Mean field kinetic particles and the
Vlasov-Fokker-Planck equation

Pierre Monmarché

CERMICS, Ecole des Ponts ParisTech

April 18, 2017, CIRM

Ecole des Ponts
ParisTech

MATHerials

Pierre Monmarché (CERMICS)

o F
Vlasov-Fokker-Planck



© Introduction

@ The model

@ Asymptotics and distances
@ Results

Pierre Monmarché (CERMICS)

Vlasov-Fokker-Planck



Mean field kinetic particles

o (X;(t),Yi(t)) € R, position/velocity of the i*" particle (mass 1)
o U :R% — R an external potential

e W :R% — R an even interaction potential

For i € [1, NJ,
dX; = Ydt
1 N
dY; = -VU(Xj)dt - > VW(X; - X;)dt - Yidt + V2dB;
j=1
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Mean field kinetic particles

o (X;(1),Yi(t)) € R, position/velocity of the i*" particle (mass 1)
e U :R? = R an external potential
o W :R% — R an even interaction potential

For i € [1, NJ,
dX; = Yidt
N
dy; = —-VU(X Z W(X; — X;) dt — Y;dt +V2dB;

= fVW(X,——u)TriV(du,dv)

Assuming 7r7gN — My,
N—oo

oymy + y-Vyoymy = Vy . (Vymt + (VU + VW * my + y) mt)

with VIV s« my(z) = [ VIV (2 — u)my(u, v)dudv (Vlasov-Fokker-Planck).
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Non-linear process

For i € [1, NJ,

dX;, = Ydt
dv; = -VU (X) dt — (VW % my) ()Z,-)—?;dtJrﬁdBi
me = £(X(0),%i(0))
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Non-linear process

For i € [1, N],
dX; = Yidt
dY, = -VU (X) dt — (VIV % my) (f() — Yidt +v/2dB;

me = £(X(0),%0))

We are interested in :
@ The law m; that solves the non-linear PDE,
@ The non-independent Z; = (X;,Y;) with Z = (Z1,...,Zn) Markov,
@ The independent Z = <)~(Z(t),171) with law my, Z non Markov.
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Asymptotics

@ N — oo : propagation of chaos

@ t — 00 : convergence to equilibrium
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Asymptotics

@ N — oo : propagation of chaos

If the Z;(0) = Z;(0) are i.i.d. with law mg, when N — o,
» ) = % 30z, should converge to my,

» Z; should behave like Z;,

> mil’N) = L (Z1(t)) should converge to my.

@ t — 00 : convergence to equilibrium
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@ N — oo : propagation of chaos
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» ) = % 30z, should converge to my,

» Z; should behave like Z;,

> mgl’N) = L (Z1(t)) should converge to my.
@ t — 00 : convergence to equilibrium
If the potential U is confining enough, Z is ergodic

» The law mEN) = L(Z) converges to a unique equilibrium m&),

» Behaviour of m; ? possibly several equilibria. ..
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Asymptotics

@ N — oo : propagation of chaos

If the Z;(0) = Z;(0) are i.i.d. with law mg, when N — oo,

N _ 1
» T = 3 »_ 0z, should converge to my,

» 7 should behave like Z;,

> mgl’N) = L (Z1(t)) should converge to my.

@ t — 00 : convergence to equilibrium

If the potential U is confining enough, Z is ergodic
» The law mEN) = L(Z) converges to a unique equilibrium mE,Q’),
» Behaviour of m; ? possibly several equilibria. ..

Goal : quantitative estimates for the speed of these convergences.
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Distances
Coupling of two laws :

O(p,v) = {(Q,R) r.v. such that £L(Q) = p, L(R) =v}.

