Ow 01.3 2 il i [
r ! NO—)L (-“";M oj E‘MJ&M i

(J'O\'vt+ wrt K wa

SCHEDULE

& Tha A—oL-MMp Cank.

§q_ Sw"ﬂyj\ﬂa’c /,Js bl Fc«.uuu Lesngan A,w«_géw’

() To M}e ‘H“OJ‘ Ss R”

(2) Savwr P,wlr-&w /n u'yj"" w-p*
@) Orw W W’ To dubvumes “é Q:= 4">°'3>°(IQ-"21 9 @ PW’J

CAnmaga -'b ‘?Z

% o wwett Delph's nacle .

[ Shasoh ) o daborine Ho diffiably of e
s il art + VO 7 deffth (Toaudim: Tuapraible)
Regulan o @ Veuy de fpruth  (Trodokire: Al ot cxmprnitde)




He sw i ;h&a Ha Nosh waz ard Gaulboa ot alhosiaiied uan He 1940
O\ouwrldo.;)« RAG Shiotals uujwbwt Cotumaiing Mo (A
“A SM‘.,Q?MC £ | 5.‘.—.‘2“4 e SRR S NMLLWoj ﬂz"@ Sa
pum At prnsl and Hados - ol et wa‘c PJL. s PaA] S whaone Aoy e
1*0 ”&1 ‘H“ 2 ¥ "
M conneted ““"T‘”"‘“t‘ cé#u o.:l—oj,ui..n.,. ?a-tuf;_ vjs
*ﬂﬁ..ﬂu rnédasmdyﬁmds
@ 8 C" dihask sckef dusmsinire . 2o Py (2) < 3 amolybic diffo
Y AJ(O,é) s N*ébz P 'ﬂ‘Lu&sa ?(i)ﬂt “a ru.?Ja MW
(2) XS B dyhosc 2. RgylX)= XN Reg (X)) : X o a ereplonfocatina of X
(3 Ry ($):= Tk gew) ($0Ry(37))

To somplfy poteions :
‘P(S ):— L‘A«é ll P;,A'. S» d(lfl?) ) é‘- ’RP"’ nz“ ” PM.J}

R'ﬁ

r(s):= L’“é 4r>,4‘- 5’4“’2')) g: R"— R'a P‘%"“‘“‘“’ol(

W(8): = caf fmyts Se4IR™), § RO Bla Mok
o () € niS) & r(S)SF($)$+ao ( spewed wdenot s Whua ¢ (8)= domi($) 7
o S““‘ Whﬂ \'/AA{/; & rl$)<+ao.

@ Sua wgin vy 2 (8] <t

® S a Neh oy & n(S) <+ .
Teeg: p(s) € 4, digemb G pliicy Thua: n(S) ¢ Jd, 4l v dis donm (S)
r(S)e 44,J+1,+~s

A'U'WM Ts Huw S¢ " - diwn 18) ¢ ¥(5) < P(S) <+re0 ?
Wk pl2, 1) o w5kt PR S a ssuelphane A

Toanls Sul-u-skt sce K

éz.’ﬂumm 3_@&& (TM%MJ&MM)
Ts Hu O‘PWW Q=}X>O,j>o’ &l?“e"iw."j tws&!ﬂﬂzz?
Lo, Proshd s dhe 2006 obewelfel RAG wak: Ripuind  comapron

am» P Pv. Slaan's Aj.}aﬁ-u:u\ws




Z“J selulion ! The SL,J.A P’“"} ( A Xevr: :Soz.ﬂ?“)
f“%?"?. A WZZ,—a IRL

(¥ A
'3) e (()“a—l ¥, (%3—4)1'3 ) ) (%) v (%, \a(i‘a—l)’-fy.()ﬂa-\ )"),’ lxq) = (x(x‘a-z )",i. xaz,n)

ol
37 el diaw v Tl SP“"*"* Kiuown Po‘-rM‘o-p MQW% OT(AWJAD.J A
trpdogeend MMSLM%“’M“W o] Ha flloing vop s 4.

