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Propagation of chaos for aggregation equations with no-flux boundary conditions and sharp sensing zones

Each agent an is submitted independent diffusion and remain in a convex
bounded domain O.

An agent j at position Xj lies in the vision cone C(Xi ) of another agent i
at position Xi , then the action of j on i is given by ∇φ(Xi − Xj)

I.I.D. initial conditions.
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Skorokhod’s problem I

Consider O an open convex subset of Rd (with 0 ∈ O), and (Bt)t≥0 be
d-dimensional Brownian motion. There exists a unique pair of processes
(Xt ,Kt)t≥0 such that

∀t ≥ 0, Xt = Bt − Kt

The process (Xt)t≥0 remains in O.

Kt =

∫ t

0

n(Xs)d |K |s , |K |t =

∫ t

0

1∂O(Xs)d |K |s ,

where n is the outward normal of ∂O, and | · |t is the total variation of the
process at time t.
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Skorokhod’s problem II
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Skorokhod’s problem III


Xt = Bt − Kt ∈ O, Kt =

∫ t

0

n(Xs) d |K |s , |K |t =

∫ t

0

1∂O(Xs) d |K |s ,

xεtn+1
= xεtn +

√
∆tUn +

∆t

ε
∇p(xεtn ), L(Un) = N (0, 1), p(x) = d2(x ,O)
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Existence and uniqueness of solution to the SDE
Xt = X0 +

∫ t

0

b(s,Xs) ds +

∫ t

0

σ(s,Xs) · dBs − Kt ,

Kt =

∫ t

0

n(Xs) d |K |s , |K |t =

∫ t

0

1∂O(Xs) d |K |s ,

(Tanaka ’79) use the convexity of O

|Xt−X̃t |2 = · · ·−
∫ t

0

〈
Xs − X̃s , n(Xs)

〉
d |K |s︸ ︷︷ ︸

≥0

−2

∫ t

0

〈
X̃s − Xs , n(X̃s)

〉
d |K̃ |s︸ ︷︷ ︸

≥0

,
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N-Particles system and nonlinear limit I

N-Particles system


X i

t = X i
0 +

∫ t

0

1

N

N∑
j=1

1C(X i
s )(X

j
s − X i

s )∇φ(X i
s − X j

s ) ds +
√

2σB i
t − K i

t ,

K i
t =

∫ t

0

n(X i
s ) d |K i |s , |K i |t =

∫ t

0

1∂O(X i
s ) d |K i |s ,

(1)
where C(·) is a vision cone of angle α ∈ (0, 2π) and radius r > 0 given by

C(x) = {z ∈ Rd ||z | ≤ r ,
〈z ,w(x〉)
|z ||w(x)| ≥ cos

(α
2

)
},

w is a Lipschitz orientational field, and ∇φ is a bounded Lipschitz interaction
field.
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N-Particles system and nonlinear limit II

Nonlinear limit


Yt = Y0 +

∫ t

0

∫
O
1C(Ys )(y − Ys)∇φ(Ys − y)ρs(dy) ds +

√
2σBt − Kt ,

ρs = L(Ys),

Kt =

∫ t

0

n(Ys) d |K |s , |K |t =

∫ t

0

1∂O(Ys) d |K |s ,

The family (ρt)t≥0 solves
∂tρt +∇ · (ρtV [ρt ]) = σ∆ρt , x ∈ O, t > 0,

V [ρ](x) =

∫
O
1C(x)(y − x)∇φ(x − y)ρ(dy),

〈σ∇ρ− ρV [ρ], n〉 = 0 on ∂O.

(2)
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Theorem (Choi, S., 2016)

Assume that (X i
0)i=1,··· ,N the initial conditions to (1) are i.i.d. of law

ρ0 ∈ (P1 ∩ L∞)(O) and let ρ be the solution to equation (2) with initial data
ρ0. Then, for any ε ∈ (0, 1/2) and p > d/2, there exists a constant Cε,p,d > 0
such that

sup
s∈[0,t]

E[Wp(µN
s , ρs)] ≤ Cε,p,de

Cε,p,d
∫ t

0 ‖ρs‖L1∪L∞ ds(N− 1
2

+ε + N−
1

2p
)
,

where µN
t = 1

N

∑N
i=1 δX i

t
is the empirical measure associated to the particle

system (1), and Wp is the Wasserstein metric of order p and
‖ · ‖L1∪L∞ = ‖ · ‖L1 + ‖ · ‖L∞ .
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Sketch of proof

Nonlinear particles system


Y i

t = X i
0 +

∫ t

0

∫
O
1C(Y i

s )(y − Y i
s )∇φ(Y i

s − y)ρs(dy) ds +
√

2σB i
t − K̃ i

t ,

ρs = L(Y i
s ),

K̃ i
t =

∫ t

0

n(Y i
s ) d |K̃ i |s , |K̃ i |t =

∫ t

0

1∂O(Y i
s ) d |K̃ i |s ,

and the associated empirical measure νNt = 1
N

∑N
i=1 δY i

t
.

