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Hamiltonian and Equations of Motion

H@p) = 302 + %) - F(g) Z 8(t - 2mpn )

p = rotation number = 1/# kicks per natural period
(Resonant case: p rational)

Fl@) = F(@ + )

7 oH 0
op
— — —— — -
p = 0 = q+f(q)§n:6(t 2npn)

Free oscillation for fraction p of a natural period, followed by momentum
shift p-->p + Ap, Ap =1f(qQ) = F'(q) = "kick amplitude"

Initial choice: F(q) = A cos(q), Ap =Asin(Q), t=2n

Example: A = 0.8, quasi-periodic orbit



Quasi-periodic Phase-Space Orbit and Poincaré Section
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Chaotic Orbit and Poincaré Section

17 kick periods

425 kick periods ~~
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Stochastic Web with 4-fold Crystalline Symmetry




Phase Portrait of Local Stochastic Web Map, A=0.8




Normal and Anomalous Diffusion

For typical values of A, the chaotic orbits of W4 in the stochastic web
proceed to infinity with mean-square distance from the initial point
satisfying

{g2+p?2>~Dt for t—>x
D = diffusion constant
More general power law behavior:
{g?2+p2>~D't" for t—>
diffusion: u =1

super-diffusion: w > 1
sub-diffusion: u < 1



78 G.M. Zaslavsky, B.A. Nivazov! Physics Reports 283 (1997) 73-93
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Fig. 2. Diffusion coefficient % normalized to the quasilinear theory coefficient 24 =K?/2 for different values of K,
obtained after averaging over 2500 trajectories for each value of K with 0.5 x 10° iterations for each trajectory.
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Global Kicked-Oscillator Map

o) meal] <) -

fly) = o (ymodI-¢)

________
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Local Map K

K X) _ y 0 1 (x 0
y (x+oy-§modl| = ('1 O‘)(y) ’ (3"“("’”

piecewise affine transformation




Action of map W on the plane

(0,0)

(n,-m)

W decomposes into K plus a Z?lattice isometry

Wlu+m) = K(u) + R(-n/2) m + d(u)

0,2) ueD,
dwy= | (0-1) ueD,
00) ueD,




fy) = oa(ymodl1-§)

. Notation:
My choice of parameters:

slope a : \l?

intercept § :%(Ot -Bs ), 0<s<a

B=a-1
0 =0o+1

0/§ T

More complicated f(y):

O E n//,c 1 y 3
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K expressed as a true piecewise isometry

i 0 -19

0 1 ) has eigenvalues e , €

-1 o

For lal <2, , hence is

conjugate to cos 0 sin 0 )

R(-0) = (—sin O cosO

Hence K is conjugate to a rotation followed by a piecewise translation, applied to
a thombus with vertex angle O .

Example fora=\ 2 , 0=m/4

3 R(-7t/4)
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Rhombus map as a

= GoH
R

G’=H =1

H reflects about the
symmetry axis of each atom;
G then reflects about the
short diagonal of R .

composition of involutions



Induced map on atom €2; — tiled domain B(s) = base triangle

n= reflection parity

s=0

s =0/6

s =0/3

21 > Notation:
A a=2
B=oa-1
2h w= o+1
\/
S=A
_
>
s =a/2 s =20/3 s =50/6




a/z %

Incidence matrix
(185)

o/3

Return paths

1: 1, (3,243 (1)
2:1,3,2%,3(1)
3:1,3,2%,3(1)
4:1,3,2%3(1) 50/6 -
5:1,3,2°,3(1)

Note time reversal symmetry
(palindromes!)
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Our goal :

\_

Given s in [0, a], to find within the base triangle ‘B(s) a higher-level
base triangle ‘B*(s) conjugate to ‘B(r(s)) via a similarity transformation,
for some suitable renormalization function r(s).