Pongrre ( OFgtextgt-g=a) e xby", O Taxiytont 04 xyt)
4‘5'2 | WJ); oll.al‘, i1

(Aanv. IS02.0%035)
MWK! To W a Scmp‘"t F‘Arao“""oj M.F (M.U‘ MPO-JL"O J‘f\nﬁl'\ nWoLM %Mh‘))
us; hies . % To pand = P,Lr...o«wwo wap whae PMJ g 3 ‘“ l"“”“":u S.a. ok SERY
—RMMMgwaﬁudw+wMMws
i A Hua adgnithis & ampote wrplectdy, Ha cmage of o stualyhrace

MT ?
(4) ExPA-.,,;/- WLu.qil‘w oj P.Zr..w:oﬁ ard ""9“'&& MM o é""&"‘ 0‘“’“‘.&"“

0'3 S.c‘./wk (% ja/\ M-u.. Fcc,u.k."» L agean 601.««.4‘4‘7)
A 93 M o‘:s+m~¢i“~'awt T be FW«—Q » u.t.ﬁvx g,

(2) Seon
(:F_wu W&u?&o«)

§ 5. The 4 dimpmonsl oot

L4 5= R be a (- diwssnns rad s.a. ok
3.4, 'P:’I:MJ AL
W), ungm.ﬂ(ul) c,Q:‘:': (S) &

e S a (MLJIAA-M (..N‘(S),_;,G
i ol Gawe el ek L)L e gt aed B
?‘M Jd:“’“ (S)P “ (w.iw.w

?(S) dtoo = r(S)fz_ Tu addition F(S)'—" e S o clod v R™

P(S) L+

32 l?ﬂ:q_n__" 7V B
e(S) ¢t &7 S l‘WoLa-«:L&. osd C»Qg;.. (S) o aankvual uowe
Repn(S)= S ot
e S RP
c(6) Ciea » xBYE2 " 1n addobon ri(8)=1 & 4&‘“’“ PR =
_S-M v; \'M

P



3.3. Nooh wse

wiS)cwsw ¢» n(S)=1 & Sa sy Sy A

3‘(. 'Pccu.u;oa»fi.w.m LMJ-ANJ S.a. o&‘é
) K wuren polihudion of ditm
v haoe o
; Jut(k), RK, R\ JuAlk) (Fult chanackecsratirn)

ny7Z

Thin: ¢ (K)=v (Tt(0) 2w of w32

Heumon ot E(K)‘-= b7 e R" - pt Av eK Vﬂzodpel(f
T (k) #holk e Ko wmbruaded

—_—

Thr . o(K) <40 o> ditw Cl) =n = plh)=n & p(Tut(K)) (Hiw nt4
pl P P

"lj\_\:h*. r(‘l&(“)):ﬂ &> dim C(k)=n & o boua ded dam "d dirmsnion nea

S< R*K, $= R"Tutlk) 3
The. P(5)<+¢° n F(§)<+oo Pl G R [-a,0] = P(S)=F(S =n

K F’"‘ % S wz 2
S= liZ."d( K brmdid K s borredd K bpunied K v bouandld
(K) o0 A g (n,4=)
P
- (w V‘“l“'*)
p (Juki)) ¢ oo < t
p(s) 4 o <l
P(g) + o0 A
A
r(K) A n
e (TwtW) 2 <
%0 2z
r(5) t
< 1
e(3) + o0
§S- Gomnal Eﬂgw
: h naliomol pedis
r(8)<re0 = S v sa. m}, pu J"MM'N'Q,(MJA"“’M,CO neled 1;7

: f; L
() <+~ = Ju aw(x%; S wuwa.u "Va, ro—w—uﬁw ataibicas ; ‘u,. sidbd
f GW‘WM oxd w b u.mLmAJ an m,«ﬁﬁ)"‘ﬂ mdgm




T_l‘:‘ ¥ F(5)<+~ iy e Q,QR“,., (S)NHa o wn tJ (l'MS/w»uJL‘) R
Ruk © N e fn (). )
O‘ﬁf_%'- Q) Lk S ¢ Hoo b n cortminlin S.a. 00k ; IS#WQW‘&J’W
f" “zvt\_’ mu 5&J\M -d(ﬁ?“‘)&= 507 -‘F-,n e e DA
(:') LU‘-SOSHu LCAS.G.O'J- I/’MNQMW M«ﬂ'P flkw\-—vk‘\
suda that dmz“*),ﬁso? Tn 02 ad S /\,..j:la....
.-r.k_“*i I*é F(S)-: ‘L'm(S)-_J,-U«M-.

(1 Lok Ti= (cR(SINS) 4y - ¥xelT AT f’“"”“)“" nilint xeTc T ndis)
&) 3§ d-2, Freliffte -Fwnrl(S)'- s f""‘"“'"t"° g

=4

d A Ho fllowiey 50 wh P,I?W-J s of BT

¥ Y ke "

¢ 4 /e
v, but pls)=3, p(3)2 2 No bet p(s)=3 Yo p(5)>2
r(S’)-—I: ey Fn ddoils
T(lR“\Bl"/‘\):n‘“ M" C’L&,...o

f(R"\ Bla1)) =t
§6. Th Mok e (Tl charachnsration)

