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@ Each agent an is submitted independent diffusion and remain in a convex
bounded domain O.

@ An agent j at position Xj lies in the vision cone C(X;) of another agent i
at position X;, then the action of j on i is given by Vo (X; — X))

o |.I1.D. initial conditions.
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Skorokhod's problem |

Consider O an open convex subset of RY (with 0 € ©), and (B:):>0 be
d-dimensional Brownian motion. There exists a unique pair of processes
(Xt, K¢)e>0 such that

e Vt>0, Xe =B — K:
@ The process (X:):>0 remains in O.

t t
Ke= [ n()dlKl o 1Kl = [ Too(X)dIKl.
0 0

where n is the outward normal of 8O, and |- |; is the total variation of the
process at time t.
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Skorokhod's problem Il
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Skorokhod's problem IlI
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t t
X, =B —K €0, K :/ n(X:)d|K|s, K| :/ Loo(X:) d| K.,
0 0

— At
Xt(n+l = X;n + VAU, + Tvp(xttn)v ‘C’(U") = N(O’ 1)7 p(X) = dz(Xv O)
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o Existence and uniqueness of solution to the SDE

t t
xt:xo+/ b(s,Xs)ds-i—/ (s, X.) - dB. — Ki,
0 0
t t

K :/ n(Xs) d|K|s, |K|t:/ 1oo(Xs) d|K]s,
0 0

-+

n(X;)
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o Existence and uniqueness of solution to the SDE

t t
xt:xo+/ b(s,Xs)ds-i—/ (s, X.) - dB. — Ki,
0 0
t t

Kt:/ n(Xs) d|K|s, |K|t:/ 1oo(Xs) d|K]s,
0 0

o (Tanaka '79) use the convexity of O
t

IXe—Xe|? = ...—/ot <xs X, n(X5)> d|K|s —2/0 <x X, n()?s)> d|Ks,

>0 >0
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N-Particles system and nonlinear limit |

N-Particles system

i i t1 o j b7t j i i
X = Xi+ /O N > e (X = XD)Vo(X! — X!) ds + V20 B] — K,
j=1
K :/ n(X:)d|K'|s, |K'|e :/ 1oo(X:) d|K'|s,
0 0
(1)
where C(-) is a vision cone of angle a € (0,27) and radius r > 0 given by
C(x)={zeR?||z|<r ,M > cos(%)},

|2[lw(>x)| —

w is a Lipschitz orientational field, and V¢ is a bounded Lipschitz interaction
field.
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N-Particles system and nonlinear limit Il

Nonlinear limit

t

Y:=Yo —|—/ / vy (y — Yo)Vo(Ys — y)ps(dy) ds + V20 B — K,
0 O

Ps = E(YS)7

t t
Ke= [ n(vdiKl 1Kl = [ Loo(¥s)dIK].
0 0
The family (pt)e>0 solves
Otpt + V- (peV[pt]) = clpe, x€ O, t>0,

VIl) = [ Leoly = x)Valx = y)oldy), (2)
(@]
(cVp—pVIpl,n) =0 on 0O.
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Theorem (Choi, S., 2016)

Assume that (X{)i=1,... .n the initial conditions to (1) are i.i.d. of law
po € (P1N L*)(O) and let p be the solution to equation (2) with initial data

po. Then, for any e € (0,1/2) and p > d/2, there exists a constant C p 4 > 0
such that

sup EW,(u3', ps)] < Copgene 8 Il ds (y=hte 4 ),
s€[0,t]

where pf = Ef\’:l 0xi is the empirical measure associated to the particle
system (1), and W, is the Wasserstein metric of order p and
Il Mleroeee = 11 Mler 411 - leee




Propagation of chaos for aggregation equations with no-flux boundary conditions and sharp sensing zones

Sketch of proof

Nonlinear particles system

. . t . . . ~
Yi=Xi+ [ [ Lyl = YOVO(Y! - y)pu(dy) ds + VETBL - R,
Jo Jo
Ps :‘C(YSI)7

) t ) . . t . "
Ri= [ n(vi)dIR, W%=/bdﬂNWk
0 0

and the associated empirical measure v} = m Z
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Sketch of proof

Nonlinear particles system

. . t . . . ~
Yi=Xi+ [ [ Lyl = YOVO(Y! - y)pu(dy) ds + VETBL - R,
Jo Jo
Ps :‘C(YSI)7

) t ) . . t . "
Ri= [ n(vi)dIR, W%=/bdﬂNWk
0 0

and the associated empirical measure v} = m Z

Wo(it', pe) < Wao(it, vl') + Wo(vl, pe)
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Sketch of proof

