, v, = O(n'e23)
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Slaves bound

500000 _—
—
4000001 -
Karatsuba 300000
Up= QU[%‘I L J + 4(n — 1) 200000
—
V< 30[21 +4n -
2 100000
wp=9 - 3g[logy n] ==
00 200 40 60 800 1000

b=2a=3d =2 a=1log3, o =logy2 =1, v, = O(n'e23)

We want to catch the oscillations!
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Goal

p>1

p=1

p<l1

:Zunxnz Hil_l

2k
n>0 k>0 pr
un = u(1/p*)p" + O(p"?)
1 9 N
1 =1 = log?
0g U2n = 108 U2n+1 210g 2 0g log n
1 1 log log 2
= 1
* (2 * log 2 + log 2 ) cen
+ O(loglogn)

Zun = p(logy n) N + O(N~1/2+e)

o = log, 1
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Goal

p>1

p=1

p<l1

:Zunxnznl

n>0 k>0

1

un = u(1/p?)p" + O(p™'?)

log ugy, = logugn41 =

1 9 N

1 .
2log?2 o8 logn

+1+1+
2 log2

log log 2 loen
log 2 &

+ O(loglogn)

Zun = p(logy n) N + O(N~1/2+e)

Up = PUp—1 + u%

o = log, 1

100
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Goal

We want to study the asymptotic behavior of true divide and
conquer sequences, that is b-rational sequences.
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Some tools
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Integers and words
b>2 2={0,1,....b—1}

generating
series

formal
series

s = E Sy W

wEZH

_ /
st = g Sw W

w=w'r

103



Integers and words
b>2 2=1{0,1,...,b—1}

generating
series
u(x) = Z Upx"
n>0
Ty ru(x) = Z Uppr "
k>0
n=(w) €N

we Z*

formal
series

s = E S W

wWEZ*

e g sww/

w=w'r

Sw = Up

maps composition
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Integers and words

We do not use the words which begins with some zeroes.
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Integers and words

We do not use the words which begins with some zeroes.

Definition
A linear representation (L, A, C') is insensitive to the leftmost
zeroes, or zero-insensitive, if it satisfies LAy = L.
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Integers and words

We do not use the words which begins with some zeroes.

Definition
A linear representation (L, A, C') is insensitive to the leftmost
zeroes, or zero-insensitive, if it satisfies LAy = L.

Concretely, we always use zero-insensitive linear representations.
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Extraction of classical rational sequences

sequence integers whose b-ary expansions have a regular
expression e.g. 2F = (10%)y, 2F — 1 = (1%),

Stern-Brocot sequence

1 1 0 —1 1
L=[0 1], Ay= = C =
01 1 2 0
. 1-k -k 1
U2k_1:LAlc:[1 2] :k+1
k 14k 0
1
1 2
1 3 2 3
1 4 3 5 2 5 3 4
1 5 4 7 3 8 5 7 2 7 5 8 3 7 4 5
1 6 5 9 4 11 7 10 3 11 8 13 5 12 7 9 2 9
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Extraction of classical rational sequences

Stern-Brocot sequence

L=[0 1], A=

1 1 0 -1
) Al = ) C
01 1 2

21 1 0
E Up = LAl(A[)+A1)kC: [ 1 2 ] [ ] [
) 3k —1)/2 3*
1
1 2
1 3 2 3
1 4 3 5 2 5 3 4
1 5 4 7 3 8 5 7 2 7 5 8 3 7 4 5
1 6 5 9 4 11 7 10 3 11 8 13 5 12 7 9
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A mere idea

u(x) b-rational series

110 /151



A mere idea

u(z) b-rational series d(z) = (1 — x)u(z) b-rational
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A mere idea

u(z) b-rational series d(z) = (1 — x)u(z) b-rational

(L,A,C)
linear representation for §(z), insensitive to the leftmost zeroes



A mere idea
u(z) b-rational series d(z) = (1 — x)u(z) b-rational

(L,A,C)
linear representation for §(z), insensitive to the leftmost zeroes

uN—Z(Sn—ZLAC (w)p=mn

n<N



A mere idea
u(z) b-rational series d(z) = (1 — x)u(z) b-rational

(L,A,C)
linear representation for §(z), insensitive to the leftmost zeroes

uN—Z(Sn—ZLA C, (w)p=mn
n<N
Sk(z)= Y AwC 0<z<1

|w|=K
( w)b<1’

