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Outline of the talk

© Introduction and main result
@ Villani's program
@ Boltzmann and Landau equation
@ Quantitative trend to the equilibrium
@ First step: quantitative coercivity estimates

© Coercivity estimates for the Landau operator
@ Linearized Landau operator
@ Proof for the Maxwell molecules case v = 0
@ Proof in the other cases (v # 0)

© Coercivity estimates for the Boltzmann operator
@ Linearized Boltzmann operator
@ Proof for v € [0,7*), v* >0
@ Proof for v ¢ [0,7%)
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Here is the program (Villani's Notes on 2001 IHP course, Section 8. Toward
exponential convergence)

1. Find a constructive method for bounding below the spectral gap in L2(M~1),
the space of self-adjointness, say for the Boltzmann operator with hard spheres.

> CIRM, April 2017 : coercivity estimates

3. Find a constructive argument to overcome the degeneracy in the space
variable, to get an exponential decay for the linear semigroup associated with the
linearized spatially inhomogeneous Boltzmann equation; something similar to
hypo-ellipticity techniques.

> Trieste, May 2017 : hypocoercivity estimates

2. Find a constructive argument to go from a spectral gap in L>(M~1) to a
spectral gap in L', with all the subtleties associated with spectral theory of
non-self-adjoint operators in infinite dimension ...

4. Combine the whole things with a perturbative and linearization analysis to get
the exponential decay for the nonlinear equation close to equilibrium.
> Granada, June 2017 : extension of spectral analysis and nonlinear problem
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A general picture :

@ Ukai (1974), Arkeryd, Esposito, Pulvirenti (1987), Wennberg (1995):
non-constructive method for HS Boltzmann equation in the torus

@ Desvillettes, Villani (2001 & 2005) if-theorem by entropy method

@ Villani, 2001 IHP lectures on " Entropy production and convergence to equilibrium”
(2008)

@ Guo and Guo' school (issues 1,2,3,4)
2002-2008: high energy (still non-constructive) method for various models
2010-...: Villani's program for various models and geometries

@ Mouhot and collaborators (issues 1,2,3,4)
2005-2007: coercivity estimates with Baranger and Strain
2006—-2015: hypocoercivity estimates with Neumann, Dolbeault and Schmeiser
2006-2013: LP(m) estimates with Gualdani and M.

@ Carrapatoso, M., Landau equation for Coulomb potentials, 2017
The results presented in this talk are taken from

@ M., Semigroups in Banach spaces - factorization approach for spectral
analysis and asymptotic estimates, book in preparation
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Boltzmann and Landau equation

Consider the Boltzmann/Landau equation
OiF + vV F = Q(F, F)
F(0,.)=Fo

on the density of the particle F = F(t,x,v) >0, time t > 0, velocity v € R3,
position x € Q

Q = T2 (torus);
QcCR+ boundary conditions;
Q = R3 + force field confinement (open problem?).

Q@ = nonlinear (quadratic) Boltzmann or Landau collisions operator
: conservation of mass, momentum and energy
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Around the H-theorem

We recall that ¢ = 1, v, |v|? are collision invariants, meaning

Q(F,F)pdv =0, VF.

R3
= laws of conservation
1 . 1 1
/ F| v :/ Fo v = 0
B\ ) S\ 3

We also have the H-theorem, namely

<0
F,F)logF < —
L QF-F)log { —0 = F = Maxwellian
From both pieces of information, we expect

1
(2m)3/2

Fltxv) oy M) = oy e M.
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Existence, uniqueness and stability in small perturbation regime in large

space and with constructive rate

Theorem 1. (Gualdani-M.-Mouhot; Carrapatoso-M.; Briant-Guo)