Wp(µN
t , ρt) ≤ W∞(µN

t , ν
N
t ) +Wp(νNt , ρt)

Since the (Y i
t )i=1,··· ,N are i.i.d., we use a Theorem by Fournier and Guillin

to get

E[Wp(νNt , ρt)
p] ≤ Cp,dN

− 1
2 ,
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Sketch of proof I

Aim to get a Gronwall’s inequality for

W∞(µN
t , ν

N
t ) = min

σ∈SN
max

i=1,··· ,N
|X i

t − Y
σ(i)
t | ≤ max

i=1,··· ,N
|X i

t − Y i
t | := At ,

X i
t − Y i

t =

∫ t

0

1

N

N∑
j=1

1C(X i
s )(X

j
s − X i

s )−
∫
O
1C(Y i

s )(y − Y i
s )ρs(dy) ds

− (K i
t − K̃ i

t )

We get arid of the term (K i
t − K̃ i

t ), thanks to the geometry of the domain
O (convexity or exterior-sphere condition).
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∣∣ 1

N

N∑
j=1

1C(X i
s )(X

j
s − X i

s )−
∫
O
1C(Y i

s )(y − Y i
s )ρs(dy)

∣∣ =

1

N

N∑
j=1

∣∣1C(X i
s )(X

j
s − X i

s )− 1C(Y i
s )(Y

j
s − Y i

s )
∣∣

+

:=H i,N
s︷ ︸︸ ︷∣∣ 1

N

N∑
j=1

1C(Y i
s )(Y

j
s − Y i

s )−
∫
O
1C(Y i

s )(y − Y i
s )ρs(dy)

∣∣
=

1

N

N∑
j=1

∣∣1C(X i
s )(X

j
s − X i

s )− 1C(X i
s )(Y

j
s − Y i

s )
∣∣

+
1

N

N∑
j=1

∣∣1C(X i
s ) − 1C(Y i

s )

∣∣(Y j
s − Y i

s ) + H i,N
s
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y1 − y2 /∈ Br+L \ Br−L := C L
r ⇒ 1Br (y1 − y2)− 1Br (x1 − x2) = 0,

L = |x1 − y1|+ |x2 − y2|.

|1Br (x1 − x2)− 1Br (y1 − y2)| ≤ 1
C
|x1−y1|+|x2−y2|
r

(y1 − y2).

|1K (x1 − x2)− 1K (y1 − y2)| ≤ 1∂|x1−y1|+|x2−y2|K (y1 − y2).

∂εK = K ε,+ \ K ε,− ,Vol
(
∂εK

)
' 2ε|∂K |.
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1

N

N∑
j=1

∣∣1C(X i
s )(X

j
s − X i

s )− 1C(X i
s )(Y

j
s − Y i

s )
∣∣

≤ 1

N

N∑
j=1

1
∂|X

j
s−Y

j
s |+|Xi

s−Y i
s |C(X i

s )
(Y j

s − Y i
s )

≤ 1

N

N∑
j=1

1
∂

2 maxk=1,··· ,N |Xk
s −Yk

s |C(X i
s )

(Y j
s − Y i

s )

=

∫
O
1∂2As C(X i

s )(y − Y i
s ) νNs (dy)

=

∫
O
1∂2As C(X i

s )(y − Y i
s ) ρs(dy) +

=J i,Ns︷ ︸︸ ︷∣∣∫
O
1∂2As C(X i

s )(y − Y i
s ) (ρs − νNs )(dy)

∣∣
≤ ‖ρs‖L∞Vol

(
∂2AsC(X i

s )
)

+ J i,N
s ≤ C‖ρs‖L∞As + J i,N

s
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s )(X

j
s − X i

s )− 1C(X i
s )(Y

j
s − Y i

s )
∣∣
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N

N∑
j=1

1
∂|X

j
s−Y

j
s |+|Xi

s−Y i
s |C(X i

s )
(Y j

s − Y i
s )
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N

N∑
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1
∂

2 maxk=1,··· ,N |Xk
s −Yk
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(Y j
s − Y i
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∫
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1∂2As C(X i
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O
1∂2As C(X i

s )(y − Y i
s ) (ρs − νNs )(dy)

∣∣
≤ ‖ρs‖L∞Vol

(
∂2AsC(X i

s )
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+ J i,N
s ≤ C‖ρs‖L∞As + J i,N
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Assume |w(x)| ≥ w∗,∀x ∈ R2 then

Vol
(
C(x)∆C(y)

)
= 2πr 2 |(w(x),w(y))|

2π
≤ r 2‖w‖Lip

w∗
|x − y |,

if |(w(x),w(y))| ≤ α

Then ∫
O
1C(X i

s )∆C(Y i
s )(y − Y i

s ) ρs(dy) ≤ C‖ρs‖L∞ |X i
s − Y i

s |



Propagation of chaos for aggregation equations with no-flux boundary conditions and sharp sensing zones