114

151



A mere idea

uNfZ5fZLAC (W) =n

n<N

> A 0<az<l

lw|=K
(0.w)p<z
6o = LAC
61 = LAC
09 = LA1AGC
03 = LA1A1C

04 = LA1AgA0C
05 = LA1AgA1C
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A mere idea

uNfZ5fZLAC (W) =n

8o = LAC
& = LA, C
Sy = LA AgC
63 = LA A, C

04 = LA1AgA0C
05 = LA1AgA1C

n<N

Z A, C

|lw|=K
(0.w)p<z

0<x<1

8o = LAgAgAyC
51 = LAgAgA,C
Sy = LAgA; AgC
83 = LAgA1 A, C
84 = LA AgAC
85 = LA AgA;C

116
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A mere idea

uNfZ5fZLAC (W) =n

n<N

> A 0<az<l

|w|=K
(0.w)p<z

8o = LAgAgAgC
51 = LAgAgA,C
Sy = LAgAL AgC
53 = LAgAL A C
81 = LA AgAgC
S5 = LAy AgA;C



A mere idea

uN—Zén—ZLAC (whp=n

n<N

Sk(x)= > A,C 0<z<1
|lw|=K

(0.w)p<z
us = LAgAgAgC
+ LAgA AL C
+ LAGA1ApC
+ LAGA1 A C
+ LA1AgAgC
+ LA1AgAC
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A mere idea

uN—Zén—ZLAC (whp=n

n<N

Sk(x)= > A,C 0<z<1

lw|=K
(0.w)p<z
us = LAgAgAC LS3(5/8) = LAgApAoC
+ LAgA AL C + LAgA AL C
+ LAGA1ApC + LAgAL AgC
+ LAGA1 A C + LAAL1ALC
+ LA1AgAgC + LA AgAgC

+ LA1AgAC + LA1AgAC

119
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A mere idea

uN—Z(S—ZLAC (W) =n

n<N

> A 0<az<l

|w|=K
(0.w)p<z

Proposition
Let (L, A,C) be a insensitive to the leftmost zeroes linear

representation for the sequence (0y) of backward differences of a
b-rational sequence (uy). Then

un = LSk 1 (b8 N1,
with K = |logy N| and {t} =1t — [t].
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A mere idea

uN—Z(S—ZLAC (W) =n

n<N

Y AC  0<az<1

|w|=K
(0.w)p<z

Proposition
The sequence Sk (x) satisfies

SK+1 Z ATIQKC + AmSK(b:C — 951)

r1<x1

for x = (0.z12z2...)p in [0, 1].



Joint spectral radius

uy = LA,,--- A, C for N = (rg...710)p

fun| < IEIHAz - - [[Ar [[IIC]]
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Joint spectral radius

uy = LA,,--- A, C for N = (rg...710)p

lun| < L[ Azl -- - [[ Ao [HICl
< [LllICla™! = | L][[Cllate M < KN'es e
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Joint spectral radius

UN:LA”-'-ATOC fOI"N:(Tg...To)b
fun| < LAz - - [[Ar [[I1C]]
< [LllIClla™! = L] [[Cllats M < KN'#

Proposition

A b-rational sequence has a growth order at most polynomial.
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Joint spectral radius

Proposition

Let A = (A,).cz be a finite family of square matrices. The
sequence
pe(4) = max [ Ay ||/,
weZt

converges towards

p(A) = lim py(A) = inf p(A).

{—~+o00

Moreover the limit is independent of the used multiplicative
norm. It is the joint spectral radius of A.
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Joint spectral radius

Proposition

If (L, A,C) is a linear representation for a b-rational
sequence (uy,), then for all e >0

O(NIOgb ﬁ(A)JrE)

unN =
N—+4o00



Joint spectral radius

Karatsuba
(3 1 0 0 0] [ 1 00 0 0]
0 2 000 2 3000
Ap=1]10 -1 10 0], A= -1 4210
4 10 1 21 10 4 01 2
(4 -1 0 0 1 | | -1 0 0 0 0|

)

8] = max S7[Mi gl (1AM o = mosx 3| Mg
) J
1/2

M= () |M;;

]
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Joint spectral radius

M|l = H}gXZ\Afi,j\, [ M|l = mZaXZsz,j
7 J

181

16

14+

121

10

I

1Ml = | DM

i?j

10

1/2
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Joint spectral radius

Proposition

If the matrices of A = (A,).cz can be simultaneously
block-triangulated,

P7lA,P = < % gz ) z€Z,
z

then the joint spectral radius of A is

p(A) = max(p(B), 5(D)).
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Joint spectral radius

