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Tue iy oF (CoMPLCAL DETS

Stmplicial sets are lovely objects about which
algebraic topologists know a lot. If something 1s
described as a ssmplicial set, 1t 1s ready to be
absorbed wnto topology. Or, in other words, no
matter which defimition of weak w-category
eventually becomes donmunant, 1t will be
valuable to know its simplicial nerve.

Ross Street (1987)
Algebra of Onented Sumplices
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C ONSTRUCTIN
TO ThE FUNCIOR ﬁ

N, (C), *= Homww (0" C)

@uESTIOI\/S Ow& EXPERIENCE OF The CLASSICAL NERVE
CONSTRuCTION FOL CATEGORIES LEADS US TO LJONDER -

SPOILER : THIS 1S
ONLY ALMOST
COY TRUE.

NHoW CAN WE CHMARACTERSE ITS ESSENTIAL IMAGE T

D 1S ST(ZEET'S NERVE FULLY FAIMHFUL ?



M/\QKED SIMPLIC!AL SETS
(KOGEQT‘S I‘]??)

A MARKED SMPLCAL SET  CONSISTS OF *

o) A simeuciAl SET X ACCOMPANIED 3y ELEMENTS OF
THIS SUBSET

) A SUBSET mX <X OF SIMPUCES ARE SAID TO
0 (¢
(OF ARBTRARY DIMENSION )~ ° O ()7 RE MARKED

SWRJECT TO THME STIPULATIN TTHAT
) EVERY DEGENERATE Sivewex OF X 1S A MeMBER ofF mX.

A mae § (Xox)—> (Y mY) OF MARKED SIMPLICIAL SETS
IS A SIMPLICAL MAP & . X — ) ThA Paggc.:ﬁvgs MARK S .

o
(e

LS S,ET := CATEGoRY (QUISI-TORS) OF MARKED SIMPLICIAL
SETS AND MARK PRESERVING SimPuciAc MAPS




Maeked Nerves

A smpiex =@ ——C OF ™ Nerve N,(C)
IS SAID T RE THIN IF T MAPS ThE UNIQUE Non-IDENTITY
n-CELL OF (7" To AN IDENTITY n-CLlL IN (5.

THE SET OF TWw SIMPUCES 1S A MARKING OF THE
NERVE N.(C) CALLED THE Roreers MARKING.

T HIS EXTENDS STReET'S NERVE TO AN ADTUNCTION:
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A Keystove Resyer

Tue Steeer NERUE FUNCTOR N+ w-Car —= msOET
S FuLL + FATHF UL

) CONIECTURED Ry STREET (1987).
o) PRoveD Ry \/EQIT)’ (’ZOO?—:SH>-

Ronerts cHaRICTERISATION

P_ﬂo/oF_‘ RELIES UPoN OO ( ExPLANED LATER)

_ . o

() KAn-LIKE HORN FILLER PRPERTIES OF OTReET NERVES.

(1) THE |INTPODUCTION OF A GRAY TENSOR PReduct OF
MARKED SIMPLICIAL SETS

(i) A PATH CATEGORY (CoNSTRuCTION FoR MARKED
SIMPLICIAL SETS THAT SATISEY THE ConDrilonS i (i)

(v) AN ORDINAL. SURDIVISION ANALYSIS OF co- CATEGORICAL
REALISATIONS OF (@AY TENSRS OF SIMPLICES.



| ax (5RAY TENSOR

X anD Y MMRKED SIMPCICIAL SETS.

X® ) TVE [AX GRAY TENSOR HAS

) UNDERLYING SIMPLICIAL SET Xx7,
) n=SIMPLEX (x,9) MARKED IF FoRk ALL i+) =n
EITHER oC- AL, tmkco IN X OR 9-LLj; MMKED IN Y.