@ Total variation distance :

dyr(p,v) = Hi(I;fV)P(Q#R)
= Lyl (i density)
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@ Wasserstein W, distance :
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Distances
Coupling of two laws :

O(p,v) = {(Q,R) r.v. such that £L(Q) = p, L(R) =v}.
@ Total variation distance :
dyvr(u,v) = _inf P(Q# R)
(p,v)

1
= gle=vi (if density)
@ Wasserstein W, distance :
Wi(uv) = inf E(|Q— R
(p,v)

o Relative entropy (Kullback-Leibler divergence) :

Hn|v) = /ln(j—/:>du
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Assumptions

A

@ The external potential U is convex (V2U > ¢; > 0) and V2W > —cy
with ¢y < %cl. Moreover V2U and V2W are bounded.

@ The law mg has a Lebesgue density, a finite 2nd moment and
fmo Inmg < oo.
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Assumptions

A

@ The external potential U is convex (V2U > ¢; > 0) and V2W > —cy
with ¢y < %cl. Moreover V2U and V2W are bounded.

@ The law mg has a Lebesgue density, a finite 2nd moment and
fmo Inmg < oo.

Remarks :

@ Forbid the Coulomb interaction W.(z — y) = iﬁ, but allow
&« W, with a smooth kernel, provided U is convex enough.

e < W small enough > not needed (contrary to [Villani 2007,
Bolley-Guillin-Malrieu 2010, Hérau-Thomann 2015]).
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Results

Theorem (M., 2016)

Under Assumption A, the exist C, x > 0 which depend neither on ¢, nor

N, nor mg, and there exists K that depends on mg but not on ¢, N, such
that

(V)

@ For the particle system, mg ’ satisfies a log-Sobolev inequality with
constant independent from N and

H (mgN) | mg,év)) < Ce X3 (m(()N) } méﬁ”) .

@ The Vlasov-Fokker-Planck PDE admits a unique equilibrium m, and

lme — Mmool < Ke X, Wa (my, moo) < Ke X,
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Results

Theorem (M., 2016)

Under Assumption A, there exist b, «, > 0 that depend neither on ¢, nor

N, nor mg, and there exists K that depends on mg but not on ¢, N, such
that

@ Uniform in time propagation of chaos :

bt 1
Wo (mgl’N),mt> < K min (e— —)

and

It

o Numerical error bound (cf. Bolley-Guillin-Villani 2006) :

N

P (W2 (ngamoo) > 5) < €—I§ (e_xt e l)

v

Pierre Monmarché (CERMICS) Vlasov-Fokker-Planck

18/04/2017 9/ 19



Sketch of the proofs
(%) p

@ Hypocoercivity estimates
@ Chain of results
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Hypoercivity without interaction

dX = Ydt
dY = —VU(X)dt—Ydt++2dB

The entropy dissipation may vanish outside of equilibrium :

dmt.

00 (e | mo)) = = [ ‘v 4 [
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Hypoercivity without interaction

dX = Ydt
dY = —VU(X)dt—Ydt++2dB
The entropy dissipation may vanish outside of equilibrium :
d
Oy (’H (mt | mC>O /‘V In m dmt.

Modified entropy (Hérau 2006, Villani 2007) : set hy = dmt and
N (h) ::/hlnhdmoo—l—/|PV1nh|2hdmoo.
With a well-chosen P and a log-Sobolev inequality,

9 (N (he) —c/\VInht| dms < —¢N (hy)
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Hypoercivity without interaction

dX = Ydt
dY = —VU(X)dt—Ydt++2dB
The entropy dissipation may vanish outside of equilibrium :
d
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Hypoercivity without interaction

dX = Ydt
dY = —VU(X)dt—Ydt++2dB
The entropy dissipation may vanish outside of equilibrium :
d
Oy (’H (mt | mOO /‘V In m dmt.

Modified entropy (Hérau 2006, Villani 2007) : set hy = m and

N(h) ::/hlnhdmoo—|—/|PVInh|2hdmoo.