3 1 0 0 0 1 0 0 0 0
0 2 0 0 0 2 3 0 0 0
Ap=|0 -1 1 0 0 :[gg L())O],AI, -1 4 2 1 0 :[gi 191]
4 10 1 2 1 10 4 0 1 2
4 -1 0 0 1 -1 0 0 0 0
1
p=ld 2] mels 8]
2/3  1/3 2 1 1o-1
P= , P 'BoP= PlBiP=
-2/3  2/3 0 3 0 3
HB)=3,p(D)=2  p(A)=max(3,2) = 3
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Joint spectral radius

Consequence:

S(z)= Y AwC 0<z<1

|lw|=K
(0.w)p<z

Sk1(x) = Y A, QNC + Ay Sk (bx — 1),
r1<ri
Proposition

Let V' be an eigenvector of Q = Ag+ -+ -+ Ap_1 for an
eigenvalue pw with |w| =1 and p < p(A). Then

Sk(x)= Y AV
|lw|=K
(0.w)p<z

is O(r’) uniformly wrt x for r > p(A) > p.

131



Dilation equations

coin tossing
(Th)n>1 1id. with P(T=0) =po, P(T'=1) =p1
po+p1=1,0<po, p1 <1

T,
X:ZQ—Z
n>1

distribution function F'(z)



Dilation equations
coin tossing
(Th)n>1 iid. with P(T = 0) = po, P(T = 1) =
po+p1=1,0<po, p1 <1
T,
X=>) o
n>1

distribution function F'(z)

0<z<1/2
T,
Flz)=P(X <z)=P(Th =0, 51 < 2z) = poF'(2x)
n>2
1/2<z<1
Flz)=P(X <z)=P(Ty =0)+P Tl—lz - <2z-1)



Dilation equations

0<z<1/2 F(z) = poF(2x)
1/2<x<1  F(x)=po+pF(2x—1)
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Dilation equations

0<z<1/2 F(z) = poF(2x)
1/2<x<1  F(x)=po+pF(2x—1)

F(z) = poF(2x) + p1 (22 — 1)
F(z)=0 forz<0 F(x)=1 forz>1

dilation equation
two-scale difference equation

135
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Dilation equations

F(z) = poF (2z) + p1 F(2x — 1)
F(z)=0 forz<0 Fz)=1 forz>1

14
0.81
0.6
0.44

0.2

0 0.2 0.4 0.6 0.8 1

cascade algorithm Holder with exponent log, 1/ max(pg, p1)
136
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Dilation equations

in wavelet theory (Daubechies)

Daubechies 4 tap wavelet
15 -

-15 scaling function
wave let function

1] 05 1 15 2 25 3

in interpolation scheme (Dubuc, Deslauriers)



Dilation equations

multidimensional version
Proposition
Under the hypothesis p > p(A), the dilation equation
pwF(x) = Z A, F(bx — 1)
0<r<b

with boundary conditions
F(x)=0 forxz<0, F(x)=V forxz>1,

where V' is an eigenvector for Q = Ag+ -+ Ap_1 and the
eigenvalue pw, |w| =1, has a unique continuous solution from R
into C%. Moreover this solution is Hélder with

exponent log,(p/r) for r > p(A).
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Dilation equations

Consequence:

Proposition

Let V' be an eigenvector for an eigenvalue pw, |w| =1, p > p(A),
of Q=Ag+---+ Ap_1. Then

Sk(z)= > AV
|lw|=K
(0.w)p<z

satisfies

Sk(z) = (pw)*F(z)+O(r")

K—oo

for p>r > p(A) uniformly wrt x.
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Theorem

Theorem

Let (uy,) be a b-rational sequence and (L, A,C) a linear
representation for the sequence of its backward differences. Then
the sequence (uy,) has an asymptotic expansion which is a sum
of terms

Nlog,);,( Og;l > v 6“910gb N o ‘P(l(’gb N)

In this writing, pe' is an eigenvalue of

Q=Ao+ A1+ + Ap_1 with a modulus p > p(A). The
iteger m is bounded by the mazxima size of the Jordan blocks
related to pe'. The function o(t) is 1-periodic and Hélder with
exponent logy(p/r) for p > r > p(A). The error term

is O(N'°&7) for r > p(A).
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A worked example