Theowan (2215) MSL:&M‘.,QPJ«Mc m)"addaWo('ﬂu/,(wamm

@ nlis)= d

(2) n(S) <+e

() So mw lﬁa Mok ruuw

w Su mmﬂk«aanﬂfngr,.}lw

(S)SJDPWWMW‘J'“'\N“PAAVOAP.A M[@,‘l]—*SMM
Coa (ot) ,,w.‘f- M e ol W“PM o] Reg (S)

(6) S pu LWM Hae e nu anslotic th\ i lul]—>S suk Aot
o (w) sk Mt ot bnalil W cﬂﬂd(S) ( Sheota's q-‘a,..«bvv.)



o} ssrdons () el of siqulondios
(o2) EXJ-UMW ﬂ ”(r-y‘v \AMMA-/JJ" lM.u\ Lmll«” th\ Jﬂa“ 70\ Uasl\ M#J
@) Relative A.rpwcu.d“m Dj, S‘,,uwr,o on Vodk MM) A &,««(ua
» TWW‘W“’ 01 (VWA ,tmu»u/o('Ll whl Ml SM, L.

M%;.KMW.W h(k)—:u(Id(u))':M(S):h(f)=dL'“~(S)
o Taudendde P comiectid by Mok patls l_:é f
é‘m i e 71/

Tc«{l«.ﬁu 604-40&4&: LA “CEkLca:_mqﬁJ NML /.(J “‘:MLMOJQ(‘M/
T Koo Mok o of RY

CoNS€ Quences

) LU+ b ﬂzv\ Lt. s LM«.L“M Pyt dtw s.a. nt wath oe(S) W~3)Mm-w&g'. Tew
h(S)s= dien (S).

T arc squdic (Kandge ,1900) 2 if w00 = R® aralflt e pakifiss wioto) € S
s o’(-1,1) cS.

D Elowaiatisn ‘2,(' \'M'L'c/) ( uvent g/ 73«444~9~an4«,)

@ Medzlow (1963) : Se R"sa & T(X)25 fn an Sohaor 2ot xs R™

(0) Anduis; - Guhon (1116): Se R" dond Seumiafydarc ok + B il
S:T\(X) fﬂm (MJM«M -L?ﬂw‘cfwf X6 R

© Pudbr (1950); | * Swphfy Mebrtha amdrudbsn (somplot and diorn)

B IQ" ,&'LAIL]M SK.M# ..“.‘“\wu(,«jbu.d\ P““J‘ = S« n(x)
I om M\LJAMAM (.[J,J-wk’u ot XERT

(4) @u(lu»} (2415): > S s Plina ub spaiittd L"J Nods partbs = S = T1(X) whse X

c ™ & a hw—mrlah aﬂfﬁax»f whane cossned W C ane
Narh “*’ﬁwr‘“‘t BY Uourts , n(C) = X ond Hue evif
“(’"-X—*Xufmm,a@w sk Hod RIQ)=G

Fr ot sesinbua oh e Mo durpanbn of S oo
.#;M,.'(Ib) Joprisy oy W by Mot potis

s




®) Gopod conmlid swerth poufll il beundancy
+ Nods poreid (1952) : @ orpot Stmorth pusafold o> diffpesplacc &< wuire of
coumneled wenprds 7) o Suaoth alhacc oct
" AKB«J\J-W&% (1131) : u paca (M,N) o) & owpad suwoth juanifoll ard n dod
Sl exbrsidld (of vallin ditisnr) 5 defaisrphic ba paci (% 1)
Wit X 5 a St b puasdeld and Y 5 o st e subuaschid

%@‘”5)1 A el WMYMMM%UWM L"“"J”“Z"/"(‘W
o th surfh twazd




PoOLYNOMIAL AND REGULAR IMAGES OF R"

José F. Fernando and Carlos Ueno (joint work with J.M. Gamboa)

Universidad Complutense de Madrid e Universita di Pisa

Amap f = (fi,..

UNIVERSITA DI PISA

Introduction

. fm) - R" — R™ is polynomial if its components f;. are polynomials. Analogously, f is regular if its components can be represented as quotients fr = 2 of two

hy,

polynomials gi, hj, such that hj never vanishes on R". By Tarski-Seidenberg’s principle the image of an either polynomial or regular map is a semialgebraic set, that is, it has a description
by a finite boolean combination of polynomial equalities and inequalities. In 1990 Oberwolfach reelle algebraische Geometrie week Gamboa proposed:

Main Problem. Characterize the semialgebraic sets in R"* which are either polynomial or regular images of some R".

Two approaches to this problem: (1) Explicit construction of polynomial and regular representations for large families of semialgebraic sets, so far with piecewise linear boundary;
and (2) Search for obstructions to be polynomial /regular images of R”. Potential applications. Optimization, Positivstellensétze or parametrizations of semialgebraic sets.