_/

Numerical experiment gave strong evidence that this is true, with the following

specification of r(s) (notation: o

Jd2 ,Bp=a-1,w=0a+l)

I, I I

2 b L : | —H
0oB'B B B a-p a—p* o-p o
I !Iz g Ii,-g! L | Liyp | Li, | I-i,z | I—ilpu |
Bi+1 '[3’
L =(I3i+1 N ﬁi+j+2 ’ B’“ ﬁi+j+1 i>0,i>0
Lij -[p' - p™* B - By 1>0,§>0



l7l+1

Onli ) =+ o i)

:\M

0 p> B2 o— a-p> o

r(s) =f 2(s)

li1+1j1+2 (s-A

Onlij,r(s):i-w ij)




Main Results

Theorem 1 Let f(s) and r(s)=f 2 (5) be defined as above. Let ‘B(s) be

the base triangle with its 5-atom domain map. Then for all s € [0,a),

there exists a tiled domain B*(s) C B(s) such that B*(s) is conjugate,

via a similarity transformation, to B(r(s)). Furthermore, with the
exception of the accumulation points of r(s), the base triangle is tiled by the

return orbits of the atoms of ‘B*(s), up to a finite number of periodic
domains.

Theorem 2 A point s & I = [0,/2) is eventually periodic under fif and

only if s € Q(/2 ) . Hence the set of parameter values for which the
dynamical map L is dynamically self-similar is Q(/_Z ) IaV

Coding: s > iO il i2 ..... if fk(s) e Ik k=0,12,..



Renormalization fixed point s =0 = r(0)

R ‘B
3 1
induces induces
2
2
1

BX*

induces

‘

‘BB*
BB* Incidence
Return paths martrix

1: 1,3,2,2.3
2: 1,(3,2,2)*,3

. 25)(5_|80
RB* return times [5 8] [1 LJ= {137j

i
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One more level gives a & g,
fi i 9
ine covering of the 4
exceptional set. YRt y

563763 6 R N S

joe{12}, te{0,1,..,v-1} E

4
locates a small convex set covering A
points of the exceptional set. IV < VA‘i‘v:j
An infinitely long code sequence corresponds < p

to a single point in the exceptional set. 7 4




Renormalization Tour fori < -1,j =0

base ‘B

PWI = product of involutions
= global reflection
local reflection about
symmetry axes of atoms

pencil P
NN / A\ X 1

shortening|lemma

minimal pencil |P, .




Renormalization scenario ‘R —>B—> P—>P — RB* onthe
parameter intervals

P(s) e 1, = (@B, 2B,,),  k=1,2,3,..,m=0,1,2,...

This 1s an r - invariant Cantor set whose Hausdorff dimension is
determined by the equation

ad 4d
> Bk d p —
k=0 1 _ BZd
log vy =5 -1)2
4= 31605 = " W5
d= 0.2729897 . .. at r(s)

On 1_2 o I"(S) — (1)2k+2 (2 sz+1 _ S)

w=pf"'=a+1
af2r!

2 62k+1



Renormalization scenario for s € 1, , step 1 : ‘R induces B

| 54 3
3 2
1
, induces
— 3
2
3 1
‘B
R 4
1 5
Return paths: Incidence matrix
. 2
1' 1’(3’22)433 1 8 5
2: 1,3,23,3 1 2 92
3: 1,3,24,3 1 3 2
4: 1,3,25,3 1 4 2
5: 1,3,2°,3 15 2




Renormalization scenario for s € 1, , step 2 : ‘B induces P
54 3 ’

; induces
5
1
2 34,5 9,10,11,
P l 12,13
2L+1 atoms (this picture is for L=6) L=2k+?2
Return paths:

; §1 m=35,6,...,L
331,41 2m: - 3,2%,0( 12,0017, 0*(1)? - -+ 02 (1), 614(1)9), 2
4: 3a 1,5, 1 2m+ 1: 3,22, q)( 12, 0(1)2 ,02(1)2' ° ’GL_5(1)2’ OL_4(1)2)a2
5: 3,2
6 3 26 Substitutions: ¢( 1) =(1,2)

- 2)=(2,2,2
8: 3,22, ¢(1°),2 o(1)=(2,1,1)
9: 3,22 (12,2 o(2)=(L11)



B — P (continued)
5.4

Incidence matrix

¢ R

O 01 0O

I 01 0O

2 01 10

2 01 01

O 1 10O

a, ¢, 1 00

b, d,1 0 0 a=-1/2 +(-1)+1/2 3“*
%4 C4100 =1 -2 (-1)k+ 3k2

b d 100 > (-D'+3
BT ¢ = -1/2 + 1/4(-1)+1/4 3%
ol d=1-1/2 (k12 3%
a ¢ 100

b, d, 100



Step 3: P 1induces P .