Take an “admissible” weight function m such that
2
(vV)2+3/2 o m < el

There exist some Lebesgue or Sobolev space £ associated with the weight m and
some gg > 0 such that if
|Fo — Mllg(m) < €0,

there exists a unique global solution F to the Boltzmann/Landau equation and
HF(t) - M”E(m) < @m(t)7

with optimal rate
Om(t) ~ e or tK

with A > 0, o € (0,1], K > 0 depending on m and whether the interactions are
"hard” or "soft".
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Conditionally (up to time uniform strong estimate) exponential H-Theorem

o (F¢)¢>0 solution to the inhomogeneous Boltzmann equation for hard
spheres interactions in the torus with strong estimate

sup (IFell e + I Fell iragpvgsy) < Cok < 00,
e Desvillettes, Villani proved [Invent. Math. 2005]: for any s > s, k > ko
Vt>0 / Filo dvdx < Co i (1 + t) sk
o P81 Lty

with Gy < 00, 75 x — 00 when s, k — 00

Corollary. (Gualdani-M.-Mouhot; Briant-Guo)
dsy, ki s.t. for any a > Ap exists C,

F
Vt>0 / F:lo dvdx<Ce2
L)

with Ap < 0 (2" eigenvalue of the linearized Boltzmann eq. in L2(M~1)).
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First step in Villani's program: quantitative coercivity estimates
We define the linearized Boltzmann / Landau operator in the space
homogeneous framework
1
chi={awh M)+ am. n)}

and the orthogonal projection 7 in L>(M~1) on the eigenspace
Span{(1, v, |v|*)M}.

Theorem 2. (..., Guo, Mouhot, Strain)

There exist two Hilbert spaces hh = [>(M~1) and h. and constructive
constants A, K > 0 such that

(—Lh,g)y = (—Lg, h)y < K|gllo.[lh

h* h*

and

(—=Lh,h)y > A|lmthlf,, mt=1-=

v
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Comments on Theorem 2

e Takes roots in Hilbert, Weyl, Carleman and Grad (non constructive) spectral
analysis for the linearized Boltzmann operator

e Degond-Lemou (non constructive) spectral analysis for the linearized Landau
operator

e Constructive by Wang Chang et al & Bobylev for Boltzmann operator (v = 0)
through Hilbert basis decomposition

e Constructive by Desvillettes-Villani for Landau operator (v = 0) through
log-Sobolev inequality and linearization of the entropy-dissipation of entropy
inequality.

e Proved by Mouhot and collaborators (Baranger, Strain) in any cases v € [—3,1]

e Our aim is to present a new and comprehensive proof :
- Integration by part for Landau operator when v =0

- Integration along the Ornstein-Uhlenbeck flow when v ~ 0 (a trick already
used by Toscani & Villani in a nonlinear context)

- strictly positive (but not sharp) estimates

- sharp (but not strictly positive) estimates
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Comments on Theorem 2 - Previous proof

e Linearized Boltzmann operator (first)

[1] Wang Chang et al 70, Bobylev 88, v = 0, L? estimate (direct Fourier analysis).
[2] Baranger-Mouhot 05, v > 0, L2 estimate (from [1] - intermediate collisions).
[3] Mouhot 06, v € (—3,1], L2 estimate (from [1] for v < 0 and [2] for v > 0).

e Linearized Landau operator (next)

[4] Desvillettes-Villani 01, v = 0, H} , estimate (directly by linearization of
nonlinear log-Sobolev inequality).

[5] Baranger-Mouhot 05, v > 0, L2 estimate (from [2] - grazing collisions).
[6] Mouhot 06, v € (—3,1], H} estimate (from [4,5] for v < 0 and [5] for v > 0).
[7] Mouhot-Strain 07, v € (—3,1], H2 , estimate (from [6]).
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Comments on Theorem 2 - scheme of our proof

e Linearized Landau operator (first)

(1) v =0, identity

(2) v > 0, from (1) and splitting argument
(3) v < 0, from (1) and splitting argument

e Linearized Boltzmann operator (next)

(4) v € [0,7*], v* > 0, from (3) associated to v — 2 by integration along the flow
of the Ornstein- Uhlenbeck semigroup

(5) v > ~*, from (4) and splitting argument
(6) v < 0, from (4) and splitting argument
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Outline of the talk

© Coercivity estimates for the Landau operator
@ Linearized Landau operator
@ Proof for the Maxwell molecules case v = 0
@ Proof in the other cases (v # 0)
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Nonlinear Landau operator
The nonlinear Landau operator is defined by
Qu(F,F):= div(/ a(v — v)[F. VF — FV.F] dv*),
Rd

with the shorthand F = F(v), F, = F(v.). The matrix a is given by
a(z) = |z N(z), Nj(z) =d; — 22, VYzeRN\{0}
with