With a well-chosen P and a log-Sobolev inequality,
9 (N (he) —c/\VInht| dms < —¢N (hy)

(t—tg) regul

=H (mt ‘ moo) <N <e @ N(h) < " Ce v H (mo ‘ moo)
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Large time for the particle system
o The system Z = (X,Y) € R?I satisfies a Langevin SDE

dX = Ydt
dY = —VUx(X)dt—Ydt++/2dB

with Un(2) = 5k SNy (U (i) + Ulzy) + W (ws — ),
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Large time for the particle system
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Large time for the particle system

o The system Z = (X,Y) € R?I satisfies a Langevin SDE

dX = Ydt
dY = —VUx(X)dt—Ydt++/2dB

with Uy (2) = oy Sy (U i) + Ulg) + W (z — a;)),
@ Convexity = log-Sobolev independent from N for the equilibrium
@ + modified entropy + mean field,

= H (mEN) ’ mg)) < Ce Xy (mg@N ‘ mg))
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Large time for the particle system

o The system Z = (X,Y) € R?I satisfies a Langevin SDE

dX = Ydt
dY = —VUx(X)dt—Ydt++/2dB

with Uy (2) = oy Sy (U i) + Ulg) + W (z — a;)),
@ Convexity = log-Sobolev independent from N for the equilibrium
@ + modified entropy + mean field,

= ’H(mEN) | méﬂf’) < Ce iy (mgW | mgf,ﬂ) < KNe Xt

with C, x, K independent from ¢t and V.
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Large time for the particle system

o The system Z = (X,Y) € R?I satisfies a Langevin SDE

dX = Ydt
dY = —VUx(X)dt—Ydt++/2dB

with Uy (2) = oy Sy (U i) + Ulg) + W (z — a;)),
@ Convexity = log-Sobolev independent from N for the equilibrium
@ + modified entropy + mean field,

= H <m£N) ’ mg)) < Ce X' (mg@N ‘ mg)) < KNe Xt

with C, x, K independent from ¢t and V.
@ + Talagrand Inequality independent from IV,

4% (mEN),mg)) < KNe™ ™,
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Crude propagation of chaos

The parallel coupling between

dX; = Ydt
dY; = -VU(X;)dt — & 300 VIW(X; — X;)dt — Yidt + v/2dB;
and
dX; = Ydt
dy;, = -VU (55) dt — (VW 5 my) (55) — Yidt + v2dB;.

with the same initial conditions
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Crude propagation of chaos

The parallel coupling between

dX; = Ydt
dY; = -VU(X;)dt — & 300 VIW(X; — X;)dt — Yidt + v/2dB;
and
dX; = Ydt
dYy, = —vU (56) dt — (VW 5 my) (55) — Yidt + v2dB;.

with the same initial conditions yields

Kebt
N

E (‘Zl(t) - Zl(t)‘z) <
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Large-time in W, for the non-linear process

At fixed ¢t and for all NV,

W2 (mta moo)

< W (mt,mgl’m) + W (mgl’N),mg;N)) + W (mg;N),moo>
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Large-time in W, for the non-linear process

At fixed t and for all NV,

Wa (my, Moo

< Wy (mt,mgl’N)> +Ws (mgl’N),mg;N)> +Ws (mg;N),moo)

-~ -

crude prop chaos large time Markov prop chaos equilibrium
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Large-time in W, for the non-linear process

At fixed t and for all NV,

Wa (my, Moo

< W (mt,mgl’N)> + W,y (mgl’N),mg;N)> + W,y (mg’N),moo)

-~ -

crude prop chaos large time Markov prop chaos equilibrium

Kebt

K
Ke X'+ —
+Ke X+
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Large-time in W, for the non-linear process

At fixed t and for all NV,

Wa (my, Moo

< W (mt,mgl’N)> + W,y (mgl’N),mg;N)> + W,y (mg’N),moo)

-~ -

crude prop chaos large time Markov prop chaos equilibrium

Kebt

K
Ke X'+ —
+Ke X+

—  Ke X,
N—o0
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Uniform propagation of chaos in W,
Fort<elnN,

Fort>¢cIn N,
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Uniform propagation of chaos in W,

For t < eln N, parallel coupling :