The Open Quadrant Problem

Is the set Q := {z > 0,y > 0} C R? a polynomial image of R?*? Answer: YES

First solution. The initial answer was presented in 2002 Oberwolfach reelle
algebraische Geometrie week. Required computer assistance for Sturm’s algorithm.

Second solution. The shortest proof (sketched below).

4 R? 4 fi(R?) 4 f2(f1(R2))/ 4 <)
> Si 3 Jo 30 J3 3
2 — 2 — 2 ‘ — 2
1 1 ) 1| 1
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

fi(z,y) = ((ey—12+22 (zy—1)2+17),  folz,y) = (@, y(zy =22 +x(zy—1)%),  fs(z,y) = (x(zy—2)*+F22, ).

Third solution. The sparsest (known) polynomial map. A topological argument
shows that the image of the map below is Q.

flz,y) = (%" + 2'y* — y* — 1)% + 2%, (2% + 2%y — 2% — 1)* + 25%").

On Convex Polyhedra

Theorem 1. An n-dimensional convex polyhedron and its interior are reqular im-
ages of R" (n > 2).

r3 . Int(K L3
B R s o Int(X) X
///’E 4//// T \\\
:<\ ‘\\\\\\ //// : \\\_ ———————————— \7\\
\\\1‘//\ E \\\ // \\
1 —_— \ / —_—
| 7 ! reg A /> L9 reg L2
:E]_ ‘ 2 / /
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\\\\\\\\ i /// g T 1 \ ///// xl
\w J l

Definition. Let KX C R"” be a convex polyhedron. Its recession cone is
C(K)={FeR" :p+ XK VYpekK, A>0}

Theorem 2. Let X C R" be an unbounded, n-dimensional convex polyhedron
whose recession cone é(fK) 15 n-dimensional. Then X is a polynomial 1mage of
R™. In addition, if X has not bounded facets, then Int(X) is also a polynomial
image of R™.

General Properties

Basic properties. A regular image of R" is connected, irreducible and pure
dimensional. Polynomial images are in addition either unbounded or singletons and
have either unbounded or singleton projections.

Advanced Properties. The set of points at infinity of § C R* C RP" is

Soo := Clgpn(8) N Hyo(R) (Hoo(R) hyperplane at infinity).

Theorem 4. Let 8 C R™ be a polynomial image of R™. Then 84 # 0 is connected.
Remark. This condition does not hold in general for regular images.

Theorem 5. Let S C R™ be an n-dimensional polynomial image of R"™. Let T be
the set of points of dimension n — 1 of C1(8) \ 8. We have:

(i) For any x € T there is a non-constant polynomial image I' of R such that
rel cT NCKS).

(i) Ifn=2,TCclJ_, T C TN CI(8) where each T'; is a polynomial image of R.

Which of the following open sets are polynomial images of R??

ES A A ™
1

e
[ 1 ;
[ 1 P
e -
: : 4 /” TS ]
P L, ~ I
1 1 7 ’ N 1
. \
-y ! ! 4 \ Camamasss s i
_- 1 ’ \
! / \
4 1
! 1
\ 1

VIAR: LP6 [92f oU6

Characterization for the 1-Dimensional Case
Let & C R™ be a 1-dimensional semialgebraic set.

Theorem 6. The following assertions are equivalent:
(i) 8 is a polynomial image of R" for some n > 1.

(ii) & is wrreducible, unbounded and Clgpm(8) is an invariant rational curve such

that Clgpm(8) NHeo(C) = {p} and the germ Cl¢pm(8), is irreducible.
If that is the case, p(8) < 2. In addition, p(8) =1 <= 8§ is closed in R™.
Theorem 7. The following assertions are equivalent:

(i) 8 is a regular image of R™ for some n > 1.
(ii) 8 s irreducible and Clgpn(8) is a rational curve.

If that is the case, then tv(8) < 2. In addition, r(8) =1 <= either Clgpn(8) = 8,
or Clgpm(8) \ 8 = {p} and the analytic closure of the germ §, is irreducible.

Theorem 3. Let X C R" be an n-dimensional convex polyhedron that is not 8 | Ror[0,+00)| A| [0,1)] (0,400)| (0,1)| Any non-rational algebraic curve
affinely equivalent to a layer [—a,a] x R"™1. Then the semialgebraic sets R" \ X r(8) 1 1 1 2 2 00
and R™ \ Int(X) are polynomial images of R". b(S) 1 5 | +oo 9 oo oo
Full picture for convex polyhedra . -
Definition of p and r invariants: (
p(8) :=min{n € N: 8§ = f(R"), f polynomial} Related Problems
r(8) := min{n € N: 8 = f(R"), f regular} Selected References
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