2=2 and v € [-3,1].
|z

Observe that IM(z) is the orthogonal projection on the plan z*, implies
M(z)z = 0. Introducing the functions
bi(z) = 9ja;(z) = —2|z|" z,
c(z) = Oja;(z) = =2(y +3) |z|" ifv> -3,
C(Z) = aua,](z) = —871'50 If’}/ = —3,
we get
QuF.F)=V-[a"VF — b"F] = ajo;F — ¢"F,
with of == ax F.
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Linearized Landau operator

The linearized Landau operator on a variation f := F — M writes

Lf = div(/ a(v — v,)[M, Vf + £, VM — MV.f, — fV.M,] dv*>,
JRd

or equivalently
Lf = 3;0;f — Ef + aljogM — "M,
Observing that

N(u) [M, VF+£VM—MV £, —f V.M,] = N(u)MM, [V(f/ M)~V .(f./M,)],

we deduce

/ _ _7// V(F/M) = V.(£./M.)] [V — Vo] MM, dvdv,.

First consequence, we recover the same collisional invariants as for the nonlinear
operator

Jenear=0. vo=1u.p
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Positivity and symmetry of the Linearized Landau operator

Second consequence, with the choice ¢ = g/M, we obtain
(LF,8)12(m-1) = /(Lf)g/\//*1 dv

=5 [ [ 219 /M) = 9.8 M)V M) - V. (/M) MM, ..
Because of the symmetry of the RHS expression, we see that
(L, 8)i2(m-—1y = (f, L&) 2(m-1y,
and the linearized Landau operator £ is a self-adjoint operator in L2(M~1).
Finally, with the choice g = f and the notation h := f/M, we get the positivity
property of the associated Dirichlet form

DE(h) = (—LF,f)izu-1

= [ slvnveniwn om0
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Toward coercivity estimates for the linearized Landau

Our purpose is now to quantify the positivity property.
For z € R9\{0}, we define the projection P = P, on the straight line Rz by

Pt:=2(2-¢), VEERY, 2:=z/|
In particular, MN(z) = I — P,. We also define the anisotropic gradient
Vof =P,V f + (V)(I — P)V,f
and the related Sobolev norm
1AIIZ ., = 10v) VAl Zagaay + 10D BlZ2 .
We finally define

L3(M) := {h € L2(M); (h,@)izmy =0, Yo =1, vj, [v[*}

So:=1{he S(Rd); (hy )2y =0, Vo =1, v, |v|2}.
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Coercivity estimate for the linearized Landau in the Maxwell molecules case

Lemma 1. (M)

There holds 1
506(h) = [IhlL%, +Z Tj(h)’, Vhe S,
with
I, = [{(d = DIVHE + V210 = PTHE M
and

Tii(h) == /hv,vJI\/IdV
In particular, thanks to the (strong) Poincaré inequality, there holds

1412,

Y

max{||VhHL2(M), ||VhHL2(M)» ||h||1_2 )\SP||h< >||%2(M)}
AllAl12 o

V

for some constants Asp, A > 0.

Observe h € L2 (resp h € S) implies m-h € L3 (resp. 7th € Sp)
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Proof for the linearized Landau operator when v =0

We fix h € L3(M) and we write

1

D§(h) = 5 /R Y ul?l — u® u]Y MM, dvdv,,

with the notations
Y =Vh—V,h,, u=v-—yv,.
We observe that

YT[|u|2I—u®u]Y:Z[u; uJY\2—2Z —uiu;Y;Yj).
Using a symmetry argument and the notation h; = 0;h, hf = (0;h)*, we have
= 1= P = B = (= )= ) = ) — MM,

- /[(va>(h hih) = (vi = i) (v — v )(hihy — b MM,
= BU+C’J
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The term Bj;

On the one hand, we have

B; = /[v2h2 = 2vivi 7 + v F MM,
7/[v,.2h hi = 2v;vi hih} + v 2 hihf [MM,,

U?