Nonlinear particles system

. . t . . . ~
Yi=Xi+ [ [ Lyl = YOVO(Y! - y)pu(dy) ds + VETBL - R,
Jo Jo
Ps = ‘C(YSI)7

) t ) . . t . "
Ri= [ n(vi)dIR, |K'|t=/ Loo(Y!)d|K'].,
0 0

and the associated empirical measure v} = m Z

Wo(it', pe) < Wao(it, vl') + Wo(vl, pe)

o Since the (Y{)i=1,... v are i.i.d., we use a Theorem by Fournier and Guillin
to get

EDW,(v, pe)?] < CoaN ™2,
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Sketch of proof |

@ Aim to get a Gronwall's inequality for

Weo (e vy = min max |X{ — Y7 < max |X/ - Y{|:= A,
seSN =1, N =1, N
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Sketch of proof |

@ Aim to get a Gronwall's inequality for

Weo (e vy = min max |X{ — Y7 < max |X/ - Y{|:= A,
seSN =1, N =1, N

i i f1 j i i
Xe —Y; :/ N E 1C(xsf)(X§ - XJ) */ IC(Y;)(Y — Yo)ps(dy) ds
0 = o

— (K — Ki)
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Sketch of proof |

@ Aim to get a Gronwall's inequality for

Weo (e vy = min max |X{ — Y7 < max |X/ - Y{|:= A,
seSN =1, N =1, N

i i f1 & j i i
Xi = Y :/ N Zqusf)(xﬁ - X;) */ IC(Y;)(Y — Y{)ps(dy) ds
0 = o
- (K = Ki)

o We get arid of the term (K| — Rt’) thanks to the geometry of the domain
O (convexity or exterior-sphere condition).
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N

1 j i i

‘N Zqusf)(xé - X)) — /o IC(Y;)()’ - Ys)l)s(d)/)‘ =
Jj=1 X
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N
1 i
37 2 Leoy 0 =X = [ el = Yol =
Jj=1 ’
1 N
1C(X, (X — X)—1Cy, (Y! —Y)]
J:1

i N
=H!

N
1 .
+ |y 2o Lerp(Ye =Y. /1c<w — Y{)ps(dy)]
j=1
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N
1 i
N Zlcw X X) /OIC(Y;)(Y - Ys)Ps(d)/)‘ =
Jj=1 X
1 N
[1eexiy (X — X)—1Cy, (Y- Y))]
1:1
:*H;N
1 o :
+‘NZ]-C(Y5")(YSJ / Leovyly — Y2)ps(dy)
j=1

N
1 o o
=N Z|IC(X5")(X5 - X;) - ]-C(Xsi)(YsJ - Ys)|

j=1

1 < o ,-
TN D ey = Lo (Y= Y + HY
j=1
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Rope argument

—1p(p—y2)l <77 |
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Rope argument
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Rope argument

Uy € Blr - L.y} = 1y € Blr,y)

[@1 = 22| < [y1 — o
=1

—
+ |1 = | + w2 — vl

<r
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Rope argument

Igz & B(r+L.y) = x9 ¢ Blr, 1) I
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Vi—y2 & Bt \ Bt = CF = 15,1 — y2) — 15,(xa — x2) = 0,
L=1]a—yl+|x -yl
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Vi—y2 & Bt \ Bt = CF = 15,1 — y2) — 15,(xa — x2) = 0,
L=1]a—yl+|x -yl

s, (a = x2) =16, (y1 = y2)l <1 panitin—rni (2 = y2)-
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Vi—y2 & Bt \ Bt = CF = 15,1 — y2) — 15,(xa — x2) = 0,
L=1]a—yl+|x -yl

s, (a = x2) =16, (y1 = y2)l <1 panitin—rni (2 = y2)-

‘IK(Xl - XQ) - lK(}/1 - }/2)‘ < 18‘X1*Y1|+\X2*Y2|K(.y1 - y2)'

FK=K"T\K*™ | Vol(0°K) ~ 2¢|0K].
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N
1 ) ; . ;
m E Lo (X = X3) = 1w (Y = Y4))|
Jj=1

N
1 ) )
E o J i
S N = la\xé—Y£\+\x£—Y£IC(X;)(YS Ys)
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N
1 ) ; . ;
m E Lo (X = X3) = 1w (Y = Y4))|
Jj=1

IN

N
1 . )
§ . . ] _ !
N la\xg—yg\ﬂxé_ysqC(X,-)(YS YS)
Jj=1 s

1 (Y, -Y)