ALY s [)—>0n] kR

Ut s L) =), koRe
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IL\DMlSSl@LE SIMPLICES

I N THE USUAL STANDARD SIMPLEX IN WHICH ONLY
TUE DECENLRATE SIMPLICES ARE MARKED

NP (e k0,0 CONSTRUCTED FRom A By ALS®
MARKING ALt FACES THAT HAVE THE INTEGERS
Fr-l,k, kei{a[n) AS \/ET&T/CES.OO

R (A*) =

| ——>7¢

[, -

o [\ (R ke, ) THE USUAL - (n,R)- HORN  WITH [MARKING
INHERITED FrRom AR




SLOCAN THE INNER ADMISSIRLE SIMPEX \V* DESCRIBES
HOW ITS (h-1)-FACE SR MAY BE OBRTAINED AS A COMPOSITE
OF 1S (n-N-FACCS o*', R ALoNE ThelR COMMON  (n-2)-FACE

' l__l,—e'z [_—-————>?
7 \h £ b7
g/ibm\\ - %P\
O — L —=3

SOME OTHER MARKED SIMPLICES

o) #/\" CONSTRUCTEY FRoM THE STANDARD n-SIMPLEX A”
Ry MARKINE [TS UNIQUE NoN-DEGFENERATE
n-DIMENSIONAL FACE  iden:LCn] —Ln]

N YAVR CONSTRUCTED FROM THE ADMISSIBLE  N-SIMPLEX
A" By MARKING | TS  (a-1)- DIMENSIONAL FACESS
Sa:[n-1—L[n] FoR ie {r-1,Rti3N[n]

) #= /N CoNSTRUCTED FROM THE n -SIMPLEX QA™® RY
ALso MARKING THE [-1)- DIMENSIONAL FACE SR [n —>[r]




/ HE QOBEQ'/S CW\QACTEQ’SAT/ON
(PRELUDE TO CoMPLICIAL SETSY

Suppose THAT A 1S A MARKED SIMPULCAL SET, WE SAY
THAT 1T S

PRE-COMPLICIAL = | | STRICTLY COMYLICIAL
RIfuT LIFTING PRofERTY DRE-COMPLICIAL + UMQAUE RLP

Il

n R 4R
hA’ o A% x "AlL CoMPOSARLE
’ \J i 5 SIMPLCES HAWE
5 | /7A A SIMPLICIAL
N4 P s \V/ P — "
An/k’ ’3[ Anlh //3’ COMPOS’ [ E
(V;’LZZ} R'-O/"'/t\7 (V ﬂ)l/ k=O}---y 'A)

+ ALL MARKED |-sSiMPLceES
ARE DECGENERATE.

"TMARKED SIMPLICES

ARE CLoSED UNDER
SIMPLICIAL CoMPoS TTON




CO MPLICIAL S ETS

DTREET'S INSICHT (1987) @ BY WEAKENING THE LIFTING

PROPERTY IN ROBERTS' CHARACTERISATION UE MIGHT
HOPE TO CONSTRUCT A MODEL OF (20,20)-CATEGRIES

ST COMPLICTAL =
PRE-COMPLICIAL + -t HERGE RLP '
"R NOW WE
/\ . “ALL CoMPOSARLE THINK OF
" \ SIMPLICES HAVE MAKED
A WEAK S\MPLICES
‘L 7 ANSTPLICIAL é@BE('/g[LGng
n g — | ~ (U (VALENCE
A’ < 3 COMPOSITE " DA Thin
(Vnzl, k=0, -, )
O
+ AP ARIE——SHAEEES o O
Ao DECCpERATLE-—
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S mpuiciaL Borpisms (Moke FoRMALLY)

A SIMPLICIAL RORDISIM 1S A FUNCTOR.
M

009 s b )

- PL”MAﬁ’e 2
O

SUBCATEGR Y OF
FACE MAPS IN A

PIYMANIFOLDS AND
QECINCAR £ MREDDINGS

SUWRTECT To THE CONDITIONS THAT »
1) For EACH QRJCeT o Lr1—Cd OF A ltal \WJE HAWE
THAT ForAw ielr) EITHER:®
) M(as') =& OR
2) din( (o)) = bim(M(#))-1 Ano M(a57) € IM(7) .
7) FOR EACH xeM e Ex1sTS A UNi@Que FACE MAY
o [ ——[4] Suon T e interer (M (o).



[/HE KAN COMPLEX OF RORDISMS
LET [R. DENOTE THE SEMI-SIMPLICIAL SET W iTH

) ACTion OF AFACE OPERATOR 97:(r]—[n] DEFINED TO
CA\QQ\/ A S]MFUCIPVL Bo/ZOISVV\ M TO M'ﬁ’ GlVL:.N @)’

M.o) () 1= M(ap)

PROP THE SEMI-SIMPCICAL SET 3, ADMITS FILLERS
FoR ALC FoRNS:

SO WE MY CON STRUCT ACTIoNS OF DEGENERACY
OPERATORS WHICH MAKE 1T INTO A GENWNE Kan (oM AEX.