= /[v,2 + 1M +2T;

where we have used that (vM) = 0 and two integrations by parts in order to
deduce

/V,'V,-*hjh}kMM* = haj(v,/\/l)/h*a*l(v’*/\/l*) = TIJ2
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The term G

On the other hand and with the same tricks, we have

1
EC,J = — /[vjv,h,hj 7\/_,'Vl-*h,'hj — VJ* V,'h,'hj + \/j'< Vl*h,hJ]MM*
+/[Vjv,'h,'hjf — \/J'V;kh,'h;-k — \/J->.<V,'/7,'/7J>-k + Vj*Vl-*h;hj]MM*
= 7/[\/jv,-h,-hj -+ 5Uh,2]M — T'J2 — T,,Tﬂ
We deduce

1
5ZA,-J- = (d—1)/|Vh|2M+/Z(V,?hJ?—vjv,-h,-hj)/vl

+ZU: T — (Z Tii>2~

i
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The term Cj; (continuation)

We observe that the last term vanish because
> Ti= /|v\2h/\/1 =0
and we compute
2
SOk —yviity) = v {0220 S o+ 02 (3 oihy) )
ij i J J
2
VP2 (k= > )

j
= |vPI(I = P,)VAP.

We conclude by putting all the terms together.
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Sharp but not positive estimate (useful when v # 0)

Lemma 2.
There exist Ky, K> > 0, such that

—(LF, F)pm-yy > Killf/MIZ, — K2 |Ifll7, VFES.

Idea of the proof:
Lh:= M~1L(Mh) ~ 3;05h + ...

with leader term

368 ~ (WYIPEP + (W21 = P)EP,  —0ia; vy ~ (v) T2
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Strictly positive (but not sharp) estimates for v # 0

Lemma 3.
There exist K3 > 0, such that

D#(h) = —(ﬁf, f)Lz(M—l) > K3||f||i2, VfeSo.

Both estimates together give
Theorem 2 holds for the Landau operator for any v € [—3, 1] with
— 2
IFllo. == /M, J
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Proof of Lemma 3 in the case v > 0

We fix h € Sy and for any r € (0,1), we write

Di(h) > ﬂ/ Lz YT [|ull — u® u]Y MM, dvdv,
= r'DE(h) —&,(h),
with
N
e (h) = L/ 1<, YT [|ul*l — u® u]Y MM, dvdv.
2 R2d -

< 2077 / |V h|2 MM, dvdyv,
R2d
= 2072 Vhl T2
Using the estimate for the Maxwell molecules case v = 0, we have in particular

Dg(h) > 2(d = 1)[[VhllZ2()-
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Continuation of the proof of Lemma 3 and conclusion of Theorem 2 (when « > 0)

Gathering the above three inequalities, we deduce
D3(h) > 2([Vhl[ {2y ((d = 1) r7 = r72) > K|V hll o).

with K > 0 and r > 0 small enough.

Using finally Poincaré inequality, we obtain our first inequality
DE(h) = K'[:(u
We also recall that from Lemma 2, we have
Di(h) > Gy ||h|12, — Calhlf3:-
The two last inequalities together, we deduce that
DE(h) = ACL[1AI2., + [(1 = MK = AGa] [[A]1%:.

from what we conclude by choosing A > 0 small enough.
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Proof of Lemma 3 in the case 7 < 0
We fix h € Sp and we write
Di(h) = // U2 A MM, dvdv,,

with the notation
Ay = Ap(v,vi) = [N(u) (V,oh =V, b2

Introducing the change of variables

i(v—v) —i(v—i—v)
ﬂ * )5 y \/i */
and using |x|YM(x) = M(nx) and M(y) 2 M(ny) for any n > 1, we have
Dih) = G // x| 772 ApM(x)M(y) dxdy
> Gy // [xI> A M(n x)M (11 y) dxdy

= Gy //|u\2Ah(v/n, vi./1) MM, dvdv,,

for some constants Cy, G ,, € (0, 00).
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~ < 0 (continuation)

Observing that
Ba(v/n, v /n) = Ba, (v, v.)
with h,(w) := h(w/n), we get
D3(h) = C3,yDg(hy-1).