IN
=2~
M=

§2MAXk=1,... N \Xskfysk\c(xf)
s

-
|
-
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N

1 o o

N Z|1C(X;')(Xé - X)) — IC(X;')(YsJ - Ys)|
=t

< (Y —v)

2 \

Lo e

IN
2\

N
N . .
Z 52 MU=1,... N \Xsk*Ysk\C(Xf)(Ysj -Yi)

'\

Looas cxiy (v — Y)) vl (dy)
(@)
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N
1 ) ; . ;
m Z|IC(X;')(X§ = X¢) = Lo (Y = Y59

Jj=1

N
< Z ‘X/ yj‘+‘xl lec( (YJ Y)

2 \

IN
2\

N
i i
Z 52MXk=1,... N \xskfysk\c(xf)(ys Ys)
s

'\

Looas cxiy (v — Y)) vl (dy)
(@}

. Loza: cxiy (v — Y2) ps(dy)
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N
1 ) ; . ;
m Z|IC(X;')(X§ = X¢) = Lo (Y = Y59

Jj=1

N
< Z ‘XJ yj‘+‘xl lec( (YJ Y)

2 \

IN

N
i i
Z 52MXk=1,... N \xjfysk\c(xf)(ys Ys)
s

Looas cxiy (v — Y)) vl (dy)
(@}

_ji,N
,Js

\

102Asc X1 (v — Ye )/’s dy) + |/ )ZASC(X’)(y - Y ) (ps — VsN)(d)’)‘
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N
1 ) ; . ;
m Z|IC(X;')(X§ = X¢) = Lo (Y = Y59

Jj=1

N
<= Z ‘XJ yj‘+‘xl lec( (YJ Y)

IN

N
i i
Z 52MXk=1,... N \xjfysk\c(xf)(ys Ys)
s

N
/ 132Asc(xsi)(y - Ys’) VsN(dy)
JO

_ji,N
,Js

= /o 102AsC(x5f)(y - Ysi)/’s(d}’) + |/o 102Asc(x5/)(y - Ysl) (ps — VsN)(d)’)‘

< lps|lee VoI (074 C(X1)) + J2M < Cllps|lioe As + J2"
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1 o
N D lees = Lepp (Y = Y2)
=1
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1 o
N D lees = Lepp (Y = Y2)
=1

N .
Z C(XH)ac(Y)) (Y Y;)

2 \
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Y o
N D ey = Leprp|(YE = Y2)
j=1
N .
:Nz c(xhac( Y/(Y Y;)

= /O]-C(Xs")AC(Ys")(y — Y{)vl(dy)
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N
1 i i
N Z‘lc(xsf) — Lo (YE=Y9)
=
1N . )
= NZIC(XS")AC(YS")(YSJ -Yd)
j=1
= /O]-C(Xs")AC(Ys")(y — Y{)vl(dy)

= /O Lexpacp(y — YY) ps(dy) + I
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Assume |w(x)| > wx, Vx € R? then

Vol(C(x)AC(y)) = 2rr? |(W(X)2’Ww(y))| < 4 ”VV:*HUP |x =y,
it [(w(x),w(y))l <a

Then
/O Leoacon(y — Y2 peldy) < Cllpdlli=IXC — Y]
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Gronwall’s estimate

Putting all the estimates together leads to

. . t
IX: — Y{l] S/ Cllpsll=E[ sup
N 0 =1,

+E[ sup (JS'"N + J0N 4 H;N)} ds,

=1, N

B[ _sup

i

X! - Y{|] ds
N

) s

and then using Grnowall's inequality we have

"t t . . .
E[ sup X/ — Yil] < €IS llpsliioe ds/ E[ sup (S 4 Y+ HY)]ds.
i 0

=1, i=1, N
It is now a question to get some convergence rate for the quantities

E[ sup J;‘N], E[ sup JN;"N], E[ sup HS’"N].

i=1,--- ,N i=1,-- ,N =1, ,N
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Fluctuation term

Recall that
iWN i N
Js - |/(:) 1025“pj:1,--- N lXéiYéy‘Br(y - YS) (pS - Z/S )(dy)’
< sup| [ Lone, (v = Y0) (e~ 12)(a)]
u>0 JO

where we have replaced the vision cone by the ball of radius r for the sake of
simplicity. Now let be (Y,)n>1 a sequence of i.i.d. r. v. of law p € P(R?), Ky
some Poisson r. v. of parameter N and define