A PKOOF SKETCH

”GLulNG\)

N , 11 n-MANIFoLDs P @-1)-MANIRow

D;__’}N
r\ M

4
M c__,-——av{\/‘ UPN
IF Pe—=N AnD Pes M ARE
EMBEDOINGS INTD M Ao ON
THEN T UpN 15 AN n-PANFOLD

WE May APfer TUIS RESULT
INDUCTIVELY TTO Show Tat THE

o) FACES OF A HoR /™ Bi GAW
RE CLUED TO GIVE A SIMPUCIAL

RoRrsM  WHOSE (3ounDAKY
ColNCIDES W ITHU THAY OF THE

M |SSINE FACE OF THAT HoRN.

“STITCHING IN

SUPFSE THAT H IS THE
MANIFochD Con STRUCTED 3Y

CLUING TOGETHER THE (a)-FACS
OF THE HORN |- \"* — 3, .
WE MAY ATTACH THE CYLINDRICAL
MANIFOLD Hx[of] TO THE FHORN
BY ITS END Hxfo\ THIS Gl
IS AN n. Simfex H:N'—D;
WHOSE RESTR'CTION  ALong

N s N 1S THE ORIGINAL Hot
TS FACE H.S* IS (Hx£3)V(Hx])

THIS [S [SOMORPHIC TO H Ry

THE COLCARING THEOREM  Fol
PL- MANIFOLDS.




COLLAPSING

As A Kan ComPex 3 CUASSIFIES Roepisms UPTo

LORDISM . WE'D RATHER LIKE IT TO CLASSIFY RORDISMS
UPTO TRWIAL RBORDISHM. WE SHALL USE OUR MARKING
TECHNOLOGY TO KEEP TRACK OF THE TRIVIAL [BORDISHS.

DEFN |F X awp ) ARE PoLyTOPES THEN THERE (S A
FI EMENTARY COLLAPSE FRom X To Y, DENOTEY X\aY [F

IF THERE 1S A BALL BT IN X Wit R
) YAR IS AFfACE B OF 9B
o) X = YUR

AND X COLCAPSES TO Y, wRITTEN XY,
IE Xy X MK, XY, . X

I M IS A SIMPLICIAL RORDISM WE DEFINE
o M= UMY o M= UMY

1 EVEN 1 OPD
WE SHALL MARK M IV Ry IF THERE [S A (ottAPse M N I M.



Ry 1S A CoMPLICIAL SET

OR MORE PRECISELY ng WM THE MARKING DEFINED
AROVE IS A ComfCICIAL. SET.

(OMMENTS ART THE PRoof OF THIS FACT :

1 WE MY APPLY SHELLINEG THEORY T SHOW THAT
IF M IS A MARKED SIMewEX IN B, THEN JMeM
AND M 2 DTM~lo) | IN PARTICULAR. MN OTM IFF M\ IM.

/) TO SHow THAT [3, VAS FILLERS foR ADMISSIRLE
HORNS T 1S ENougn T Stiow THAT  THE SRCFIC
OO CLLER THAT WE CONSTRUCTED ABROVE [S MARKED.

O THIS FlLeR vas e Proaety Trar MU, M)
RUT A SIMPLE ARGUMENT, USING ThE ADMISSIBILITY CF

TUE ORIGNAL HorN, SUFACES TO EXTEND THAT To A
COLAPSE M\ M IF RIS ODD OR M\y2'M IF k IS EVEN




SATURATION

AuestionN DOES [P HAVE ANY SIMPLICES THAT ARE
MORALLY EQUIVALENCES RUT ARE NOT MARKED T

ANSWER YES  SINCE [T 1S KNowN ThAT A CoBoRDISM
CAN BE INVERTIRLE W ITHouT REING TR\WIAL -

RIDER. CAN WE DESCRIBE THE MoRAL ERWUVALENCES AND
MARK THEM WTHOUT DISRUPTING COMPLICIALITY T

DEFN A Pre-comprcipe <67 A (< SATURATED IF RoTv [T

AND (TS SLICES SATISFY THeE 2-oF-€ PROVERT .