2 where

Introducing the function ¢(v) := a, + by, - v + ¢, |v

d+2 n? 1
. d
(ay, by, c) == n*" /Rd h ( o7 V|2, v, gMz — 5) M, dv,

we have

hy=1 = ¢y-1 € L§(M).
As a consequence of the positivity of the Dirichlet form in the case v = 0, we get
Di(h) > Gayllhy— = dy-1li2m
> Can(l1ll2m,) = Illizaa,)’
Con{ Iz, = K (22 + by + D)},

for a numerical constant K € (0,00) in the range n € (1,/2).
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v < 0 (continuation again)

Using the vanishing moment conditions on h, we easily estimate
2 2., 2 2
a, +1by|"+ ey < ellhllizim,),

with €(n) — 0 when n — 1
We may then fix n € (1, ﬁ] small enough, such that

Di(h) > Gy HhH%Q(Mﬁ) = Cr.y |10l 32aa2y-
On the other hand, from Lemma 2, for any h € S(R3?), we have
DL(h) > Ky ||h|12 ., — Kz ||All 72 aey-

Putting together the above two estimates, we easily end the proof of Lemma 3.
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Outline of the talk

© Coercivity estimates for the Boltzmann operator
@ Linearized Boltzmann operator
@ Proof for v € [0,7*), v* >0
@ Proof for v ¢ [0,7%)
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Nonlinear Boltzmann operator

The nonlinear collision Boltzmann operator Qg is defined by
Qs(F,F) := / / M(v — vi) b(cosO) (F'F, — FF.) dodv,
R3 JS2

and we use the shorthands F = F(v), F' = F(V'), F. = F(v) and F, = F(v)).
Moreover, v/ and v/ are parametrized by

V,_v—i—v* v — vl , v+v*_\v—v*|

_ 2
= > o, v, = > 5 o, o €S-

Finally, 8 € [0, 7] is the deviation angle between v/ — v, and v — v, defined by

cos=oc-0, u=v—yv, [0I=—

and I b is the collision kernel determined by the physical context of the problem.
We consider

F(z)=|z|", y€(=3,1], be L' (Grad's cut-off).
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Linearized Boltzmann operator

The linearized Boltzmann operator on a variation f := F — M writes
Lf = / / Mb(fF'M, + Mf] —fM, — M*,)dodv,.
rR3 Js?
Observing that M’M, = MM.,, denoting h := f/M and using changes of variables

1
/(Ef)go = _Z/D@/H@/SZ Tb(h +h, —h—h)(¢ + . — ¢ — ps) MM.dodvdv,,

for any nice function ¢ : R3 — R.

As for the linearized Landau equation, we deduce that the collisional invariants
are the mass, momentum and energy, that the operator is self-adjoint in L2(M~1)
and the non-negativity of the Dirichlet form

Df(h) — —(ﬁf, f)LZ(M—l)

1
= 7/// Fb(h + h, — h— h,)?> MM,dodvdv, > 0,
4 R3JR3.JS2

which is nothing but the linearized version of the H-Theorem for the Boltzmann
equation.
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Coercivity estimate for the linearized Boltzmann operator

We aim now to establish an optimal lower bound on DZ(h) in the space L§(M).

Theorem 2 holds for the Boltzmann operator for any v € (—3, 1] with

£

0. 1= /Ml = I lE2m-10m)

It is a consequence of the sharp (but not positive) estimate
Lemma 4.

There exist K1, K> € (0,00) such that

D7 (h) > KullhliEqvyrmy — Kz lhliE ey, Vh € S(R®),

together with the next strictly positive (but not sharp) estimates
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Not sharp coercivity estimate for the linearized Boltzmann operator near v =0

Lemma 5.

There exist v* € (0,1) and A > 0 such that for any v € [0, "]

DZ(h) > A||All32((yy2-2my,  Vh € So.

For the proof, we mainly follow Villani's paper “Cercignani's conjecture is
sometimes true and always almost true” (03) (as suggested to us by Mouhot).

We take by = 1, v € [0, 1) to be fixed later and h € Sp.
Thanks to the Jensen inequality, we have

4DZ(h) > //|u|V q> MM, dvdv. := D.,(h),

with )
15%| Js
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Proof for the linearized Boltzmann operator near v =0
We define the Ornstein-Uhlenbeck operator
Ch:=A,h—w-V,h,

either on w = v € R? or w = (v, v,.) € R?9 and the corresponding semigroup U;.
We recall that U;h = O(e®) in L2((v)M) as t — oo with a < 0.
As a consequence U;q = O(e™) in the product space L2((v)M(v.)M.,) and

D, (Ush) = O(e***) as t — oo.