Karatsubal
3
zu(z) — (1 +2)(2 + 2)u(z?) = —2% + 4(1 o
2+ r — 622 + 3
o) = BED a2y 2200
basis
o(xz) 1 x z? 3

141



worked example: Linear representation

1 0 0 0 0 0

0o 2 0 0 0 0

0 -1 1 0 0 0
L=[0 1 1 0 0 0],A=

5 5 0 1 1 0

N

—

o

=)

[=)
(=R (=}

©c ©o ©o o o



A worked example: Joint spectral radius

1 0 0 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 2 1 0 0 0 0
0 -1 1 0 0 0 -1 5 1 1 0 0
Ag = , Ay =
5 5 0 1 1 0 5 -1 0 0 1 1
-1 0 0 0 0 1 0 0 0 0 0 O
0 0 0 0 0 0 0 0 0 0 0 O
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A worked example: Jordan reduction

»
w
[=}
o
o
o o ©

Q=A40+ A1 =
10 4 0 1 2 1
-1 0 0 0 0 1
0 0O 0 0 0 o0
0 0 0 24 0 0 3 0 0
8 0 0 —24 0 0 o 2 0
48 —96  —96 120 24 179 o o0
pP= ,Q =
16 0 96 —96 —48 —334 o o0
0 0 0 —24 24 131 0o o0
0 0 0 0 0 24 0o o0

o © © o

o © ©o o o o



A worked example: Jordan reduction

L'=LP=[ 5 -96 —96 96
2
1/3
1/4
Ay =P 'AgP =

0

0

0

1 0o 0

-1/3 1 0

L -1/4 0 0

Al=pP A P=

0 0 o0

0 0o o0

0 0o o0

p=3, w=1,

24 179 ],

0o o0 -3 0 0

1 0 -2 0 0

0 1 1/4 -—1/4 125

0 o 1 0 0 7
0 o0 0 0 1

0 o0 0 0 0

3 0 0

2 0 0
3/4 1/4 122 o pio
0 0 0

0 0 0

0 0 0

V =FEy+6F;+2FE,

1/8
1/12
1/24
1/24

1/24



A worked example: Dilation equation

3F(z) = AgF(2z) + A1 F(2z — 1).

F(x)=0 forz <0, F(z) = By +6E3 +2E4 for x > 1.
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A worked example: Dilation equation

fi(@) = 2f (22) — fa (22),

3
fo (@) = 5 f1 (22) + 3 f2 (20) = 2 a (20) + 2 f1 (22— 1)+ 5o (22— 1),
o (2) = 351 (22) + 3 f3 (22) + 5 f1 (22) — == s (22) — 20 fi (22)

- %fl (22— 1)+ gf2 (2$—1)+%f3 (22 —1) + %f4(2$— 1),

fi(e) = 2 fa(20) + 2 i 20— 1) = 2 fo (= 1) g f5 (20— 1)+ 3 fo (22— 1),

3 3
1
fax) = g fu(20),
fﬁ (m) =0.
fi(z) =0
fo(z) =1
fi(x)=0 forz <0 ;zggzg forz >1
f5(:lj) =0
fo(z) =0
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A worked example: Cascade algorithm
.
6.

5

f(z) = LF(z) = fa(z) + f3(x)
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A worked example: !

uy = N"%2%(log, N) + O(N'*)
—00

p(t) =311 p(2l0h).

0.000033-
0.000032-
0.00003 11
0.000030-
0.000029-
0.000028- (t) .
Uy /N 089
0.000027- .
normalized execu-
0.000026 tion of the algo-
0.0000251 rithm
0.000024-
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What I did not speak about

» analytic number theory

@ Michael Drmota and Peter J. Grabner.
Analysis of digital functions and applications.
In Combinatorics, automata and number theory, volume 135 of
Encyclopedia Math. Appl., pages 452-504. Cambridge Univ.
Press, Cambridge, 2010.

> probability theory
B Louis H.Y. Chen, Hsien-Kuei Hwang, and Vytas Zacharovas.
Distribution of the sum-of-digits function of random integers: a

survey.
Probababilty Surveys, 11:177-236, 2014.

150 /151



Philippe Dumas
SpecFun
INRIA Saclay

Thanks for your attention!

0.000033

0.000032+

0.000031+

0.000030

0.000029+

0.000028

0.000027-

0.000026

0.000025+

0.000024

9

9.2

9.4

9.6

9.8
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