PN,
! ! ! 9,10,11,
i 12,13
2L+1 atoms (this picture is for L=6) L=2k+?2

. 9 atoms induces

2

3,4 7 89
Return paths Incidence matrix

1 1 I
2L-4 0 l
OL-4,2L-5, . . . 6.5.3.5.6,. .. .2L-4 0 |
2L-4,2L-5,2L-5,2L-4 0 |
71 5 A :
I
|
|
|
|
|

21L.-2

21-1 ()

2L
2L+1
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And finally, step4: P . induces B”

O atoms

(2 >\-—>< i

54

Incidence matrix

Return paths

1: 8729765356797 (006012761 2
2: 8,7°9.7,6,53,56)°,797.7 0030 64612
3 872 0000 00210
’ 0020 44413
4. 3
87653567967653567 0 050 4441 ¢
5: 87.6535679°765356.7 Y,

A K




Cumulative incidence matrix for ‘B> ‘P> CPmin—> B*

A = A_ . A - A
‘BB* Pmin‘B* PPmin ‘BP
— A+ BL +C 3L
e ~ ~
A 632 -81 -62 6 0 -12 24
= |s514 692 26 3 0 B= |6 12
-1 2 3 0 0 0 0
225/36 -37/2 -14 2 0 -4 8
d12  -17  -11 2 0 \-4 8
4 25/54 25/27 0 0 0\
35/108 35/54 0 0 O
C= 227  4/27 0 0 0
11/36 11/18 0 0 0
. . 7/18 7/9 0 0 0
Cumulative return times - Y,
7100 )
(14) 294 (960 17000
A 5 | — 129 48
= +
BB*| ¢ el T 1o | L 16
7 75 32 66
8 60 (24 \84/

24
12

-
O O OO O

3L—2

\CDKO C)C><3j




B — P (continued)
5.4

Incidence matrix

¢ R

O 01 0O

I 01 0O

2 01 10

2 01 01

O 1 10O

a, ¢, 1 00

b, d,1 0 0 a=-1/2 +(-1)+1/2 3“*
%4 C4100 =1 -2 (-1)k+ 3k2

b d 100 > (-D'+3
BT ¢ = -1/2 + 1/4(-1)+1/4 3%
ol d=1-1/2 (k12 3%
a ¢ 100

b, d, 100



Arrowhead Map

O<hl<pP

P<hl<1




Single-step transfer paths for three
parameter ranges

0 < hll< p?

A
ABL, h)

B2 < hil <P

B<hli<1




Arrowhead Transfer Map

entrance tile E,

Partial incidence matrices (visits to tiles 1 and 3
along transfer orbits):

1 k 39k

___(_'] _|__3
N(E2k—1) — ( % k %k)r

_§_|_(_'| +§3

1 1 k 39k

_____'I) _|__3
NE 2¢) = ( T Tk ?k)

_§+Z_1) +Z3

with k=1,... ,J(h,I).



Simplest self-similar models: s a renormalization fixed point

s = r(s) = of2pE! - )
20
1+ o
Spatial scaling factor k(L) : B(l, s ) induces B(p*[, s) ,and so

S =

K(L) = p*
Asymptotic temporal scaling factor:
, a=-1-10x 3>
n(L) = | largest eigenvalue of A, | be 564253 x 312 70 « 312 [
- | largest root of x*+a x* +b x +¢ | ¢=29x 377

—  ( -a+@>-3b)d"P +d"? )3

2 d=-2 @+ 9ab - 2Tc+ 3\ 3(-a2b*+4 b* +4 a* ¢ -18 abc +27 ¢?)
Hausdorff dimension of the exceptional set:

Log n(L)
dy(L) = - Log (L)




Hausdorff Dimension of the Exceptional Set for s € I_L_2

L=46g3,. ..

0

dyy

C i ith d _(0) =1.24648...
a0 omparison with d_(0)

129} |

128}

127k
1.26|

125k
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