With the notation A =V := (V,,V,,), we have C = —A*A on L?>(MM,) and
we compute
2qCq = —2|Vq|* +Cq*,

from what we deduce

- = =2 [ [ (U c(tig) Mm.

= 2 [[ PV M [ [ AP - AU i
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Lower bound on the first term

We introduce the linear operator from R?9 to B(R??, RY) defined by
P:(AB)—N,_,. (A= B),

where A and B stand for the component in RZ and RY .
We estimate

2V(Ueq)? > [PV(UH) — PV (U:G)P?
= |PV(U:H)]?=1N,_,. (VU:h - V.U:h,)?

where we have used || P|[ o (r2¢,B(r2e r7)) < V2 and the fact that G only depends
on |v — v,| thanks to the parallelogram identity, so does U;G.

Using the coercivity estimate for the Dirichlet form D$72, we get

2// lu[|V(U:q)|? MM, dvdv, > // lu"|N,(VUeh — V., U:h,) > MM, dvdv,
= DL ,(Ueh)
> [ IVUUR)P)T M,

for a constant A\, which is uniform with respect to v € [0, 1].
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Bound of the second term

On the other hand, we have

|Alul™ - A((Ue@)?) | S 7 |ul" 1 Ueq|? [V Ueq).

Observing that for any hT hi € {Uih, Uth,, Ul UL}, we have
1/2
‘//|uw-1|h1||w%|/\/l/w* dvdv.| < (//|u|”’|h1|2 MM, dvdv*)
1/2
(//|u\7—2\w§|2 MM, dvdv*) ,

we deduce

‘/ Alul" - A((Ueq)?) MM, dvdv.,
S NUehll 2oy my IV Uehll 20y -2y
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The two terms together

Uniformly in 0 < v < ~*, v* € (0,1) small enough, we obtain

d

AL N
s Dy(Uth) = 7||VUth||%2(M<V>H) =7 CllUehl 2y
AL
2 THVUthH%Z(M(v)H)a
by using the strong Poincaré inequality for the probability measure cM (v)7=2.
We recall here that for the Ornstein-Uhlenbeck semigroup, there holds

~

d
_EHUthHiZ(M(vW*Z) S K||VUth|| yr-2) T ||UthHL2(M (v)7)

IN

K”VUthHB(M(v)“/*?y

by using again the strong Poincaré inequality for the measure M (v)7~2 and the
constraint (UshM) = 0. The two last differential inequalities yields

d - AL d

_ED”(U”’) = 4K dt

We conclude by integrating in time that differential inequation.
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Not sharp coercivity estimate for the linearized Boltzmann operator when v > ~v*
Lemma 6. For any v € (7*, 1], there exists A > 0 such that

DZ(h) = A||hlIZ )y, Vh € So.
We proceed as for the Landau operator. Denoting

Ap = / [h+ h, —H — K.]? bdo,
52
for any r € (0,1), we write

Y

D5 (h) e /l‘u‘2,|u|7* Ap MM, dvdv,

r~7 DE.(h) —e,(h),
with

e (h) == /1MS,|U|V* Ay MM, dvdv, < r7 C||h||32()-

Using Theorem 2 for DZ.(h), we deduce

5

DI(h) = r =" (A= Cr) | llZx .
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Not sharp coercivity estimate for the linearized Boltzmann operator when v < 0

Lemma 7. For any v € (—3,0), there exists A > 0 such that

DS (h) = A|blIZ2 a2y, Vh € So.

For any n > 1, there exist some constants Cy, G ,, € (0,00), such that

DE() = G [ [[Ix duMG)M(y) oy

> G, f / A7 MM, dvdv, = sy DE(h, ),
where
(v v.) L (vt hy(w) = h(w/n)
X = —7=\V — V), = —\V Vi ), w) = w
V2 YT " K

2
A= [ TR /v f.0) + WO v f.0)) = W) = B ) o
From the positivity estimate of the Dirichlet form D&, we have

D7 (h) > Cagy [l g+ — byl 2y,

where ¢ is defined as for the Landau operator and we conclude in the same way.
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