Ky

N
UN = 1 Z(;yi, and MN = Z5yi.
i=1

i=1

=|

My is then a Poisson Random Measure of intensity Np.
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Fluctuation term

sup|/ 1oug, (v — Yi) (p — wn) (d}’)|

< Sup|/ 1oug, (y — Vi) (Mn — NP)(d}’)|N_1

u>0

+sup’/ loug, (y — Vi) (v Nfi)( )’
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Fluctuation term

suvl/ Loug, (y — Vi) (p — vw)(dy)|

< Sup|/ 1oug, (y — Vi) (Mn — NP)(d}’)|N_1

u>0

+sup’/ loup, (y — Y)(VNfi)( v

— _ M
< SUPI/ Lous, (y — Vi) Mu(dy)|N™" + [jow — *NN v
u>0 JO
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Fluctuation term

suvl/ Loug, (y — Vi) (p — vw)(dy)|

< Sup|/ 1oug, (y — Vi) (Mn — NP)(d}’)|N_1

u>0

+sup’/ loup, (y — Y)(VNfi)( v

— _ M
< SUPI/ Lous, (y — Vi) Mu(dy)|N™" + [jow — *NN v
u>0 JO

< N sup| MM+ LN,; N‘,
u>0

where M is the so called compensated measure and

MY = / Lous, (y — ¥i) Mi(dy).
(@)
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Fluctuation term

Introduce the filtration
FiV = o{Mn(0"B, + Vi), u < t},

then (M§V),>0 is a martingale w. r. t. this filtration. Indeed for s < t

E[M"N | FIV] = IE[/ Lo\, (y — Vi) Mn(dy) | FPN] + E[MEV | FIV
_ Mi'N.

B\ OB,

J°B,
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Fluctuation term

Finally
sup SN = sup supl / Lovs, (v — 3) (p — vn) ()|
=1, N =1, ,Nu>0Jo
N
|KN—N| 1 i,N|2m\1/2m
<—— +N sup| My ,
<y (,-;: sup| M)

taking the expectation leads to

IE[ sup va’V] SE[M

N
N71 E i,N|2m1y1/2m
_swp T (; [sup| A" [™])
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Fluctuation term

Finally

sup SN = sup supl / Lovs, (v — 3) (p — vn) ()|
(@]

=1, N =1, ,N u>0
|KN — Nl 1 N i,N|12m\1/2m
<R N (i;j;glMu )
taking the expectation leads to
i\N |KN — N| —1 N i,N|2m1y1/2m
E[ swp S <E[ZEG—]+N (;E[jgglMu ™)

< N (B[ K= N + (3 GE [ M P2

i=1
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Fluctuation term

Finally

sup SN = sup supl / Lovs, (v — 3) (p — vn) ()|
(@]

=1, N =1, ,N u>0
|KN — Nl 1 N i,N|12m\1/2m
<R N (i;j;glMu )
taking the expectation leads to
i\N |KN — N| —1 N i,N|2m1y1/2m
E[ swp S <E[ZEG—]+N (;E[jgglMu ™)

< N (B[ K= N + (3 GE [ M P2

i=1

< (VA + (o[ )
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Fluctuation term

Finally

sup SN = sup supl / Lovs, (v — 3) (p — vn) ()|
=1, N =1, ,Nu>0 JoO

|Kn — N| -1 u i\N|2m\1/2m
<N (Z;j;glMu}) 7

taking the expectation leads to

N
IE[ sup NJi,N] < E[lKNT_N'] + N—l(ZE[Si’ﬂML,N‘zm])uzm
=1 Y=

=1, ,

< N (B[ K= N + (3 GE [ M P2

_1(\/N+ (CmNE[|MN(Rd)|2m:|)1/2m)
“Y(VN+ (CaNE[|Ky — N|*™])*™) < CuN~ 2% 2,

IN

N
N

IA
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Conclusion

Cucker-Smale with vision cone

Particle system

dX|
dt

g N
avi 1 D
dtt =N E Loy (Xe = X)(Vi = Vi),
=i

=V

Nonlinear limit

atft‘i‘VVXft'i‘vv(ﬁ‘F(ﬂ‘)):Ov

F(fe)(x,v) = /Rd 1cy(x — 2)(w — v)fi(dz, dw).

@ One main feature of this model is to keep velocity bounded by the
maximal velocity at initial time.

@ We would like to add a diffusion in velocity, but it would destroy this
bound.

@ Confining a position in a bounded set makes more physicial sense than
confining a velocity.
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The End

Thank you for your attention!
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