Gronwall’s estimate

Putting all the estimates together leads to

E
[

sup
i=1,··· ,N

|X i
t − Y i

t |
]
≤
∫ t

0

C‖ρs‖L∞E
[

sup
i=1,··· ,N

|X i
s − Y i

s |
]
ds

+ E
[

sup
i=1,··· ,N

(
J i,N
s + J̃ i,N

s + H i,N
s

)]
ds,

and then using Grnowall’s inequality we have

E
[

sup
i=1,··· ,N

|X i
t − Y i

t |
]
≤ eC

∫ t
0 ‖ρs‖L∞ ds

∫ t

0

E
[

sup
i=1,··· ,N

(
J i,N
s + J̃ i,N

s + H i,N
s

)]
ds.

It is now a question to get some convergence rate for the quantities

E
[

sup
i=1,··· ,N

J i,N
s

]
, E

[
sup

i=1,··· ,N
J̃ i,N
s

]
, E

[
sup

i=1,··· ,N
H i,N

s

]
.
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Fluctuation term

Recall that

J i,N
s =

∣∣∫
O
1
∂

2 supj=1,··· ,N |X
j
s−Y

j
s |Br

(y − Y i
s ) (ρs − νNs )(dy)

∣∣
≤ sup

u≥0

∣∣∫
O
1∂uBr (y − Y i

s ) (ρs − νNs )(dy)
∣∣,

where we have replaced the vision cone by the ball of radius r for the sake of
simplicity. Now let be (Yn)n≥1 a sequence of i.i.d. r. v. of law ρ ∈ P(Rd), KN

some Poisson r. v. of parameter N and define

νN :=
1

N

N∑
i=1

δYi , and MN :=

KN∑
i=1

δYi .

MN is then a Poisson Random Measure of intensity Nρ.
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Fluctuation term

sup
u≥0

∣∣∫
O
1∂uBr (y − Yi ) (ρ− νN)(dy)

∣∣
≤ sup

u≥0

∣∣∫
O
1∂uBr (y − Yi ) (MN − Nρ)(dy)

∣∣N−1

+ sup
u≥0

∣∣∫
O
1∂uBr (y − Yi ) (νN −

MN

N
)(dy)

∣∣
≤ sup

u≥0

∣∣∫
O
1∂uBr (y − Yi )MN(dy)

∣∣N−1 + ‖νN −
MN

N
‖TV

≤ N−1 sup
u≥0

∣∣Mi,N
u

∣∣+
|KN − N|

N
,

where M̄ is the so called compensated measure and

Mi,N
u :=

∫
O
1∂uBr (y − Yi )MN(dy).
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Fluctuation term

Introduce the filtration

F i,N
t := σ{MN(∂uBr + Yi ) , u ≤ t},

then (Mi,N
u )u≥0 is a martingale w. r. t. this filtration. Indeed for s < t

E
[
Mi,N

t | F i,N
s

]
= E

[∫
1∂tBr\∂sBr (y − Yi )MN(dy) | F i,N

s

]
+ E

[
Mi,N

s | F i,N
s

]
=Mi,N

s .
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Fluctuation term

Finally

sup
i=1,··· ,N

J i,N = sup
i=1,··· ,N

sup
u≥0

∣∣∫
O
1∂uBr (y − Yi ) (ρ− νN)(dy)

∣∣
≤ |KN − N|

N
+ N−1( N∑

i=1

sup
u≥0

∣∣Mi,N
u

∣∣2m)1/2m
,

taking the expectation leads to

E
[

sup
i=1,··· ,N

J i,N] ≤ E
[ |KN − N|

N

]
+ N−1( N∑

i=1

E
[
sup
u≥0

∣∣Mi,N
u

∣∣2m])1/2m

≤ N−1(E[|KN − N|
]

+
( N∑
i=1

CmE
[∣∣Mi,N

∞
∣∣2m])1/2m)

≤ N−1(√N +
(
CmNE

[
|MN(Rd)

∣∣2m])1/2m)
≤ N−1(√N +

(
CmNE

[
|KN − N

∣∣2m])1/2m) ≤ CmN
− 1

2
+ 1

2m ,
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Conclusion

Cucker-Smale with vision cone

Particle system
dX i

t

dt
= V i

t

dV i
t

dt
=

1

N

N∑
j=1

1C(V i
t )(X

i
t − X j

t )(V j
t − V i

t ),

Nonlinear limit
∂t ft + v · ∇x ft +∇v · (ftF (ft)) = 0,

F (ft)(x , v) =

∫
Rd

1C(v)(x − z)(w − v)ft(dz , dw).

One main feature of this model is to keep velocity bounded by the
maximal velocity at initial time.
We would like to add a diffusion in velocity, but it would destroy this
bound.
Confining a position in a bounded set makes more physicial sense than
confining a velocity.



Propagation of chaos for aggregation equations with no-flux boundary conditions and sharp sensing zones

The End

Thank you for your attention!
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