K bt
4% (m‘El’N)’mt> < =

<
N S
Fort>eIn N,
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Uniform propagation of chaos in W,

For t < eln N, parallel coupling :

bt
1,N Ke K
Wi (m§ )’mt> S N

For ¢ > eln N, coupling through the equilibria :

Ws (mgl’N), mt>

< W <m§1’N),m&’N)) + Wy (mg;N),moo> + Ws (Mmoo, my)
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Uniform propagation of chaos in W,

For t < eln N, parallel coupling :

bt
1,N Ke K
Ws (m§ )’mt> S A =

For ¢ > eln N, coupling through the equilibria :
Wa (mgl’N),mt>
< Wy <m§1’N),m&’N)) + Wy (mg;N),moo> + Ws (Mmoo, my)

K
< Ke X4+ v + Ke Xt

<
- Nex
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Uniform propagation of chaos in W,

For t < eln N, parallel coupling :

bt
1,N Ke K
Wi (m§ )’mt> S N

For ¢ > eln N, coupling through the equilibria :
W2 (m,ELN),mt)
< Wy <m§1’N),mg’N)) + W» (mg;N),moo> + Ws (Mmoo, my)

K
< Ke X4 N + Ke Xt

< 3K
S Ve
Conclusion, for all time, W» (mgl’N),mt) < %
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Total variation

Based on Malrieu's 2001 guideline,

Oy (H (mgN) } m?N» < KNW; (mgl’N),mt> < KN«
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Total variation
Based on Malrieu's 2001 guideline,
O <H (mgN) ‘ ml?N» < KNW, (mgl’N),mt> < KN'~@

hence 1
1,N N
I =it < H (m™ [mPY) <

Kt
Ne
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Total variation
Based on Malrieu's 2001 guideline,
O <7—[ (mgN) ‘ m?N» < KNW, (mgl’N),mt> < KN'~@

hence

1,N 1 N Kt
I —mlf < A (m™ | mEY) <

Not uniform, but sufficient :

[ = 1o 1

P

1,N
< |lms — m} + [ImN = m N+ SN —me
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Total variation
Based on Malrieu's 2001 guideline,

on(H (mf™ [ mEN)) < KNWe (mf™™ mi) < KN'

hence L Kt
1,N N

I —mfp < oH (| mpY) <

Not uniform, but sufficient :

||mt - mooHl

1,.N 1,N
< lme = m M+ S = m S+ SN = el

VKt K
< +VENe 2Xt
N vN

=3
2
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Total variation
Based on Malrieu's 2001 guideline,

on(H (mf™ [ mEN)) < KNWe (mf™™ mi) < KN'

hence 1 Kt
1,N N
g™ — g3 < ~H (mg )|mZ®N> < Ne

t
Not uniform, but sufficient : for N of order eaXTI.

||mt - mooHl

1,.N 1,N
< lme = m M+ S = m S+ SN = el

< VBt RN B o et
N VN

=3
2
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Total variation
Based on Malrieu's 2001 guideline,
O <7—[ (mgN) ‘ m?N» < KNW, (mgl’N),mt> < KN'~@

hence 1
1,N N
Il < < (™ [ mEY) <

Kt
Ne

t
Not uniform, but sufficient : for N of order eaXTI.

[me — mooll1

1,.N 1,N
< lme = m M+ S = m S+ SN = el

< VBt RN B o et
N VN

=3
2

(= uniform in time propagation of chaos in the total variation sense. ..
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© Conclusion
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Without convexity

If U has several minima and the interaction is
attractive, in the small noise regime, the non-
linear PDE has several distinct equilibria, but
there is unicity for a large enough noise

@ If uniqueness, uniform estimates, with respect to ¢t or N 7

@ Without uniqueness, replace THE invariant measure by

quasi-stationary ones? Are there two regimes

t<e®™N = W, (mgl’N)

t>> eV = Wy (mgl’N)

and convergence of the QSD towards the equilibria of the PDE?

e toy model (Curie-Weiss).
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