FACES OF DitMeNsiow 3Z + - Sipucey o AND v MARKED
— ALL 1-SmeLices ARE MARKED.




\

T HE DAaTURATION OF ™

DEFN  THE SATURATION OF A PRE-CoMPUCIAL SET 1S THE

SMALLEST LEXPANSION QOF ITS MARKING Thpa MAKES T RBoTy
SATURATED AND PRE - ComPuicinC .

| HEOREM THE SATURATION OF A CoMfUCIAL SET IS
AGAIN ComMPLICIAL -

SLOCAN  SATURATED COMPLICIAL SETS ARE A MOoDEL
OF (w.0) -CATEGORIES .~ THE SATURATED [3 DESERVES To
RE THOUGHT OF AS BEING AN (roie) =CATEGORY OF [SORDISMS,

QUESTION S THE SATURATED MMKING OF [34 DISTINCT
Rom The “All SIMPUCES” MARKING OF [BL AS A KAN COMPLEXT

ASWER YES SINCE WE CAN SHow THAT ANY MARKED
cymewex M I SATURATED [38 (S AN h-ColloRDISH FROM 9M - M




C WRATED PLOT PoinNTS IN COMPLCIAL THEORY

1) LAX GRAY TENSOR OF (PRE-)COMPLICIAL SETS.

) MODEL STRUCTURE  \WITH (SATURATED) CotMPriciAL SETS
AS FIARANT ORIECTS .

3) HOMoOTOPY COHERENT NERVE

C
s Oer L/_L D e

\_/

N
QRQUILLEN WRT ComMPLICIAL MoPEL STRUWCTURES.

L) COMPLETE SEFAL SIACES OF WEAK GLORES

R
MSSET @M@g)

D
Q UMLEN WRT comPLICtAL MS o LEFT , ComPLETE SEGAL MS ON RIEHT:



£A§E STUDY: COMPZEHENSWE FIBRATIONS
CoMPLCIAL ANALOGS OF (FRoTheWNLIECK FIBRATIONS.

() AUWGMENT OUR PRE-ComPCicAL SETS LiTh A SECND
MARKING , USE THIS To TRACK ThoSc SIMPUCES THAT

Stop RE REGARDED AS BEING (o) CARTESIAN )
RownGHL
() DEFINE A COMPREHMENSWE (Co) FIBRAToN TO\BE A

MAP p:E —>R OF AWGMENTED ComfiCht SETS WJHICH

e) 1S A FIBRATION IN THE CoMPLICIAL MoDEL STRUCTURE AND

ey PRESERUES AuxiCuly MRKINGS AND

) ADMITS LIFTS OF (LEFT) RICKT OWTER HoRNS JKICH ARC
AOMVSSIGBLE LRT AUXITLIARY ARKINGS

ExAmPe GIUEN A O- SIMPLEX owe IN A CompriCiAC ST,
The LAX (SimPaciAL) Sticc A, 1S AGAIN A ComPlicIAL

Bi A —» A INTO A COMPREHENSIVE 1 LRATION .

O@O THE CONTRA VAR An
REPRESENTALLE ON o
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r-HE COMPREHENSION THEOREM
M F € A B ARE ENRIGHED 1N CoMPUCALSETS
WITH  AUXILIARY MARKING  AND /:_5—433 IS AN CRICMED

FuncpR  Sucr ThAT
) EACH  F . Funga (A,B) —> Fu~£(FA,FB> (S A ComMPREHENSIVE
CoF1 BRATION
) For AL Reg § . x—FBek THERE [EXISTS A
CARTESIAN LIFT X A—> R N E
TMEN TVE HoMoToPy ComERENT NERJE NF: NE—NE |3
A ComPREMENSIVE FIRRATION.

EXA MPLE C,/Of‘_’lf r=  ComMPLICIAL SETS WM AUXILIARY MARKING
ComlCor = (SMNL} COMPREMENSIVE COFIRRATIONS

A LIFTING ARCUMENT IN  coh: N(Clomlor) —> N(Comp) Shows
TeT ANY ComPREHEN SIVE CoFifARATION  p L —» e ComCoF CIVES

Rise. T A FudC™ Cp: R —> N (Cop) Lumict MRS EACH bels,
T0 THE CoRRESPONDING F1ORE E, OF p-







